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Ω
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(H (φ (x)) −H (ψ0 (Tx)))2
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sn+1 = sn + ∆tsF
(
φ, ψ0, s

n, θn, µnx, µ
n
y

)

θn+1 = θn + ∆tθG
(
φ, ψ0, s

n, θn, µnx, µ
n
y

)

µn+1
x = µnx + ∆tµxM

(
φ, ψ0, s

n, θn, µnx, µ
n
y

)

µn+1
y = µny + ∆tµyN

(
φ, ψ0, s

n, θn, µnx, µ
n
y

)
B � Vku{G

hmp
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�:hRq�j epc	� c�q��:c�b�$�epc	� d�cq�\gnic ^�o � `:c"��`:l	�:c�q0jS^�q�j `:c	����c�s�j�\gnic�b,c�q0j epc
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eG^ d�c�q���\gj:lFd�o $+*�j�\ q fmc	��j0�(^�� j�`:h���l�epc�nil�caV^x q ��c�o�j uLhR`:s�c�`eG^�d�\��:s�`�\gb�\gq(^�j�\phRqPd�f o�q $+*�j�\gb,c�q0j `:c"��`:l	�:c�q0j:l
d&^�q�� epc9D �9F c�qIb,h�d�\!' ^�q�je/f k�\���j:hR_a`S^�b�b,c2d�c�s�cQd�c�`�q�\pc�` V�� hRo�` q&hRj�`:c�^��/��eg\ps ^�j�\phRq?<&q&hRo�� ^�nihRq�� ^Rd�h���j:l
epc(��`:l�7/j�`S^�\gj:c�b,c�q�j���o�\gna^�q0jFY

IclippedMNS (x) =
1

2
max

x∈IMNS

(IMNS (x))

[
1 +

2

π
arctan

(
IMNS (x) −m+ s

ζ

)] B � V UrG
^ nic�s

m
Y[b,h nic�q�q&cEd�fX^�egj�\gj�o&d�cFd�o D �-F %�e/f \gq0j:l�`�\pc�o�`4d�o ��hReon
_ihRq&c2s ^�`�j:hR_a`S^���k�\�=0o&c>��o/��c�`���h��:l�^�o)D �-F��

s = ζ tan
(
π(2ratio−1)

2

) _0^�`S^�q0j�\gjB=�o&cFepc	�(��\!��c�e��4d�o D �9F�d�cFna^�epc�o�`
m

�Sc�nic�`�`:hRq�jF^��
��\g_aq&c�`]o�q&c nR^�epc�o�`
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l�_0^�epc8%
max (IMNS (x))×ratio V C ^ na^�epc�o�` d�c

ratio
^ l�j:l '/��l�c9%

0.95
d&^�q�� q&h�� c�� ��l�`�\pc�q&s�c	� V C ^ na^�`�\G^�$�epc

ζ
�$c�`�b,c�j d�c `:l�_aepc�` eG^#��c�q0j:c d�c eG^4u hRq&s�j�\phRq

arctan
< ��ego��

ζ
�:c�`S^2d�c na^�epc�o�`[u/^�\4$�epcd�c�na^�q0j � < ��ego�� eG^#��c�q0j:c

�Sc�`S^,l�epc�nil�cFephR`
�
=0o&c
IMNS (x) = m− s

< ^Rs�s�`:hR\��
�S^�q�j4^�\gq��:\ epc�s�hRq�j�`S^���j:c c�q0j�`:cFepc,$+*�j�\gb,c�q�j4s�hRq��:\pd�l�`:lFc�j
epc	��h�$ !Nc�j
�4b,hR\gq��2l�epc�nil	�@Vs s�hRq0j�`S^�`�\ph/< epc>$+*�j�\gb,c�q0jF^�o�`S^ o�q&c \gq�j:c�q���\gj:l�j�`
	�#��c�o d�\!-�l�`:c�q�j:c=d�c	�Qh�$ !�c�j
�
��ego��l�epc�nil	� V2�]hRo�� ^�nihRq�� sSk&hR\���\

ζ = 0.5
V9C ^�'&_ao�`:c � V � ��`:l	�:c�q�j:cQo�q�$+*�j�\gb,c�q0jd&^�q�� o�q&c4\gb=^�_ic#�S^�j:c�egeg\gj:c

c�jQd&^�q��4epcD �9F ��`:l�7/j�`S^�\gj:l3�:c�ephRq;e/fml	=0o(^�j�\phRq B � V UrG�V�x q s�hRq���jS^�j:c>=�o&cFepcD �-F ��`:l�7/j�`S^�\gj:l3�:cF`S^��/��`:h�sSk&c
��ego�� d�f o�q&c2\gb=^�_ic#$�\!7 ��k(^��:\�=0o&c�^�o �:c�q�� d�cQeG^ b,h nic�q�q&c�< c�j^�o�`S^ ��ego�� d�c2sSk(^�q&s�c�d�c4u hRq&s�j�\phRq�q&c�`]^ nic�s2epc
j:c�`�b,c d�fX^�j�jS^Rs:k&c ^�o �;d�hRq�q&l�c	�Fd�o b,h�d/�epc,d�c � k(^�q.c�j��[c	�:c�hRo.d�o b,h
d/�epc�� ^ nil	��\pc�q V � l ^�q�b,hR\gq���< eG^
`:c�s�hRq��:j�`�o&s�j�\phRq jRZ d�o D �-FPc	��j]j�`
	��� $�`�o�\gj:l�c�� < epc	����\!��c�e��4q&hRq;`:c�q��:c�\g_aq&l	�9n �:hRq�jQq&hRbB$�`:c�o ��V�s \gq���\ <�\ge
�Sc�bB$�epc�d�\ K=s�\gepc�d�fmh�$�j:c�q�\g`o�q&c,�:c�_ab,c�q�jS^�j�\phRq ��`:l�s�\��:c�d�o�$+*�j�\gb,c�q0j4c�qIo�j�\geg\��S^�q0j o�q�\�=0o&c�b,c�q�jepc9D �-F$V

���
	��������������������������������� �! "	$#&%�'(�!��)*����)+�,����-/.0�1�!2 ��������/3+��453645�,����4�)+)7�������
8 ���:97�5;+���<;+�=	

>@?�A:B � V � Y/Cc"��`:l	�:c�q�jS^�j�\phRq��d�\!-�l�`:c�q0j:c	�]d�c4eG^ b���b,c,�:s	�q&caY \gb=^�_ic��S^�j:c�egeg\gjS^�\g`:c2c�j `:c�s�hRq��:j�`�o&s�j�\phRq jRZ V

� hRo��8��`:h���h��:hRq�� d�c u o���\phRq�q&c�` e/f \gq�u hR`�b=^�j�\phRqI`S^Rd�\phRb,l�j�`�\�=0o&cQd�c]e/f \gb=^�_ic(�S^�j:c�egeg\gjS^�\g`:cQc�j d�fX^�egj�\gj�o&d�cQd�o
D �9F ��hRo�` b,c�q&c�`(%3$�\pc�q�eG^ �Sc�_ab,c�q0jS^�j�\phRq d�c#$+*�j�\gb,c�q0j V � c�j�j:c2uLo���\phRq�d�cFd�hRq�q&l�c	� c���hR_:�q&c	� c	�:j b,hRj�\!7
nil�c1�(^�`8epc	� `:c"��`:l	�:c�q�jS^�j�\phRq�� s�hRb3��epl�b,c�q0jS^�\g`:c	�d�c eG^��:s	�q&c1=�o&c.��`:h���h��:c�q�j8e/f \gb=^�_ic]d�c j:l�epl�d�l�j:c�s�j�\phRq c�j8epc
D �9F$Y

;

ZQ^�q��4e/f \gb=^�_ic3�S^�j:c�egeg\gjS^�\g`:c�<�epc	�($�hR`:d/�Qd�o $+*�j�\gb,c�q�jB�:hRq�jQepc���ego��#�ShRo�nic�q0j4u/^Rs�\gepc	�,% s ^�`S^Rs�j:l�`�\��Sc�`�c�j
e/f \gb=^�_icP^ o�q `S^��/�$hR`�j ��\g_aq(^�e�%E$�`�o�\gj=j�`
	�=l�epc�nilaV � c"�$c�q&d&^�q�j�< eG^E��`:l	�:c�q&s�cPd�fmhRbB$�`:c	��< d�fmh�$ !�c�j
�
��l�`�\4��k&l�`�\�=0o&c	�I^�o �:hRe hRo h�s�s�o�egjS^�q�j �(^�`�j�\pc�egepc�b,c�q0jtepc $+*�j�\gb,c�q0jI`:c�q&d eG^ �:c�_ab,c�q�jS^�j�\phRq d�\ K=s�\gepcaV
C[f k&l�j:l�`:hR_il�q&l�\gj:l d�c2eG^,`S^Rd�\phRb,l�j�`�\pc d�o�j:hR\gj4hRoPd�c2e/fmc�q�n�\g`:hRq�q&c�b,c�q�j2d�o $+*�j�\gb,c�q�j���c�o�jb,c�j�j�`:cEc�q
l�s:k&c�s2epc	� b,h�d/�epc	� d�fX^�j�jS^Rs:k&cE^�o � d�hRq�q&l�c	�0$(^��:l	�.��o�` epc	� `:l�_a\phRq�� k&hRb,hR_:�q&c	� V

;

s e/f \gq0nic�`
�Sc�< epc D �-F.`:c"��`:l	�:c�q�j:cIb=^�e epc	�>$$hR`:d/� d�o j:hR\gj�d�o $+*�j�\gb,c�q0j s ^�`EeG^r`:c�s�hRq��:j�`�o&s�j�\phRq c�q
j�`:hR\�� d�\gb,c�q��:\phRq�� c	��j8d�l�eg\ps ^�j:c0��o�` epc	� eg\pc�o �,d�c j�`S^�q��:\gj�\phRq d�fX^�egj�\gj�o&d�caV � c"��c�q&d&^�q0j�<
epc)��`:h�$�e��b,c]d�c	�
hRbB$�`:c	�c�j d�c	� h�$ !Nc�j
� ��l�`�\4��k&l�`�\�=0o&c	�1��\gj�o&l	� ^�o q�\gnic ^�o�d�o �:hRe�c	��j l�s ^�`�j:laV2C c($+*�j�\gb,c�q�j `:c"��`:l	�:c�q�j:l
d&^�q�� epc D �9F c	��j b�\pc�o � d�\��Ss�`�\gb�\gq&l�d�oI`:c	��j:c2d�c4e/f \gb=^�_icaV
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� c	�8d�c�o �,`:c"��`:l	�:c�q0jS^�j�\phRq��)�Scs�hRb3��e��j:c�q0j d�c u ^ml�hRq �S^�j�\��Nu/^�\��S^�q�j:caV � c"�$c�q&d&^�q�j �:\(hRq d�l	�:\g`:c epc	� u o���\phRq�q&c�`�<
c�egepc	� d�hR\gnic�q�j`:c�b3��eg\g`s�c�`�jS^�\gq&c	� s�hRq&d�\gj�\phRq�� d�cQs�hRk&l�`:c�q&s�caY

� V����	��
��������	��
���������������	����	���������	� �!�#"%$�"%�&��')(*�+��
-,.�/�����	��$+�iYEs�c�s�\2�$h��Sc�epc3��`:h�$�e��b,c d�c
eG^Id&^�j:c,d�fX^Rs	=�o�\���\gj�\phRq.d�c	��d�hRq�q&l�c	�@V10 jS^�q�jFc���hR_:�q&c	��< epc	��d�hRq�q&l�c	�B�:hRq�j���o��:s�c"��j�\4$�epc	�Fd�fX^�nihR\g`El�j:l
^Rs	=0o�\��:c	�(%,d�c	� \gq���jS^�q�j
�]d�\!-�l�`:c�q0j
� < \gq��:jS^�q0j
�]c�q0j�`:cEepc	�
=�o&c�e�� d�c	�]s:k(^�q�_ic�b,c�q�j
�2^�o�`S^�\pc�q0j(��o �:o�`�nic�7
q�\g` Vs \gq���\ <�o�q $+*�j�\gb,c�q�j�`:c"��`:l	�:c�q�j:l=d&^�q��Qepc D �9Ft_il�q&l�`:l % �(^�`�j�\g`�d�f \gb=^�_ic	��^Rl�`�\pc�q�q&c	��d�c � �����
�$c�o�j[j�`
	�2$�\pc�q ^�nihR\g`8d�\����(^�`�o ��o�`[e/f \gb=^�_ic32 o�\ps54 $�\g`:d=d�c#u ��� u�V � c�j�j:c s�hRq&d�\gj�\phRq d�c s�hRk&l�`:c�q&s�c q&hRo��
\gb3�$h��:cEd�cFj:c	��j:c�` eG^,uLo���\phRqrd�cEd�hRq�q&l�c	�Qc���hR_:�q&c	���:o�`]d�c	��# hRq&c	�4hRoPe/fmh�$ !�c�jQd�f \gq0j:l�`���j2d�cFeG^ �Ss	�q&c
c	��j \gq&s:k(^�q�_ilFc�q0j�`:c2epc	�d&^�j:c	� d�fX^Rs	=0o�\��:\gj�\phRq V

u�V����	�6
����7�	�	�8
�����������9$	���:�%�<;��=�	�����>��?@'A�!�	�iYs:k(^�=�o&c���\!��c�e d�c	�Qd�hRq�q&l�c	�,%�uLo���\phRq�q&c�`Qd�hR\gj4`:c�7
��`:l	�:c�q0j:c�`�eG^Pb���b,c �(^�`�j�\pcId�f o�q h�$ !Nc�j�d�c eG^ �:s	�q&caV � c�j�j:cIs�eG^�o��:c �:hRo�e��nic d�c�o � =�o&c	��j�\phRq�� V�C ^
��`:c�b�\��`:cIc	��j `:c�eG^�j�\gnic %�eG^ ��`:l�s�\���\phRq d�o `:c�s ^�eG^�_icId�c	��d�hRq�q&l�c	� V.Z4^�q�� q&hRj�`:cIs ^�� < e/f \gb=^�_icIc�j epc
D �9F3�:hRq�j _il�h�s�h
d�l	� d&^�q��8epc b���b,c(� n �:j
�b,c s ^�`�j:hR_a`S^���k�\�=�o&caV2C[f \gb=^�_ic2^2o�q&c1��`:l�s�\��:\phRq d�c]_il�h
s�h�7
d&^�_ic \gq�u l�`�\pc�o�`:c2^�o ��\!��c�e ^�ephR`
�)=�o&c s�c�egepcQd�o D �9F c	��j l�_0^�epc(%Ed�c�o � ��\!��c�e�� V � c�s�\?�:c�b�$�epc(��o2K �S^�q0j�<
�S^Rs:k(^�q�j0=0o f %EeG^�'&qtd�c]eG^ s�hRq�nic�`�_ic�q&s�c�d�ots�hRq0j:hRo�`]^Rs�j�\vu <�\ge c	��j)��h��
��\4$�epc4d�c4`:l�d�o�\g`:c4e/f \gq2I&o&c�q&s�cFd�o
D �9F c�j]^�\gq��:\ d�fX^Rs�s�hR`:d�c�`���ego�� d�cB�$hR\pd/��%�e/f \gb=^�_ic&=0o�\ c	�:jeG^3��ego��.' ^�$�epcaV.C ^=d�c�o �
\��b,c&=0o&c	�:j�\phRq
s�hRq&s�c�`�q&cQeG^E_il�hRb,l�j�`�\pc�d�c	� d�hRq�q&l�c	��%Fu o���\phRq�q&c�` V9C c9D �9F c	��j c�qI_il�hRb,l�j�`�\pc�hR`�j�k&h��Ss�h���\�=0o&c�^�ephR`
�
=0o&c4e/f \gb=^�_ic��S^�j:c�egeg\gjS^�\g`:cB2 o�\psC4 $�\g`:d�q&cQe/fmc	��j.�(^�� V � c�s�\ s ^�o��:c�`S^,^��
�:o�`:l�b,c�q0j d�c	�0��`:h�$�e��b,c	�d�c,�:o 7
�$c�`���h���\gj�\phRq ��hRo�` epc	�)$+*�j�\gb,c�q0j
�]l�epc�nil	�0=�o�\?��`:l	�:c�q�j:c�q0j o�q&c2d�\���j:hR`
��\phRq�d�o&c�% eG^&�$c�`
�
�$c�s�j�\gnic2d&^�q��
e/f \gb=^�_icaY�epc=j:hR\gj�c�j�e/fmc�b3��`:c�\gq�j:c ^�o �:hRe[q&c �ShRq0jF^�ephR`
����ego��B��o/��c�`���h��:l	��< s�hRq�j�`S^�\g`:c�b,c�q0j=^�o�D �9F$V
� c�eG^4q&hRo��[s�hRq0j�`S^�\gq&d�`S^&%4j�`S^�\gj:c�`[o�q�\�=�o&c�b,c�q0j8epc	�6$+*�j�\gb,c�q�j
�9��c�o,l�epc�nil	��< %2d�l�u ^�o�j d�c ��h��
�:l�d�c�` o�q&c
\gb=^�_ic,�S^�j:c�egeg\gjS^�\g`:c2hR`�j�k&h��:s�h���\�=�o&caV

A q ��ego�� d�cs�c	� d�c�o � s�hRq&d�\gj�\phRq�� d�c]s�hRk&l�`:c�q&s�c�<
o�q&c krn ��hRj�k�	�:c \gb3��eg\ps�\gj:cQ^�l�j:lu ^�\gj:c���o�` e/f \gq&d�l"�$c�q&d&^�q&s�c
d�c	� d�hRq�q&l�c	��%Fu o��:\phRq�q&c�` V � c�egepc�7 s�\ c	��j `:l ^�eg\��Sl�c#�(^�` epc2s ^�`S^Rs�j
�`:c2c���hR_:�q&c2d�c	� \gb=^�_ic	�@Y

p (Isat, IMNS |φ) = p (Isat|φ) p (IMNS |φ)

hmp
Isat

c	��jQe/f \gb=^�_ic �S^�j:c�egeg\gj:c�<
IMNS

c	��jQe/f \gb=^�_ic,d�o D �9F$V A q���o/�/��h��S^�q0j�=0o&c epc	�2d�c�o � s�hRq&d�\gj�\phRq��Ed�c
s�hRk&l�`:c�q&s�c�^�\gq��:\0=0o&cIs�c�egepc�d�f \gq&d�l"�$c�q&d&^�q&s�c �:hRq0j,nil�`�\!'(l�c	� < q&hRo���u o���\phRq�q&hRq��=e/f \gb=^�_ic �S^�j:c�egeg\gjS^�\g`:ctc�j=epc
D �-F d&^�q��=eG^ru hRq&s�j�\phRq�q&c�egepc�d�fml�q&c�`�_a\pc�d�fX^�j�jS^RsSk&cr^�o � d�hRq�q&l�c	� $(^��:l�cI`:l�_a\phRq d�c � k(^�q c�j �[c	�:ctd�cteG^
u/^ml�hRq ��o�\gna^�q0j:caY

Jfusion,CV (φ) = JCV (φ)

+λMNS

[∫

Ω
|IMNS (x, y) − cMNS,in|2H (φ (x, y)) dxdy

+

∫

Ω
|IMNS (x, y) − cMNS,out|2 (1 −H (φ (x, y))) dxdy

] B � V � G
hmp

JCV
c	��j,d�l�'&q�\pc�c�q l	=�o(^�j�\phRq B U&Vkj � G�<

IMNS
c	��j�e/f \gb=^�_ic�d�o D �-F$V6C c	� =�o(^�q0j�\gj:l	� �:jS^�j�\���j�\�=0o&c	�

\gq&d�c���l�c	�0�(^�`
MNS

�ShRq0j4d�l�'&q�\pc	�]s�hRb�b,cEc�q;l	=0o(^�j�\phRq�� B U&Vkjvu 7/U&Vkjvj{Gb=^�\�� `:l�u��`:c�q�j2^�o D �-F$V�C c�j:c�`�b,c
=�o&cq&hRo��8nic�q&hRq�� d�fX^ !�hRo�j:c�`.%2eG^2uLhRq&s�j�\phRq�q&c�egepc

JCV
c	��j8epc j:c�`�b,c]l�q&c�`�_il�j�\�=�o&cQd�fX^�j�jS^Rs:k&c2^�o � d�hRq�q&l�c	� d�c

� k(^�q�c�j �[c	�Sc4`:c�eG^�j�\vu2%�eG^ d�hRq�q&l�c2c���hR_:�q&c�d�o)D �9F$V

C fmc��
j:c�q���\phRqPd�otb,h�d/�epc � ^ nil	��\pc�qPd�c4e/fml	=�o(^�j�\phRq�B U&V UaUrG c	�:j.��\gb�\geG^�\g`:caY

Jfusion,Bayes (φ) = JBayes (φ)
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+λMNS
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(
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+

∫

Ω

(
|IMNS (x, y) − cMNS,out|2

2σ2
MNS,out

+ ln
(
2πσ2

MNS,out

)
)

(1 −H (φ (x, y))) dxdy

] B � VXW{G
5 e�c	��j ^�o��
��\�s�hRq&s�c�nR^�$�epc d�c u o��:\phRq�q&c�` eG^]d�hRq�q&l�c d�o D �9FF^�nic�s epc b,h�d/�epc d�fX^�j�jS^Rs:k&c ^�o �Fd�hRq�q&l�c	� $(^��:l ��o�`
e/f \gq�u hR`�b=^�j�\phRq d�c�uL`:hRq0j�\��`:c B��&��� G B��Sc�s�j�\phRq.U&Vkj�Vku�Vku{G�V � hRo��Fs:k&hR\���\�� �:hRq��Fd�f \gq�j:l�_a`:c�`FeG^�d�hRq�q&l�c=c���hR_:�q&c
d�o D �9F.^ nic�sIo�q b,h�d/�epc $(^��:l ��o�` e/f \gq�u hR`�b=^�j�\phRq d�c `:l�_a\phRq V A[q c�-�c�j�<[epc D �-F.`:l"��hRq&d b�\pc�o � %PeG^
s ^�`S^Rs�j:l�`�\��:j�\�=0o&cAd�f o�q&c;\gb=^�_ic s�hRq���jS^�q0j:c.hRo k&hRb,hR_:�q&c �(^�`Ib,hR`:s�c ^�o ��V 5 e(�(^�`S^ @pj�d�hRq&sE��ego���!No���j�\!'(l
d�f o�j�\geg\��Sc�`o�qIb,h
d/�epc#$(^��:l,��o�` e/f \gq�u hR`�b=^�j�\phRqPd�c2`:l�_a\phRq ��ego�j��Rj0=�o&c#��o�` epc	� uL`:hRq0j�\��`:c	� V9C[f \gq0j:l�_a`S^�j�\phRq d�o
D �9F �:c�ephRqtepc4b,h
d/�epc2d�c � k(^�q�c�j �[c	�:c2`:c�n�\pc�q�j1%Ee/fml	=0o(^�j�\phRq ��o�\gna^�q0j:caY

φ (x, t)t = −〈(u,v),∇φ (x, t)〉

−λMNSδa (φ (x, t))
(
− [IMNS (x) − cMNS,out (φ (x, t))]2 + [IMNS (x) − cMNS,in (φ (x, t))]2

) B � V z G
F
c�ephRq epc	�Qb,h
d/�epc	�Qd�c	�2l	=0o(^�j�\phRq�� B � V � G#% B � V z G�< epc�s�hRq0j:hRo�`E^Rs�j�\vu l�nihRego&c�`S^ �(^�`S^�ege��epc�b,c�q�j���o�`2d�c�o �

\gb=^�_ic	�@Y epc D �9F c�j e/f \gb=^�_icB�+^�j:c�egeg\gjS^�\g`:c�<(c�j1�Sc�`S^ o�q�s�hRb3��`:hRb�\��]c�q0j�`:c2epc	�\gq�uLhR`�b=^�j�\phRq��]d�l�`�\gnil�c	�]d�c2s�c	�
d�c�o �,`:c"��`:l	�Sc�q0jS^�j�\phRq�� ^�\gq���\+=�o&c s�c�egepcd�c eG^Qs�hRq0j�`S^�\gq�j:c]d�c uLhR`�b,cB�0� � ������� V 5 e c	��j %4q&hRj:c�`8=0o&c eG^#��`:l�s�\���\phRq
d�c _il�h
s�h
d&^�_ic,d�oQD �9F�B ' 1m

G]c	��jQ\gq�u l�`�\pc�o�`:c % s�c�egepc,d�c e/f \gb=^�_ic `:c�s�j�\!'(l�c 2 o�\psC4 $�\g`:d�=�o�\ ^ ��hRo�`Qnih�7
s ^�j�\phRq;d�f ��j�`:cFeG^ �:hRo�`:s�cFd�f \gq�uLhR`�b=^�j�\phRqreG^3��ego��0' ^�$�epc B ' 0.2m

G�V#s\gq���\ <(q&hRo��]^�q�q�o�ephRq��]epc,��hR\pd/�
λMNS% eG^ '&qrd�oE��`:h
s�c	�
��o��]d�c s�hRq0nic�`�_ic�q&s�c>��hRo�`�=�o&c�epc s�hRq�j:hRo�`Q^Rs�j�\vu �:hR\gj���ego��0'(d/�epc3%=e/f \gb=^�_icaV#C ^ ��k(^��:c

��`:l�eg\gb�\gq(^�\g`:c�s�hRq��:\���jS^�q0j,% ^Rs�s�hR`:d�c�`#��ego��]d�cEs�`:l�d�\gj2^�o D �9Ftc	��j4d�c	��j�\gq&l�c>% �Sc�`S^��/��`:h
s:k&c�`Q`S^���\pd�c�b,c�q�j
d�c2eG^>�:hRego�j�\phRq�'&q(^�epcB�+^�q�� epc	�.��`:h�$�e��b,c	�d�c	� b�\gq�\gb=^�eph
s ^�o ��V

ZQ^�q�� t U z w <��QV��]o&hAu ^�\gj l�nihRego&c�`Io�q s�hRq0j:hRo�`P^Rs�j�\vuEd�cPj n ��c �
	����&� ��o�` o�q&cr\gb=^�_ic;d�crj:l�epl�d�l�j:c�s�7
j�\phRq hR`�j�k&h��:s�h���\�=�o&c�c�j]o�q D �-Ft`:l ^�eg\��:l&�(^�`#C?5 ZWs�CFV�; q&cEd�\!-�l�`:c�q&s�cEq&hRjS^�$�epc�^�nic�s q&hRj�`:c ^��/��`:h�sSk&c�c	��j
e/f o�j�\geg\��+^�j�\phRqAd�f o�q j:c�`�b,c,d�fX^�j�jS^RsSk&c ^�o � d�hRq�q&l�c	�#$(^��:l3��o�`Qepc	�4uL`:hRq0j�\��`:c	��d&^�q��Qe/f \gb=^�_ic=^�egj�\gb,l�j�`�\�=�o&c=c�j
�+^�j:c�egeg\gjS^�\g`:c�< s�c#=�o�\ \gb3��h��:cQe/fmc�b3��ephR\ d�cQuLhR`:s�c	�^�`�j�\!'(s�\pc�egepc	�]d�cQ_ihRq2I ^�_icaV8Z4c#��ego���<(^�o&s�o�q&c2s�hRq�j�`S^�\gq0j:c d�c
u hR`�b,c]q fml�jS^�\gj c�b3��eph nil�c2c�j o�q D �9F d�c]b,c�\gegepc�o�`:c#=0o(^�eg\gj:l�<
\��
��oId�f o�q&c]b,c	��o�`:c4c�j q&hRqId�f o�q&c4`:c�s�hRq���j�`�o&s�7
j�\phRq?<(l�jS^�\gj o�j�\geg\��:laV

C ^ s�hRq�j�`�\4$�o�j�\phRq�d�o<D �-F#�$hRo�` o�q&c b,hR\gq&d�`:c8�:c�q���\4$�\geg\gj:l ^�o �2b�\gq�\gb=^eph
s ^�o �Qc	�:j@��`:l	�:c�q�j:l�c c�q&�:c�s�j�\phRq
� V � V � V � V

�9,� 021PaZ"4535>?6W1 \dT:<P[Pa6W:<\dTZ 8Z�d?U � 6^4 S�Z ��������������� �]Z`i > Y>Td?>N3 �'Pa\U^35>?6��
37Z S�\ 6^4fZ%d?d?Z 8Z

λ

�����&! ���"!
��#%$'&��)(�*+���",.-�=/�%01#"02!�03&%#4!�01(5$76�-98�0:03&<;=��!.!�0=8.>?��&%#%$'&%;=01;@$'!.,�0�7�-A6B$'CD01>"(A�%8�!���E"�%8.,�0�<"&%���%8F#4-98�;3� 7
,���&%82#%$'&%82;=03,.,�078�0=;3,.-9��&G#"0H(�* -A&2I%�%03&%;=0I#4�J>?��-9#"8

λ
=K�"-�6L03,�03&GEM$'(5$'&%;=01(�* -A&4NO��!.6B$',.-9��&P#"0:(�* -A6B$'CD0I03,�(5$

;=��&/,.!Q$'-A&K,�0R#"0LNS��!.6L0T#%$'&%81(90=87U	=K�M$',.-9��&%8 BWV%X V � G103, BWV%XZY'VrG[X C�0B!�U3C\(5$'CD0T#"0T;=03,.,�0T;=��&%8�,Q$'&K,�0T>]��&%#"U3!Q$'&/,
(�* -A&2I%�%03&%;=0H#"0^(5$I;=��&K,.!Q$'-A&/,�0H#"0^NS��!.6L02&�*+0=8.,�>M$�8),.!.-A_/-5$'(�>]���"!)(90=8)!Q$'-98Q��&%8�8.�"-A_\$'&K,�0=8@`

a X.;F&%0F;=��&/,.!Q$'-A&K,�0:,.!���>bN�$'-AE"(90�&%0F>?03!.6L03,)>M$�8�#"0�!�U3C\�"(5$'!.-98�03!�8.�2KB8Q$'6�6L03&/,�(902;=��&K,����"!�$�;3,.-cN =/�"-d8�03!Q$
$'-A&%8.-e8�03&%8.-AE"(90I$'�4fG$'(A,�U3!Q$',.-9��&%8^#"0:(�* -A6B$'CD0\X:g�0=;3-e6Lh3&%03!Q$biL�"&%0H8Q03C\6L03&K,Q$',.-9��&P03!.!���&%U=0I#"0:(�*+��E !.03,
=/�"-j;=��!.!�0=8�>]��&%#Pib�"&k6�-A&"-A61�"6l(9�/;@$'(m#"0I(5$TNO��&%;3,.-9��&"&%03(A(90

J
#"0I(�*+U	=/�M$',.-9��& BWV%X V � G[XIn^$'&%8^;=0�;@$�8�<

(90=8)6�-A&"-A6B$I(9�o;@$'�4f <�=K�%02&%���%8�&%��6�6L03!���&%8F#"02>"!�036�-9h3!�0H0=8.>]h=;=0�<"8Q��&K,�&%��6HE"!�03�4f?X



�	��� � � � � ������� ��� ��� 
 � � ��
���� � ��� � � ����� � �������	��
��	���� a\a j
u4X#s (�*+��>">?�\8�U�< �"&%0 >"!�U3>?��&%#"U3!Q$'&%;=0<#"0 (5$k;=��&K,.!Q$'-A&/,�0 #"0bNO��!.6L0 (A-A6�-A,�0 (90=8I>]�\8Q8.-AE"-A(A-A,�U=8L#4� ;=��&K,����"!

$�;3,.-cN�iG8@*+U=;��M$'>">?03!L#"0=876�-A&"-A6B$G(9�/;@$'�4f #"0b(5$ NO��&%;3,.-9��&"&%03(A(90<i 6�-A&"-A6�-98Q03!
J
X n^$'&%8�;=0BCD03&"!�0R#"0

8.-A,.�M$',.-9��&?<�-A(^03& ;=�&%",�03!Q$ >"(A�%8 $'� ;=��&K,����"! $�;3,.-cNI#"0J8Q0J#"U[NO��!.6L03! >]���"!<$',.,�03-A&%#4!�0k(5$ ;3-AE"(90G#%$'&%8
(�* -A6B$'CD0�=K�%0b#"0b!�0=8.,�03!�-A6�6L��E"-A(90R03,��M#"h3(90 iJ(5$ NO��!.6L0T-A6�>?�\8�U=0b>M$'!I(5$G;=��&K,.!Q$'-A&K,�0\X C�$G8���(A�",.-9��&
;��%��-98.-90I0=8.,^$'-A&%8.-e�"&J6�-A&"-A6H�"6 (9�/;@$'(^BS#"0H8Q0=;=��&%#"070=8�>]h=;=0 G0=K�"-j;=��!.!�0=8.>?��&%# $'�%8�8.-eiB�"&%076B$'�"_�$'-98Q0
8�03C\6L03&K,Q$',.-9��&���!�0=;@$'(5$'CD0I#"02(�*+��E !.03,�#%$'&%8�(�* -A6B$'CD0\X

n2U3,�03!.6�-A&%03!������������ � �"&%0m_\$'(903�"!���>",.-A6B$'(90
λopt

#4�:>]��-9#"8�#"0 ;=��&/,.!Q$'-A&K,�0 >M$'!Q$ @9,��"&%0 ,"!�;"�%0 #"U3(A-9;@$',�0 >"�"-98
=/�%0
;=03(A(90�7 ;3-]#"U3>]03&%#4!Q$'-A,�i^(5$�NO��-98 #"0�(�* -A6B$'CD0�03, #4�b#"03C\!�U�#d*Z$'(A,�U3!Q$',.-9��& =K��*+03(A(90F;=��6�>]��!.,�0��4;=0=8 ;@$'!Q$�;3,�U3!.-98�,.-�=K�%0=8
&%0�8���&K,j&%U@$'&"6L��-A&%8m>M$�8j;=��&"&/�%0=8 i�(�*Z$@_�$'&%;=0\Xmn^$'&%8e(90�;=��&K,�0[f4,�0)#"0 (�* -A6B$'CD03!.-90�6LU=#4-9;@$'(90�<$#IX\g%�%03&I>"!���>]�\8Q0
#d*+0=8�8
$ nD03!m>"(A�%8.-903�"!�8m_\$'(903�"!�8m#4��>?��-9#"8m#"0);=��&K,.!Q$'-A&K,�0F03,m#"0�!�03,�03&"-A!m(5$�_�$'(903�"!m;=��!.!�0=8.>?��&%#%$'&K,�i�(5$�6L03-A(A(903�"!�0
8���(A�",.-9��&bU3_�$'(A�%U=0�C\!"!�;=0�i:#"0=8 >"!��&�%(98 !Q$�#4-9��6LU3,.!.-�=K�%0=8-tkuvu w X g�03,.,�0F8���(A�",.-9��&B>M$'!Q$ @9,�8����%8(' ��>",.-A6B$'(90F>"�"-98
=/�%0

λopt
&�*+0=8.,^>M$�81$�8�8.�"!�U36L03&/,10=8.,.-A6LU�<�#"0I>"(A�%8�<d(90I>"!��o;=0=8�8.�%8:#"0�8�03C\6L03&/,Q$',.-9��& #"��-A, �3,.!�0I!�U3>?U3,�U�>"(A�%8.-903�"!�8

NO��-98@X9A &)�%&?<M(901!�U3C\(5$'CD01#"U3(A-9;@$',F#"0
λ

0=8�,�#d*Z$'�",Q$'&K,�>"(A�%8F#4- KB;3-A(90�=K�%0:(90=8���E !.03,�8F#"0=8�-A6B$'CD0=8�,.!Q$'-A,�U=0=8F8���&K,
>?03�P#4-98�;3!.-A6�-A&%U=87#4� NS��&%#dXTn^$'&%81;=0L;@$�8�<�(�* -A&4NS��!.6B$',.-9��& !�03(5$',.-A_D0Ti (�* -A6B$'CD0T0=8.,1$�*�$'-AE"(A-90B;=��6�>M$'!�U=0TiR(5$
;=��&/,.!Q$'-A&K,�0 #"0bNO��!.6L0 =/�"-)#"03_/-903&/,B>"!�U=#"��6�-A&M$'&K,�0�<);=03(5$ $'�"C\6L03&/,�0<(�*+�o;=;3�"!.!�03&%;=0 #"0 6�-A&"-A6B$k(9�o;@$'�4f #"0
8�0=;=��&%#"0�0=8.>?h=;=0\X g�03,)0 *?03,�0=8.,�#d*Z$'�",Q$'&K,)>"(A�%8�8.-AC\&"-+�M;@$',.-cN�(9��!�8 =K�%0F(90F;=��&/,����"!�$�;3,.-cN�0=8.,�-A&"-A,.-5$'(A-98�U�,.!���> (9��-A&
#"02(�*+��E !.03,Fi7!�03,.!����"_D03!F#%$'&%8�(�* -A6B$'CD0\X

�e���"! !�U=8����%#4!�0G(90 >"!���E"(9h36L0k#"0=8b6�-A&"-A6B$ (9�/;@$'�4f -A&,�%U3!�03&/,�8 i �"&%0J8����%8b��� 8.�"!(' 0=8.,.-A6B$',.-9��& #"0J(5$
;=��&/,.!Q$'-A&K,�01#"0�NO��!.6L0�<"&%���%8)>"!���>?�\8���&%8�#"0^;=��&/_D03!.,.-A!�(90^>?��-9#"8);=��&%8.,Q$'&K,

λ
#"0=8�U	=/�M$',.-9��&%8�BWV%X V � G�03,�BWV%XZY'VrG

03& �"&%07NO��&%;3,.-9��&P#"0I(�*+0=8.>M$�;=0\X3C�0IE"�",1#d* �"&%0I,�03(A(907NO��&%;3,.-9��& 0=8.,:#"0I!�03(5$�f"03!^(�* -A&2I%�%03&%;=0L#"0I(5$ ;=��&/,.!Q$'-A&K,�0
#%$'&%8��"&<_D��-98.-A&M$'CD01#4�J&"-A_D0@$'�.-�#"0:(�*+03&%8�0361E"(907#"0:&"-A_D0@$'�4f

ψ
<M,����",F03&<>"!�U=8�03!._\$'&K,��"&%0:;=��&/,.!Q$'-A&K,�0HNS��!.,�0

03,��"&"-cNO��!.6L02(9��-A& #"02(5$1NO��!.6L0/�0��� �������SX g�0=;3-�$'�",���!.-98�02�"&%02>"(A�%8�C\!Q$'&%#"02(A-AE?03!.,�U^03, IM0[f4-AE"-A(A-A,�U^#4�R;=��&K,����"!
$�;3,.-cN6=K�"-d!�0=8�,�03&K,�&%U@$'&"6L��-A&%8F8.>M$',.-5$'(9036L03&K,�E?��!.&%U=0=8@X�e$'!�;=��&%8�U	=/�%03&K,�<%(90^;=��&/,����"!�$�;3,.-cN 8�03!Q$�iI6��36L01#"0
!�0=8�8Q0361E"(903! C\(9��EM$'(9036L03&/,�i�(5$FNO��!.6L01�2��������� ��,����", 03&B$'�",���!.-98Q$'&/, #"0=8m_\$'!.-5$',.-9��&%8 (9�o;@$'(90=8@Xmg�03,.,�0VIM0[fo-AE"-A(A-A,�U
0=8.,��"&%07>"!���>"!.-9U3,�U�#"U3,�03!.6�-A&M$'&K,�0�>?���"!2U3_/-A,�03!2(90=8�6�-A&"-A6B$b(9�/;@$'�4fG#"078Q0=;=��&%#"070=8�>]h=;=0\X43����%8�>"!���>]�\8���&%8
#"0�NO��!.6B$'(A-98�03! (90�>"!��&�%(M8.>M$',.-5$'( #"0�!�03(5$�f"$',.-9��&b;=��6�6L0��"&%0�NO��&%;3,.-9��&B8 no6LU3,.!.-�=K�%0�#"0)(5$^#4-98.,Q$'&%;=0�i2(5$�NO��!.6L0
�4��� �5��� �
`

λspace (ψ (x)) = λ

(
1 − e

−
“

ψ(x)
d

”2) B�64X � G
C�$HNO��&%;3,.-9��&J#"02!�03(5$�f%$',.-9��&J8�>M$',.-5$'(90:#"0^(�*+U	=/�M$',.-9��& B�64X � G�0=8.,�&/�"(A(90:8.�"!)(90=8�(A-903�4f #"0^(5$INS��!.6L0/�7��� �5�8��� !�0 '
>"!�U=8�03&/,�U=0�>M$'!

ψ
03,�,�03&%#R$�8 no6�>",���,.-�=K�%036L03&/,�_D03!�8�(5$1;=��&%8.,Q$'&/,�0

λ
X6C�0F>M$'!Q$'6Lh3,.!�0

d
;=��&/,.!���(902(5$1,Q$'-A(A(902#"0

(�*+0=8.>M$�;=07#"0H!�03(5$�f"$',.-9��&�X^g�03,.,�0:NO��!.61�"(5$',.-9��& &�*Z$B>M$�8�#"0 ! �%8.,.-+�M;@$',.-9��&k,9�%U=��!.-�=K�%0703,2#d*Z$'�",.!�0=8�0[f4>"!�0=8�8.-9��&%8
>"(A�%8�8�-A6�>"(90=8)>]���"!.!Q$'-903&/,F8Q$',.-98.NO$'-A!�0^(90=8�6��36L0=8�;3!.-A,�h3!�0=8�#"0^!�03(5$�f%$',.-9��&�X�3����%8)_DU3!.-+�M03!���&%8F0[fo>?U3!.-A6L03&K,Q$'(90 '
6L03&/,�03&R8�0=;3,.-9��&:64X�64X�64Xku&=/�%0�(5$H#"U3!.-A_\$'E"-A(A-A,�U^03,�(90F>?��-A&K,�8�,Q$',.-9��&"&M$'-A!�0^#"0

λspace
03&
ψ (x) = 0

$'6LU3(A-9��!�03&/,
(�* -A&%8�03&%8�-AE"-A(A-A,�U1$'�4fb6�-A&"-A6B$L(9�/;@$'�4fdX

C *+0[fo-98.,�03&%;=0b#"0T(�*+0=8.>M$�;=0T#"0T!�03(5$�f%$',.-9��& >M$'!Q$'6LU3,.!�Ub>M$'!
d

0=8�,H#"0=8.,.-A&%U i<036�> �=;��%03!I(90b;=��&K,����"!L$�;3,.-cN
#d* �3,.!�0:8��&! 03,F$'�4fR6�-A&"-A6B$L(9�/;@$'�4fR#"0:8�0=;=��&%#"0H0=8.>]h=;=0\X�g�03>]03&%#%$'&/,�<M(5$�(A-AE]03!.,�U1$�;=;=��!�#"U=07$'� ;=��&K,����"!^$�;3,.-cN
#%$'&%8 (�*+0=8.>M$�;=0�#"0�!�03(5$�f%$',.-9��&T&%0F>]03!.6L03,.,.!Q$1>M$�8�#d*+U3_/-A,�03!�(90=8 6�-A&"-A6B$H#"0F>"!�036�-9h3!�0F0=8.>?h=;=0\X�e���"! !�U=8����%#4!�0
;=0�>"!���E"(9h36L0�</&%���%8j>"!���>]�\8���&%8 #"0�!�U=#4�"-A!�0)#%$'&%8m�"&L8�0=;=��&%#I,�036�>%8#BOi�>M$'!.,.-A! #"0

t1
G�(�*+0=8.>M$�;=0)#"0�!�03(5$�f"$',.-9��&�X

sF(9��!�8)=K�%02;=03,�0=8.>M$�;=0^#4-A6�-A&/�%0�<%(�*+0LKB;@$�;3-A,�U:#"0�(5$I;=��&/,.!Q$'-A&K,�01#"0�NO��!.6L0^0=8.,�!�U3,Q$'E"(A-90^�"&"-cNO��!.6LU36L03&K,�8.�"!�(90
#"��6B$'-A&%0T#"0�(�* -A6B$'CD0\X C * -9#"U=0T0=8�,1#"��&%;L#d*Z$',.,�03-A&%#4!�0T�"&%0B8�03C\6L03&/,Q$',.-9��& C\!��\8�8�-9h3!�0B#"0�(�*+��E !.03,H#"0�(�* -A6B$'CD0
$@_D0=; !�03(5$�f"$',.-9��& 8.>M$',.-5$'(90QB

t < t1
G�<m>"�"-98�#"0 !�U3,Q$'E"(A-A!�(5$G;=��&K,.!Q$'-A&K,�0J#"0TNS��!.6L0;�<��������� �:�"&"-cNS��!.6L0R#%$'&%8

�"&k8�0=;=��&%#J,�036�>%82>]���"!�_�$'-A&%;3!�07(90=8^$'(A,�U3!Q$',.-9��&%8^#"0H(�* -A6B$'CD0 B
t ≥ t1

G[X�C�0H>?��-9#"8�#"07;=��&/,.!Q$'-A&K,�0�#"0HNO��!.6L0
#"03_o-903&K,1$'-A&%8.-j�"&%07NO��&%;3,.-9��&P#"07(�*+0=8.>M$�;=0�03,:#4�k,�036�>%81$'!.,.-+�M;3-903( #4� >"!��/;=0=8Q8.�%82-A,�U3!Q$',.-cN X�C�$ #"U=;3!���-98�8Q$'&%;=0
#"0F(�*+0=8.>M$�;=02#"0�!�03(5$�f%$',.-9��&<8�0�NO$'-A,�>M$'!�(90�!�036�>"(5$�;=036L03&/,�#"0�(5$1;=��&%8.,Q$'&/,�0

d
>M$'!��"&%0�NO��&%;3,.-9��&b(A-A&%U@$'-A!�02>M$'!



a\a V ���	���
� �������	� ����������
�� � �������� � ����� ���	�	� � � � � ����
 � ��� �

6L��!�;=0@$'�4f 03,�#"U=;3!���-98Q8Q$'&K,�0H03& NS��&%;3,.-9��&G#4�R,�036�>%8@`

d (t) =





d0 si t < t1
(ε− d0)

t−t1
t2−t1

+ d0 si t1 ≤ t < t2
ε si t2 ≤ t

B�64X � G

�mp
(d0, ε, t1, t2) ∈ R

∗+ $=_D0=;
d0 > ε

03,
ε � 1

X
d0

0=8�,1�"&%0b;=��&%8.,Q$'&K,�0 #"U3,�03!.6�-A&M$'&K,B(5$R,Q$'-A(A(90b-A&"-A,.-5$'(90
#"0 (�*+0=8.>M$�;=0G#"0<!�03(5$�f%$',.-9��& 03,

t2
!�h3C\(90 (5$ _o-A,�0=8�8�0<#"0J#"U=;3!���-98�8Q$'&%;=0\X 3����%8B_D03!.!���&%8b03& 8�0=;3,.-9��& 64X�64X�64Xku

=/��* �"&%01#"U=;3!���-98Q8Q$'&%;=0^,�036�>?��!�03(A(90:>"(A�%8�8.-A6�>"(901#"0^, no>]01U=;��%03(9��&J#"0��F0@$@_/-98.-9#"010=8.,)6L��-A&%8�0LKB;@$�;=07i�;@$'�%8�0
#"0:(�* -A&%03!.,.-901#4�%0:iI(�*+0=8.,.-A6B$',.-9��&J#"0=8)>M$'!Q$'6Lh3,.!�0=8F#"0

Tsim
X

�e-A&M$'(9036L03&K,�<o&%���%8 !�03&4NO��!?l=��&%8�(5$^!�03(5$�f%$',.-9��&b8�>M$',.-5$'(90F03, (90�!�U3,Q$'E"(A-98�8�036L03&/,)#"0�(5$:;=��&/,.!Q$'-A&K,�02�"&"-cNO��!.6L0
03& !�036�>"(5$ml@$'&/,<(90GN�$�;3,�03�"!

λ
#"0G(�*+U	=K�M$',.-9��&�B 64X � GT>M$'!b�"&%0GNO��&%;3,.-9��& ;3!���-98�8Q$'&/,�0 #4� ,�036�>%8

λa (t)
=/�"-

;=��&/,.!���(903!Q$<(�*Z$'6�>"(A-A,.�%#"0BC\(9��EM$'(90B#"0�(5$ NS��&%;3,.-9��& 8�>M$',.-9�&'�,�036�>]��!�03(A(90T#4�P>]��-9#"81#"0L;=��&K,.!Q$'-A&/,�0\Xbn��"!Q$'&/,1(5$
>,�M$�8Q0)#"0�!�03(5$�f"$',.-9��&)B

t < t1
G�<\(5$F_�$'(903�"! 0=8.,j6�-A&"-A6B$'(90)>?���"! $�;=;=��!�#"03!m>"(A�%8 #"0 IM0[f4-AE"-A(A-A,�U�$'�L;=��&K,����"! $�;3,.-cN.X

s >M$'!.,.-A!�#"0
t1
<%(�*Z$'6�>"(A-A,.�%#"0�$'�"C\6L03&K,�0H>]���"!2$',.,�03-A&%#4!�01�"&J6B$�fo-A6H�"6 =/�"-�!�03&4NO��!�;=03!Q$�(901!�U3,Q$'E"(A-98�8�036L03&/,

#"0�(5$^;=��&K,.!Q$'-A&/,�0^$��%&T#"0�8��"!.6L��&K,�03! (90=8�$'(A,�U3!Q$',.-9��&%8�#"0)(�* -A6B$'CD0\X2C�$�NO��&%;3,.-9��&T8�>M$',.-9�&'�,�036�>]��!�03(A(902#4�L>?��-9#"8
#"0:(5$I;=��&K,.!Q$'-A&K,�07#"02NO��!.6L0^0=8., �%&M$'(9036L03&/,@`

λflex (ψ (x) , t) = λa (t)

(
1 − e

−
“

ψ(x)
d(t)

”2) B�64X a -{G
�mp

λa (t)
_�$'!.-90�03&/,.!�0

λmin
03,
λmax

$=_D0=;L�"& >"!��&�%( ��>">]�\8QULi ;=03(A�"- #"0I(�*+U	=K�M$',.-9��&�B�64X � G[X3C�$ �%C\�"!�0 64Xku
-A(A(A�%8�,.!�01iI,.!���-98�#4-A6L03&%8.-9��&%8�(5$7NO��&%;3,.-9��& 8.>M$',.-9�&'�,�036�>?��!�03(A(90

λflex (ψ (x) , t)
X

>:?�A:B%64Xku4` � $'!.-5$',.-9��& 8.>M$',.-9�&'�,�036�>?��!�03(A(90 #"0R(5$JNO��&%;3,.-9��& >?��&%#"U3!Q$'&K,B(5$k;=��&/,.!Q$'-A&K,�0G#"0 NO��!.6L0\X
d0 = 3

<

t1 = 100
<
t2 = 400

<
λmin = 1.25

03,
λmax = 2

X



�	� �	� ��� ��� � ������� ��� � �	� ���	����� � � ��� � ��� � 
 � � ��� � �� ���
�	��� �
���� 
 � a\a 6

�-,�� �+\<\]d?>?;`UV35>T6W1<P+Z`3$UW1UWd��9PaZ 8Z%P 4��%P5:<d 35UV35P$Z`i9\ �"47>TS�Z%1J35U#: i
g�03,.,�0 8�0=;3,.-9��&1>"!�U=8�03&/,�0 (90=8�!�U=8.�"(A,Q$',�8e��E",�03&K�%8m$=_D0=; (90=8�,.!���-98�-A&"&%�@_\$',.-9��&%8e>"!���>]�\8�U=0=8 <�i�8Q$=_D��-A!�<�(�*+0=8.,.-A6B$',.-9��&
#"0=8�>M$'!Q$'6Lh3,.!�0=8F#"02(5$7,.!Q$'&%8 NS��!.6B$',.-9��& C\(9��EM$'(90^>M$'!)(�*Z$'(ACD��!.-A,9�"6L01#4�<8.-A6�>"(90[f <4(5$HNS�%8.-9��&<#"0^#"��&"&%U=0=8�0[f"�&'
CDh3&%0=8 #%$'&%8m(90),�03!.6L0�#d*Z$',.,Q$�;"�%0�$'�4f�#"��&"&%U=0=8�#"0=8 ;=��&K,����"!�8�$�;3,.-cNO8 03, 03&)�%&B(5$^_�$'!.-5$',.-9��&B8�>M$',.-9�&'�,�036�>]��!�03(A(90
#"0I(5$R;=��&/,.!Q$'-A&K,�0b#"07NS��!.6L0\X 3F���%8:;=��6�>M$'!�03!���&%87;=0=8^!�U=8.�"(A,Q$',�87$'�4fG6L�o#"h3(90=8:>"(A�%81;3(5$�8�8.-�=/�%0=8:03,10[f%$'6�-+'
&%03!���&%8L#%$'&%8 =K�%03(A(90<6L0=8.�"!�0 (90=8B8���(A�",.-9��&%8 =K�%0R&%���%8T$=_D��&%8L>"!���>?�\8�U=0=8�>?03!.6L03,.,�03&K, #"0R8@*Z$�*?!Q$'&%;��"-A!b#4�
>"!���E"(9h36L0:#"0=8�6�-A&"-A6B$�(9�/;@$'�4fdX6Am&)�%&?<"&%���%8)&%02&%���%8�(A-A6�-A,�03!���&%8�>M$�8�$'�<#"��6B$'-A&%0:#"02(5$7,�U3(9U=#"U3,�0=;3,.-9��&G03,
-A(A(A�%8.,.!�03!���&%81#"0=8^!�U=8.�"(A,Q$',�8:��E",�03&/�%8H$=_D0=;B#"0=82-A6B$'CD0=8:�",.-A(A-98�U=0=8:03& ��-98.-9��&k>M$'!xF!�#4-A&M$',�03�"!103,:03& -A6B$'CD0 '
!.-90I6LU=#4-9;@$'(90\XRg�0=8:-A6B$'CD0=81>M$'!.,Q$'CD03&K,1(5$R6��36L0B;@$'!Q$�;3,�U3!.-98.,.-�=/�%0 =/�%0I(90=8:-A6B$'CD0=8H8Q$',�03(A(A-A,Q$'-A!�0=8103&P6�-A(A-903�
�"!.EM$'-A&�`m�"& 6B$'&�=K�%0:#"0^#4-98Q;3!.-A6�-A&M$',.-9��& C\(9��EM$'(901#"02(�*+��E !.03,FiI0[f4,.!Q$'-A!�0^>M$'!�!Q$'>">?��!.,F$'� NO��&%#<#"02(�* -A6B$'CD0\X

�
	��
	� ����������������������! "�$#&%'�)(���*��
n^$'&%8F,����",�0=8F(90=8�0[f4>]U3!.-903&%;=0=8�0[fo>?�\8�U=0=8�;3-+' $'>"!�h=8,+](901;=��&/,����"!^$�;3,.-cN�03,�(5$LNS��!.6L0 � ��� �5��� ����&K,2(90=8F;@$'!Q$�;3,�U '
!.-98.,.-.-/�%0=8�8.�"-A_\$'&K,�0=8 `

a X�/�$RNO��!.6L0 � ��������� �^!�03>"!�U=8�03&K,�U=0b>M$'!7(�*+03&%8�0361E"(90R#"0T&"-A_D0@$'�4f
ψ0(x)

;=��!.!�0=8.>?��&%# ���$��0,1 � �"�[	21I$'�4f
NW!���&/,.-9h3!�0=8�#"0^(�*+��E !.03,�i�8�03C\6L03&/,�03!���!�0=;@$'(903!�#%$'&%8)(�* -A6B$'CD0\X

u4X�/�0<;=��&K,����"! $�;3,.-cN^-A&"-A,.-5$'(�!�03>"!�U=8�03&/,�U<>M$'!B(�*+03&%8Q0361E"(90 #"0<&"-A_D0@$'�4f
φ(x, t = 0)

0=8.,L8.-A6�-A(5$'-A!�0Gik(5$
NS��!.6L0 �<��� �5�8���

ψ0(x)
X43 (�0=8�,703&%8.�"-A,�0b,.!Q$'&%8 NO��!.6LUb>M$'!H�"&%0 8.-A6�-A(A-A,.�%#"0b>"(5$'&%0 #4-A!�0=;3,�0

Tsim
#"��&K,

(90=8�>M$'!Q$'6Lh3,.!�0=828���&K,
ξ0 = (s0, θ0, µx,0, µy,0)

X5/�0:E"�",F#d* �"&%0:,�03(A(901,.!Q$'&%8 NO��!.6B$',.-9��&G0=8.,F#"01;3!�U=03!��"&
U=;@$'!.,1CDU=��6LU3,.!.-.-/�%0B03&K,.!�0B(90L;=��&K,����"!�$�;3,.-cN)-A&"-A,.-5$'( 03,:(�*+��E !.03,1;3-AE"(90T#"0�(�* -A6B$'CD0T$��%& #d*+0[f"$'6�-A&%03!H(90
>]���"_D��-A!�#"02!�0=;@$'(5$'CD0H#"02(5$I6LU3,9�%�o#"0\X

n^$'&%8 ;=03!.,Q$'-A&%8�;@$�8,+K&%���%8 -A(A(A�%8.,.!���&%8 (�*+U3_D��(A�",.-9��&b#4�b;=��&K,����"!)$�;3,.-cN�#"0)(�*+U3,Q$', -A&"-A,.-5$'(?i2(5$:;=��&/_D03!.CD03&%;=0	�%&M$'(90
8����%8�(5$INS��!.6L0:#d* �"&%018�U6-K�%03&%;=0:$'(A(5$'&/,F8���-A,�#"0:CK$'�%;��%0HiI#4!���-A,�018���-A,�#4� �M$'�",�_D03!�8)(90:EM$�8@X

�
	��
	87 9:��%;�<*=��*�#>?��(@>?#&%;�A�B�"�DC�>E	GF<�2>H���2(I���JF��LK���*�FA#B�2(I�4�!��M����ON.�2>P��#%;*Q��#��(RF��2>S�<*)T
��*�%'U"�H�$�2>GF��

Tsim
�e���"! ;=��6�>M$'!�03! (90=8m>]03! NO��!.6B$'&%;=0=8�#"0=8 #"03�4fB$'(ACD��!.-A,9�"6L0=8,+/;=��&%8�-9#"U3!���&%8 (�*+0[f4>]U3!.-903&%;=0F8.�"-A_\$'&K,�0\`e�"&%0�NO��!.6L0
�1��� �������

ψ0
0=8�,F;��%��-98�-90H>M$'!.6�-e(90=82#"03�4fJ0[f"036�>"(90=8F#"0H(5$ �%C\�"!�0 64Xkj4XV/�0H;=��&/,����"!:$�;3,.-cN !�03>"!�U=8�03&K,�U7>M$'!

φ03,^,.!Q$'&%8 NO��!.6LU�>M$'!
Tsim

#"0L>M$'!Q$'6Lh3,.!�0=8
ξ0

&�*+U3_D��(A�%03!Q$R>M$�81$'�P;=���"!�81#4�P,�036�>%8 BO$'�%;3�"&%0INO��!�;=0�0[fo,�03!.&%0
#4�%0:iI(�* -A6B$'CD0:&�*+0=8.,�036�>"(9� nDU=0�+M&%���%8),.!Q$=_\$'-A(A(9��&%8F�"&"-.-K�%036L03&/,F#%$'&%8)(�*+0=8.>M$�;=01#"0=8)NO��!.6L0=8/G[X

/ *+��E ! 0=;3,.-cN�0=8�, #"0�;=��&%8.,Q$',�03!�8�-M(90=8�#"03�4fB6LU3,9�%�/#"0=8 >M$'!._o-903&"&%03&K,�i:0=8�,.-A6L03!
ξ0

>M$'! (5$16�-A&"-A6�-98Q$',.-9��&R#"0
(�*+U3&%03!.C\-90H#"��&"&%U=0H03& U6-/�M$',.-9��&�B�64Xkj{G[X!/�0^&%��61E"!�07#d* -A,�U3!Q$',.-9��&%8�>]���"!2$',.,�03-A&%#4!�0:(5$L;=��&/_D03!.CD03&%;=0�$'-A&%8.-�-/�%0
(90=8j,�036�>%8m#"0);@$'(9;3�"(%8�03!���&/, ;=��6�>M$'!�U=8@X 3����%8j6L03&%��&%8m>"(A�%8.-903�"!�8eNO��-98j(5$�6��36L0�0[fo>?U3!.-903&%;=0)$=_D0=;�#4-+*dU3!�03&K,�0=8
-A&"-A,.-5$'(A-98Q$',.-9��&%8

(s0, θ0, µx,0, µy,0)
`

a X���!Q$'&%8.(5$',.-9��&G8�03�"(90\`
ξ0,1 = (1, 0, 10,−5)

X

u4X C���,Q$',.-9��& 8�03�"(90\`
ξ0,2 = (1, π/3, 0, 0)

X

j4X 0 ;��%03(A(90H8�03�"(90\`
ξ0,3 = (1.2, 0, 0, 0)

X

V%X F/-A6�-A(A-A,.�%#"0:>"(5$'&%0:#4-A!�0=;3,�0\`
ξ0,4 = (1.2, π/3, 10,−5)

X

n^$'&%8�(90=8�0[f4>]U3!.-903&%;=0=8e6L03&%U=0=8,+�&%���%8j$=_D��&%8j>"!.-A_o-A(9U3C\-9U (5$�!���E"�%8.,�0=8Q8�0 #"0=8j��>",.-A6�-98Q$',.-9��&%8m03&H,.!Q$=_\$'-A(A(5$'&K, $=_D0=;
�"&%0�EM$'&%#"0BU3,.!���-A,�0L#"0 a\a >"-cf"03(98@XW/�0=81,�036�>%8:#"0L;@$'(9;3�"(�8�03!���&K,1U3(903_DU=8X+�6B$'-98:(90LE"�",1#"0�;=0=810[f4>]U3!.-903&%;=0=8



a\a Y �������������	���	� �����
����
�������������� ������������� ������ ����
��������

����	 �! 6	

>:?�A:B864Xkj4`��%��!.6L0=8 �%��������� �%BS03&7E"(5$'&%;�+ {x/ψ0 (x) = 0} G�03,�(903�"!�8j03&%8�0361E"(90=8j#"0 &"-A_D0@$'�4f7$�8�8��o;3-9U=8VBW&"-A_D0@$'�4f
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∆s ∆µ

�[	 ��� �	� � � 3 ,�U3!Q$',.-9��&%8 ��036�>%8BS8/G
ξ0,1

- - 	 V\V - a 6

D���%03,

ξ0,2
-4X � a X�-86

(−14.3,−3.17)
a Y � - 6 �

ξ0,3
- - 	 6868- u a

ξ0,4
-4X � a X�-86

(−14.3,−3.17)
u z&� - ���

ξ0,1
- - 	 V u8- a\a

� !',.-A6L03&K,�03& /
ξ0,2

- - 	 u z 68- Y �
ξ0,3

- - 	 jvj8- �

ξ0,4
-4Xkj a X�6 a

(16.47, 12.54)
a\a z - j8-

���� B�64X a `��m!.!�03�"!T$'E%8���(A�%0 03&K,.!�0
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NO��!.6L0 &�*+0=8.,�>M$�8��",.-A(A-98�U=0�+ (90R;=��&K,����"! $�;3,.-cN�-A&"-A,.-5$'(�&�*Z$G>M$�8L8.�"E"-�#"0R,.!Q$'&%8 NO��!.6B$',.-9��& B

ξ0 = (1, 0, 0, 0)
G

03,I8�0T,.!����"_D0 $'-A&%8�-�0[f%$�;3,�036L03&K,L8.�">?03!.>?�\8�UT$'� E !',.-A6L03&K,L03& NO��!.6L0T#"0 � #"0T(�* -A6B$'CD0\X&�m& #"U3>"-A,I#d* �"&%0
-A&"-A,.-5$'(A-98Q$',.-9��& #4� ;=��&/,����"!<$�;3,.-cN1;=��&4NS��&%#4�%0k$=_D0=;J(5$P8���(A�",.-9��& #"U=8.-A!�U=0�+);=03(A�"-+' ;3-2U=;��%���%0kiP8�03C\6L03&/,�03! (90
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#"��&"&%U=0=8 -K�"-�0=8�,�8��%8�;=03>",.-AE"(90:#d* �3,.!�0^;=��!.!���6�>"� >M$'!)(902E"!.�"-A,,+4(90=8��/;=;3(A�%8.-9��&%8���� $'�",.!�0=8�$'!.,�0[NO$�;3,�8��"!.EM$'-A&%8@X
s (�* -A&/_D03!�8�0�+e�"& >?��-9#"8:,.!���> U3(903_DUL!�03_o-903&%#4!Q$'-A,Ii 6�-A&"-A6�-98Q03!H(5$ ;=��&K,.!.-AE"�",.-9��& #"0�(�* -A6B$'CD0 -K�"- ;=��&%#4�"-A,7(90
;=��&/,����"!m_D03!�8j(90 E !',.-A6L03&/,�-K�%0 (�*+��&�;��%03!�;"�%0�i�8Q03C\6L03&K,�03!@X
/�0�;=��&K,����"! $�;3,.-cN]>]03!�#4!Q$'-A, $'-A&%8.-403&�IM0[f4-AE"-A(A-A,�U)03,
8Q03!Q$'-A,)>"(A�%8�03&%;3(A-A& iI$',.,�03-A&%#4!�0:#"0=8�6�-A&"-A6B$I(9�o;@$'�4fb#"02(5$1NS��&%;3,.-9��&"&%03(A(90Hi76�-A&"-A6�-98�03!�BW&%���%8�0[f%$'6�-A&%03!���&%8
;=0B>]��-A&/,703& 8�0=;3,.-9��& 64X�64X VrG[X)F/- �"& >?��-9#"8

λ = 1
0=8�,H;=��&K_D03&M$'E"(90T>?���"!1(90L6L�o#"h3(90B#"0 g%�M$'& 03,(� 0=8�0�+e-A(

0=8�,�-A&%8.�2KB8Q$'&K,�>?���"!�(90b6L�/#"h3(90 �)$ nDU=8.-903&�X��m& 0 *?03,,+ ;=0R#"03!.&"-903!�6L�/#"h3(90R#4-+*dh3!�0R#"0R;=03(A�"-�#"0 g%�M$'& 03,
� 0=8Q0T>M$'!7(5$J&%��!.6B$'(A-98Q$',.-9��& #"0=87,�03!.6L0=87!�03(5$',.-cNS8Li (�* -A6B$'CD0b>M$'!7(5$ _\$'!.-5$'&%;=0 i (�* -A&K,�U3!.-903�"!L03,I(�*+0[f4,�U3!.-903�"!
#4�P;=��&/,����"!H$�;3,.-cN.X<sF(9��!�8 -/�%0H(�*+0[f4,�U3!.-903�"!1#4� ;=��&K,����"!7$�;3,.-cN�#%$'&%8^(�* -A6B$'CD0�0=8�,�>"(A�%8 � #"U=8���!�#"��&"&%U�� -/�%0I(90
E !',.-A6L03&/,��%��6L��CDh3&%0 -K�%0�(�*+��&B;"�%03!�;��%0�i28�03C\6L03&K,�03!,+o��&T$2#"0�N�$ml=��&LCDU3&%U3!Q$'(90\`

σ2
in (t) < σ2

out (t)
XI/���!�8 -K�%0

(90H;=��&K,����"!2;=��&K_D03!.CD0H_D03!�8�(5$B;3-AE"(904�%��6L��CDh3&%0�+?��&J$
σ2
in (t) � 1

` (5$B#4-A_/-98.-9��& >M$'!F;=0^,�03!.6L07$�;=;3!��A@9,2$'(9��!�8
#"0�NO$ml=��&b#4!Q$�8.,.-.-/�%0�(90�,�03!.6L0�#d*Z$',.,Q$�;��%0^$'�4fB#"��&"&%U=0=8�i^(�* -A&/,�U3!.-903�"!�#"0

C (t)
X �e���"!�;=��&/,.!�0=;@$'!.!�03!�;=03, 0 *d03,,+

&%���%8F;��%��-98.-98Q8���&%8)�"&%0^_\$'(903�"!�>"(A�%8�U3(903_DU=0:#"0
λ
B
λ = 10

G[X



�	� �	� ��� ��� � � �	��� ��� � ��� � � ����� � ��� ����������
 � � �	������ ��������� � � � � 
 � a\a �

BO${G

BWE5G

>:?�A@B�64X�64`VFo03C\6L03&K,Q$',.-9��&P$=_D0=;1-A&%8�03!.,.-9��&J#"02NO��!.6L0<�7��� �������[`#BO${G�6L�o#"h3(90:#"0Ig%�M$'&J03,�� 0=8�0103,
λ = 1

BWE5G
6L�o#"h3(90 �)$ nDU=8.-903&G03,

λ = 10
X

/�$2&%U=;=0=8�8.-A,�U�#d* �",.-A(A-98Q03! (5$^;=��&"&M$'-98�8Q$'&%;=0F#"0�NS��!.6L0 � ��������� �e0=8., i^&%���"_D0@$'�L-A(A(A�%8.,.!�U=0�03&/�%C\�"!�0 64XZY:$=_D0=;
(90=8�;=��&K,����"!�8:$�;3,.-cNO8�EM$�8�U=828.�"!F(�* -A&4NO��!.6B$',.-9��& #4-+*]�%8QU=0H#"0=8�C\!Q$�#4-903&K,�8^#"07(�* -A6B$'CD0 B��&�2� G[Xas (5$T#4-+*?U3!�03&%;=0
#"0=8b0[fo>?U3!.-903&%;=0=8R#"0=8 �%C\�"!�0=8 64X V 03, 64X�6�+�(90G;=��&K,����"!<$�;3,.-cN1-A&"-A,.-5$'(2&�*+0=8.,b>M$�8 0[f"$�;3,�036L03&/,<8.�">]03!.>?�\8�UGi
(�*+��E !.03,bik!�0=;@$'(903! #%$'&%8L(�* -A6B$'CD0\`G(90J;=��&K,����"!b-A&"-A,.-5$'(2$ 8��"E"-��"&%0<,.!Q$'&%8.NS��!.6B$',.-9��& #"0R>M$'!Q$'6Lh3,.!�0=8

ξ0 =
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ξ0 = (s0 = 1.5, θ0 = 0.0, µx,0 = 0, µy,0 = 0)BWE5G
ξ0 = (s0 = 0.8, θ0 = 0.0, µx,0 = 0, µy,0 = 0)BS; G
ξ0 = (s0 = 1.5, θ0 = 0.0, µx,0 = 0, µy,0 = 0)
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ξ0 = (s0 = 1.1, θ0 = 0.1, µx,0 = −4, µy,0 = 1)BWE5G
ξ0 = (s0 = 1.0, θ0 = −0.1, µx,0 = −1, µy,0 = −2)BS; G
ξ0 = (s0 = 1.0, θ0 = 0.1, µx,0 = 0, µy,0 = 2)
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ξ0 = (s0 = 1.0, θ0 = −0.25, µx,0 = −2, µy,0 = −3)BS; G
ξ0 = (s0 = 1.0, θ0 = 0.1, µx,0 = −2, µy,0 = 2)
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λmin = 3
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λmax = 30
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λmin = 27
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λmin = 1

+
λmax = 5

+
d0 = 5

`
BO${G

ξ0 = (s0 = 1.1, θ0 = 0.25, µx,0 = −4, µy,0 = 1)BWE5G
ξ0 = (s0 = 1.0, θ0 = −0.25, µx,0 = −2, µy,0 = −3)BS; G
ξ0 = (s0 = 1.0, θ0 = 0.1, µx,0 = −2, µy,0 = 2)

X

3F���%8B>"!���>]�\8Q��&%8B03& �%C\�"!�0 64Xku86P#"0 6L03&%03!T#"0=8b0[fo>?U3!.-903&%;=0=8T$@_D0=;J#"0=8T-A6B$'CD0=8T&�*Z$'>">M$'!.,�03&M$'&K, >M$�8
$'� #"��6B$'-A&%0 #"0 (5$G,�U3(9U=#"U3,�0=;3,.-9��&�X g�0=8I-A6B$'CD0=8�>"!�U=8�03&/,�03&K,B(90=8I6��36L0=8T#4- KB;3�"(A,�U=8W-/�%0 (90=8�#"��&"&%U=0=8B#"0



�	� �	� ��� ��� � � �	��� ��� � ��� � � ����� � ��� ����������
 � � �	������ ��������� � � � � 
 � a j z
,�U3(9U=#"U3,�0=;3,.-9��&B03&I6�-A(A-903�L�"!.EM$'-A&�+/iF8
$=_D��-A!m�"&�6B$'&"-/�%0)#"0�#4-98Q;3!.-A6�-A&M$',.-9��&B#"0�(�*+��E ! 03, #d* -A&/,�U3!��3, >M$'!j!Q$'>">]��!.,
iG8���& 03&K_o-A!���&"&%036L03&K,@X /�0=8L0[f4>]U3!.-903&%;=0=8�#"0=8�-A6B$'CD0=8<64Xku864XZ$k03, 64Xku864X E 6L��&K,.!�03&K,T(�*+0LKB;@$�;3-A,�U<#4� >]��-9#"8
IM0[f4-AE"(90�#"0I;=��&K,.!Q$'-A&K,�0T#"07NS��!.6L0L$@_D0=;I(90I6L�/#"h3(90 �)$ nDU=8.-903&P#d*Z$',.,Q$�;��%0B$'�4f #"��&"&%U=0=8@X / * �",.-A(A-98Q$',.-9��& #d* �"&
>?��-9#"82;=��&%8.,Q$'&K,:036�> �=;��%0I�"&k!�0=;@$'(5$'CD0I!�U3�%8�8.-�`�(9076B$'&"-K�%0I#"0<IM0[fo-AE"-A(A-A,�U�#4� ;=��&/,����"!^(901N�$'-A,2!Q$'>"-9#"036L03&K,
8���6HE"!�03!�#%$'&%8)�"&<6�-A&"-A6H�"6 (9�o;@$'(�#"02(5$7NO��&%;3,.-9��&"&%03(A(901#d*+U3&%03!.C\-90 B �%C\�"!�0�64Xku\Y{G[X

BO${G

BWE5G

>:?�A@B�64Xku864`yFo03C\6L03&/,Q$',.-9��&k$@_D0=;:_\$'!.-5$',.-9��& 8.>M$',.-9�&'�,�036�>?��!�03(A(901#4�<>?��-9#"8�#"0^;=��&/,.!Q$'-A&K,�0I#"0�NO��!.6L0 BW6L�/#"h3(90
�)$ nDU=8�-903&5G[`#BO${G

λmin = 15
+
λmax = 100

+
d0 = 15

BWE5G
λmin = 50

+
λmax = 100

+
d0 = 10

X

����	 �! "	

>:?�A@B 64Xku\Y4`0 ;��%0=;^#4�b!�0=;@$'(5$'CD0:$=_D0=;��"&T>?��-9#"8�;=��&%8.,Q$'&K,)#"0�;=��&K,.!Q$'-A&/,�0:#"0�NO��!.6L0]BW6L�/#"h3(90 �)$ nDU=8.-903&5G[`JBO${G
λ = 20

BWE5G
λ = 70

X

� &)�%&�+ &%���%8�>"!���>?�\8���&%8�#"0=8�0[f4>]U3!.-903&%;=0=8B$@_D0=;R#4-+*?U3!�03&/,�0=8IN�$ml=��&%8�#"0bNO$'-A!�0b_\$'!.-903!�(5$J;=��&/,.!Q$'-A&K,�0J#"0
NO��!.6L0 03&7NO��&%;3,.-9��&�#"0 (�*+0=8�>M$�;=0�03,j#4�I,�036�>%8@X
/ *+0[f4>]U3!.-903&%;=0�-A(A(A�%8.,.!�U=0)03& �%C\�"!�0 64Xku z XZ$�!�03>"!��/#4�"-A,m;=03(A(90�#"0�(5$
�%C\�"!�0�64Xkuvu4XZ$�6B$'-98e8Q$'&%8�!�03(5$�f"$',.-9��&I8.>M$',.-5$'(90 #"0 (5$�;=��&/,.!Q$'-A&K,�0�+D8Q03�"(90 (5$)_\$'!.-5$',.-9��&7,�036�>]��!�03(A(90�03&7$'6�>"(A-A,.�%#"0
#"0�(�*+U6-/�M$',.-9��& B�64X a -{G:0=8.,H036�>"(9� nDU=0\X 3����%8H;=��&%8�,Q$',���&%8 -/�%0B;=��&/,.!Q$'-A!�036L03&K,B$'� ;@$�878.>M$',.-9�&'�,�036�>?��!�03(B+j(5$
8�03C\6L03&/,Q$',.-9��& U=;"�%���%0\XRn^$'&%8H;=0L;@$�8X+�(�*Z$'E%8�03&%;=0b#"0�!�03(5$�f%$',.-9��& &%0B>]03!.6L03,H>M$�8H$'� ;=��&K,����"!�$�;3,.-cN)#d* �3,.!�0
8.�2KB8
$'6�6L03&K, IM0[f4-AE"(90L>?���"!18�03C\6L03&/,�03!HC\!��\8Q8.-9h3!�036L03&K,7(�*+��E ! 03,7#d* -A&K,�U3!��3,�$=_\$'&K,H(90�!�U3,Q$'E"(A-98�8�036L03&/,7#"0B(5$



a j � � �����������	���	� ����� � � 
����� � ������ ����� ������� � ���� � ��
��������

;=��&/,.!Q$'-A&K,�0G�"&"-cNO��!.6L0\X'/ * �",.-A(A-98
$',.-9��& #d* �"&%0<_\$'(903�"!
λmin

>"(A�%8�N�$'-AE"(90R>]���"!T;=��&4NSU3!�03!T>"(A�%8B#"0 IM0[f4-AE"-A(A-A,�U
U=;"�%���%03!Q$'-A,1#%$'&%8�(5$L6L0=8��"!�07�mpG(5$CIM0[fo-AE"-A(A-A,�U�$�;=;=��!�#"U=0I&%078�03!Q$'-A,F>M$�828.>M$',.-5$'(9036L03&/,^E]��!.&%U=0\X /�0H;=��&/,����"!
8Q03C\6L03&K,�03!Q$'-A, $'(9��!�8T(90=8b��E !.03,�8T>]U3!.-A>,�%U3!.-.-/�%0=8R$ nK$'&K, (90=8b6��36L0=8T>"!���>"!.-9U3,�U=8R8.,Q$',.-98.,.-.-/�%0=8:-/�%0 (5$ ;3-AE"(90\X
/ *+0[fo>?U3!.-903&%;=0I#"0:(5$/�%C\�"!�0�64Xku z X EG!�03>"!��/#4�"-A,2;=03(A(9010[f4>?�\8�U=0103& �%C\�"!�0�64Xku864X E�X	��&J>]��-9#"8�8.>M$',.-9�&'�,�036�>?��!�03(
0=8�,F$'�%8�8.-d�",.-A(A-98�U�+46B$'-98�$=_D0=;^�"&%0^NS��!.6H�"(5$',.-9��& >"(A�%8�8�-A6�>"(90^#4�<>"!��&�%(�8.>M$',.-5$'(�`

λflex(ψ(x), t) = λa (t)

{
|ψ(x)|
2d(t) si |ψ(x)| < 2d(t)

1 sinon

B�64X a\a G

�mp
ψ

0=8.,�(�*+03&%8�036HE"(90 #"0 &"-A_D0@$'�4fH#"0 (5$�;=��&K,.!Q$'-A&/,�0�#"0 NO��!.6L0�+
d(t)

03,
λa (t)

8���&/,e#"U �%&"-98e03&HU6-/�M$',.-9��& B 64X a -{G[X
/�$^NO��!.61�"(5$',.-9��&R(A-A&%U@$'-A!�0F>M$'! 6L��!�;=0@$'�4f #"0�(5$1!�03(5$�f"$',.-9��& 8.>M$',.-5$'(902#"0�(�*+U6-/�M$',.-9��&QB�64X a\a G 0=8�, ;=03!.,Q$'-A&%036L03&K,
>"(A�%8 -A&K,.�"-A,.-A_D0�-/�%0�;=03(A(90�#"0�(�*+U6-K�M$',.-9��& B�64X a -{G[X 3FU@$'&"6L��-A&%8,+D(�*+0[fo>?U3!.-903&%;=0�#"0�(5$ �%C\�"!�0 64Xku z X EL�",.-A(A-98Q$'&/,m�"&%0
,�03(A(90 NO��!.61�"(5$',.-9��&IU=;��%���%0\X
/�0 >"!���E"(9h36L0�#d* �"&1,�03(/>"!��&�%(o8�>M$',.-5$'(/0=8.,��"&H!�03&4NS��!�;=036L03&/,j,.!���>1-A6�>?��!.,Q$'&K,j#"0 (5$
;=��&/,.!Q$'-A&K,�07#"02NO��!.6L01$'�R_D��-98.-A&M$'CD01#4�R&"-A_D0@$'� #@U3!���#"0

ψ
X sF-A&%8.-B+4(5$�;=��&/,.!Q$'-A&K,�0H&�*+0=8.,)>M$�8F$'�",Q$'&/,�!�03(5$�f"U=0

-/��*Z$=_D0=;P(5$ >"!�U=8�03&%;=0 #d* �"& >?��-A&K,<8.,Q$',.-9��&"&M$'-A!�0 #"0k(5$ NS��!.6H�"(5$',.-9��& 0[f4>]��&%03&/,.-903(A(90P03& U6-/�M$',.-9��&�B�64X a -{G[X
sF�"C\6L03&K,�03!T(5$J,Q$'-A(A(90<#"0b(�*+0=8.>M$�;=0<#"0b!�03(5$�f"$',.-9��&

d0
&%0R8�03!Q$'-A,�>M$�8I�"&%0R8���(A�",.-9��& _o-5$'E"(90R;@$'!L;=0R#"03!.&"-903!

U3,Q$'&/, ,.!���> U3,�03&%#4��+�(90J;=��&/,����"!R$�;3,.-cN78�03!Q$'-A,b8��%8�;=03>",.-AE"(90J#d* �3,.!�0G-A&2I%�%03&%;=UG>M$'!b(90=8b$'!.,�0[N�$�;3,�8 03,b��E !.03,�8
03&/_/-A!���&"&M$'&/,�8,+%036�> �=;��M$'&/,)(5$18�03C\6L03&/,Q$',.-9��&RC\!��\8�8.-9h3!�0�#"0�(�*+��E !.03,�#d* -A&K,�U3!��3,�$=_\$'&K,�(90F!�U3,Q$'E"(A-98�8�036L03&K,�#"0F(5$
;=��&/,.!Q$'-A&K,�01�"&"-cNS��!.6L0\X�/ *Z$=_\$'&K,Q$'CD0:#4� >"!��&�%(d8.>M$',.-5$'(�#"0�(�*+U6-K�M$',.-9��&QB�64X a -{G�0=8.,)#d*Z$'�",���!.-98�03!)�"&%0�!�03(5$�f%$',.-9��&
NO��!.,�0H,.!�h=8�>"!��o;��%07#"0:(5$�NS��!.6L0 �1��������� ��,����",F03&G>"!�U=8�03!._�$'&/,F�"&%0H;=��&K,.!Q$'-A&/,�0�U3(903_DU=07iL�"&%01#4-98.,Q$'&%;=0H>"(A�%8
U3(9��-AC\&%U=0\X�m&)�%&�+"(�*+0[f4>]U3!.-903&%;=0H#"02(5$ �%C\�"!�0 64Xku z X+;^!�U3>?h3,�0^;=03(A(90:#"0^(5$ �%C\�"!�0 64Xkuvu4XZ$L$=_D0=;^�"&%0^NS��!.6H�"(5$',.-9��&
>"(A�%8F8.-A6�>"(90^#4�<>"!��&�%(d,�036�>?��!�03(�X</�0=8�_�$'!.-5$',.-9��&%8�,�036�>]��!�03(A(90=8F#"0

λa (t)
03,
d(t)

8���&K,�!�036�>"(5$�;=U=0=8�>M$'!�#"0=8
NO��&%;3,.-9��&%8m!�0=8.>?0=;3,.-A_D036L03&K,�;3!���-98�8Q$'&/,�0)03, #"U=;3!���-98�8Q$'&K,�0�#"0�, no>]0)U=;"�%03(9��&B#"0 �F0@$@_/-98�-9#"0\X /�$�!�0=8.,Q$'�"!Q$',.-9��&B#"0
(5$H;=��&K,.!Q$'-A&/,�0:#"0)NO��!.6L0�0=8.,�$'-A&%8�- !�U3,Q$'E"(A-90�E"!.�%8 -/�%036L03&K,)03,�&%��&T>"!���C\!�0=8�8�-A_D036L03&K,@X n^$'&%8�;=0F;@$�8X+K(5$7�%C\�"!�0
64Xku z X+;L6L��&K,.!�0W-/�%07(5$ 8�03C\6L03&K,Q$',.-9��& 0=8�,^�"&PU=;��%0=;\X /�$b!Q$'-98���&P#d* �"& ,�03(m!�U=8.�"(A,Q$',:;=��&%;=03!.&%0L(�*+0=8.,.-A6B$',.-9��&
#2no&M$'6�-.-/�%0�#"0=8 >M$'!Q$'6Lh3,.!�0=8)#"0

Tsim
>?03!.6L03,.,Q$'&K,�(�* -A&/_�$'!.-5$'&%;=0^#"0F(5$1;=��&/,.!Q$'-A&K,�0^#"0�NS��!.6L0F>M$'!�8.-A6�-A(A-A,.�%#"0

>"(5$'&%07#4-A!�0=;3,�0\X s�(9��!�8V-K�%01(�*+0=8.>M$�;=07#"0:!�03(5$�f%$',.-9��&k0=8�,F0 *d0=;3,.-cN + (901;=��&/,����"!^$�;3,.-cN�8�03C\6L03&K,�0HC\!��\8�8.-9h3!�036L03&/,
(�*+��E !.03,�#d* -A&K,�U3!��3,�#%$'&%87(�* -A6B$'CD0\X4/�0=87_�$'!.-5$',.-9��&%8I8.>M$',.-5$'(90=87E?��!.&%U=0=87#4� ;=��&K,����"!B$�;3,.-cN�>M$'!I!Q$'>">?��!.,Ii (5$
NO��!.6L0I#"07!�U[NSU3!�03&%;=07>?03�"_D03&K,^E"-5$'-98�03!2(9U3CDh3!�036L03&K,^(�*+0=8�,.-A6B$',.-9��&P#"0=8F>M$'!Q$'6Lh3,.!�0=81#"0

Tsim
X9s�-A&%8.-B+](9��!�8 -/�%0

(5$L;=��&K,.!Q$'-A&K,�01�"&"-cNS��!.6L010=8.,)!�U3,Q$'E"(A-90:8����%#%$'-A&%036L03&/,,+%(90:;=��&/,����"!F$�;3,.-cNe!�0=8Q8�0361E"(901i7(5$HNO��!.6L0:#"02!�U[NOU3!�03&%;=0
,.!Q$'&%8.NS��!.6LU=0H>M$'!

Tsim
#"��&K,�(90=8�>M$'!Q$'6Lh3,.!�0=828���&/,F6B$'(e0=8.,.-A6LU=8@X �m&k;=��&%8�U6-K�%03&%;=0�+ (901;=��&/,����"!2$�;3,.-cN >?03�",

8Q0�!�03,.!����"_D03!�(9��-A&T#"0�(�*+��E !.03,�i18�03C\6L03&K,�03!�#%$'&%8 (�* -A6B$'CD0�03,�$@_D0=;��"&%0F;=��&K,.!Q$'-A&/,�0F�"&"-cNO��!.6L0�03, NO��!.,�0�+K;=0�-/�"-
(90�!�03&%#B,.!�h=8�8�03&%8.-AE"(90�$'�4fL6�-A&"-A6B$:(9�o;@$'�4fW-K�%0�&%���%8 ;"�%03!�;��"-9��&%8�i1U3_/-A,�03!@X%s (�* -A&K_D03!�8Q0�+/�"&T!�U3,Q$'E"(A-98�8�036L03&/,
>"!���C\!�0=8Q8.-cN�#"07(5$b;=��&K,.!Q$'-A&/,�0B#"0HNS��!.6L07>?03!.6L03,:iB(�*+0=8�,.-A6B$',�03�"!:#"0=82>M$'!Q$'6Lh3,.!�0=8:#"0

Tsim
BW-9;3-e(90I8.-A6�>"(90[faG

#d*+0 *d0=;3,.�%03!��"&%0�0=8.,.-A6B$',.-9��& #"0�6L��-A&%8 03&B6L��-A&%8 E"-5$'-98�U=0F$'(9��!�8 -K�%0�(90�;=��&K,����"!)$�;3,.-cN�;=��&K_D03!.CD0F_D03!�8 (5$^;3-AE"(90
B �%C\�"!�0�64Xku z X+; G[X



�	� � ��� ��� � ����� � 
 � � �3��� � ��� � � ����� ������� � ��� � � � � ����� a j �

���
	 �! 6	 ����	

>:?�A@B164Xku z ` 0 ;��%0=; #4� !�0=;@$'(5$'CD0 BW6L�o#"h3(90 �)$ nDU=8.-903&5GP$=_D0=;\`cBO${GJ�"&"-.-K�%0 _\$'!.-5$',.-9��& ,�036�>?��!�03(A(90 #"0 (5$
;=��&/,.!Q$'-A&K,�0L#"07NO��!.6L0�$=_D0=;

λmin = 30
+
λmax = 70

BW>M$�8^#"0I!�03(5$�f%$',.-9��&P8.>M$',.-5$'(90 G � BWE5G�_\$'!.-5$',.-9��&P8.>M$',.-9�&'
,�036�>?��!�03(A(90I#"01(5$T;=��&K,.!Q$'-A&/,�0�#"01NO��!.6L0I$=_D0=;7�"&J>"!��&�%(m8.>M$',.-5$'(j#"U �%&"-m03&GU6-/�M$',.-9��& B�64X a\a GF03,

λmin = 27
+

λmax = 70
+
d0 = 7

�WBS; G2_\$'!.-5$',.-9��& 8.>M$',.-9�&'�,�036�>]��!�03(A(90 #"0B(5$<;=��&K,.!Q$'-A&/,�0 #"0�NO��!.6L0T$=_D0=;b#"0=81NS��&%;3,.-9��&%8
U=;"�%03(9��& #"0 ��0@$=_o-98.-9#"0^>?���"!

λa (t)
03,
d(t)

X

xF�",.!�0B(5$R>?�\8�8.-AE"-A(A-A,�UT#d*Z$�8�8.�"!�03!1�"&%0T;=��&K_D03!.CD03&%;=0b>"(A�%8H!���E"�%8.,�0�+e(5$ IM0[f4-AE"-A(A-A,�UB8.>M$',.-9�&'�,�036�>?��!�03(A(90 #4�
>?��-9#"8 #"0�;=��&K,.!Q$'-A&/,�0^#"0�NO��!.6L0�>]03!.6L03,)$'�%8�8.-]#d*Z$�;=;=U3(9U3!�03!�8.-AC\&"-+�M;@$',.-A_D036L03&K,)(90=8�,�036�>%8�#"0�;@$'(9;3�"(%BW,Q$'E"(90@$'�
64X VrG[X �m& 0 *d03,,+�(9��!�8L#"0<(5$k>"!�036�-9h3!�0 >,�M$�8�0�+�(5$GN�$'-AE"(90<;=��&K,.!Q$'-A&/,�0G#"0RNS��!.6L0<;=��&4NOh3!�0<8.�2KB8
$'6�6L03&K, #"0
IM0[f4-AE"-A(A-A,�UF$'�b;=��&K,����"!�$�;3,.-cN�>]���"! -K��* -A( 8@*Z$'>">"!��/;"�%0F0LKB;@$�;=036L03&/,�#"0�(5$^;3-AE"(90�#%$'&%8 (�* -A6B$'CD0\X�/�$:;=��&/,.!Q$'-A&K,�0
�"&"-cNO��!.6L0:03,�;=��&%8.,Q$'&/,�0 -K�"-�$7,�03&%#%$'&%;=07i7!Q$'(903&K,.-A!F(�*+U3_D��(A�",.-9��&J#4�<;=��&K,����"!�0=8.,)!�U3,Q$'E"(A-90^�"&"-.-/�%036L03&K,2i7(5$
�%&B#4�T>"!��/;=0=8Q8.�%8 >?���"! !�U3C\�"(5$'!.-98�03!�(5$:8Q03C\6L03&K,Q$',.-9��&�X�/�0�,Q$'E"(90@$'� 64X V7;=��6�>M$'!�0�(90=8 ,�036�>%8 #"0F;=��&K_D03!.CD03&%;=0
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Jshape (φ, ψ) = λpara

∫

Ω
|∇φ (x) −∇ψ (x)|2 (H (φ (x)) −H (ψ (x)))2 dx
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Ċ, Ċ′

〉4 ∣∣∣Ċ
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Ċ, Ċ′

〉2
(

1 − 3
〈
Ċ, Ċ′
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Ċ, Ċ′
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Ċ, Ċ′
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Fquad(s)
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Fquad(s) =

∮
ds′f

(
s, s′

)
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F̂quad(s) =

L−1∑

s′=0

f (s, s′) + f (s, s′ + 1)

2

∣∣C
(
s′
)
−C

(
s′ + 1

)∣∣ BOY4X a Y{G

-/�%0^(�*+��&R>?03�",F$'�%8�8.-�U=;3!.-A!�018����%8)(5$HNO��!.6L0\`

F̂quad(s) =

L−1∑

s′=0

f (s, s′)

2

(∣∣C
(
s′ − 1

)
−C

(
s′
)∣∣+

∣∣C
(
s′
)
−C

(
s′ + 1
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f (s, 0) = f (s, L)
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C (0) = C (L)
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C

X
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/ *+0[fo,�03&%8.-9��& #"0B(5$ NO��!�;=0T;=��&%8.-98�,�0TiR!�03&%8Q03-AC\&%03!
Fquad,ext(x)

i ;��M$H-/�%0B(9�o;@$',.-9��&
x

#"0B(5$<EM$'&%#"0TU3,.!���-A,�0
$@_D0=;�(5$:_\$'(903�"!

F̂quad(s)
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x
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φ
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∂Fquad,ext(x)

∂t
+ sign (φ)

〈 ∇φ
|∇φ| ,∇Fquad,ext(x)

〉
= 0

BOY4X a � G
/�0=8�#"U3,Q$'-A(98�!�03(5$',.-cNO8�i7(�*+0[f4,�03&%8.-9��& #"0

Fquad,ext(x)
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Ψ(x) = K0(x/a)
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a ∈ R
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Kn(x) =

√
π

(n− 1/2)!

(
1

2
x

)n ∫ ∞

1
e−zx

(
z2 − 1

)n−1/2
dz
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n = 0
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K0(x) =

∫ ∞

0
cos (x sinh t) dt
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(|C (s− 1) −C (s)| + |C (s) −C (s+ 1)|)
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n^$'&%8:;=03,.,�0B;@$'!.,�0�+d(90=8:��E !.03,�8^;@$'!.,���C\!Q$'>,�"-.-K�%0=87��&K,:U3,�U�;=��!.!.-ACDU=87$��%&P#d* �3,.!�0L8.-A6�-A(5$'-A!�0=81$@_D0=;�(903�"!^!�03>"!�U '
8Q03&K,Q$',.-9��&P#%$'&%8�(�* -A6B$'CD0\X ��&%0H>"!���EM$'E"-A(A-A,�UI#"07&%��&)' ;��M$'&"CD036L03&K,HU3(903_DU=070=8�,2$'(9��!�8�CK$'!Q$'&K,.-90�8�-�(90H!�0=;@$'(5$'CD0
;@$'!.,�0 '�-A6B$'CD0F0=8., 0 *d0=;3,.-cN X /�0=8 �%C\�"!�0=8 z X a j1i z X a Y^-A(A(A�%8.,.!�03&K, �"&%0�!�U=#4�%;3,.-9��&T0LKB;@$�;=0�#"0=8m_\$'!.-5$'E"-A(A-A,�U=8 ;@$'!.,�0 '
-A6B$'CD0 -/�"-�>?03!.6L03,�#d*Z$�;=;3!��A@9,.!�0H(5$B;=���%U3!�03&%;=0703&K,.!�07;=0=8�#"03�4f<!�03>"!�U=8�03&K,Q$',.-9��&%8@XV/�0H8�;=��!�07�%&M$'(e#"0 �����"C8�
0=8�,H$'-A&%8.- (5$'!.CD036L03&/,I$�;=;3!.� >M$'!:!Q$'>">]��!.,IiR;=03(A�"- #"0�(�*+U3,Q$',H-A&"-A,.-5$'( BW,Q$'E"(90 u4Xku{G[X:3 ( 03&P!�U=8.�"(A,�0B�"&%0L#"U3,�0=; '
,.-9��&G;=��!.!�0=;3,�01#"0=8�&%��&)' ;��M$'&"CD036L03&K,�8^#4� E !',.-�X�m& �%C\�"!�0 z X a j�+"�"&%01!���,Q$',.-9��&J#"01-4X a !Q$�# 0=8.,F$'>">"(A-.-/�%U=0Hi
(�*+��E !.03,�;@$'!.,���C\!Q$'>,�"-.-/�%0�+M8.-A6H�"(5$'&K,��"&%0^03!.!�03�"!F#"0^8.�">]03!.>?�\8.-A,.-9��&<;@$'!.,�0 '�-A6B$'CD0\XA/�02!�0=;@$'(5$'CD0^>M$'!�;=��&/,����"!�8
$�;3,.-cNO810=8�,10LKB;@$�;=0B03,:>?03!.6L03,1#d*Z$�;=;3!��A@9,.!�0T(90L8�;=��!�0L#4� _D��,�0B#"0 �����"C8� �%&M$'( B

sHough = 0.76
G[X /�$ >"!��&'

EM$'E"-A(A-A,�U
pNC = 0.63

;=��&)�%!.6L0:�"&<&%��&)' ;"�M$'&"CD036L03&K,1$@_D0=;:&%U@$'&"6L��-A&%8F�"&%0^_�$'(903�"!�6L� nD03&"&%036L03&K,^U3(903_DU=0\X
g�03(5$J0=8.,7# % iR�"&%0B_�$'!.-5$',.-9��& CDU=��6LU3,.!.-.-/�%0

Egeom = 0.1
&%��& &%U3C\(A-ACD0@$'E"(90:-/�"-�$'6L��-A&%#4!.-A,7(5$R_\$'(903�"!I#"0

(5$L>"!���EM$'E"-A(A-A,�U\X!/ *+0[f4>]U3!.-903&%;=0H#"0^(5$ �%C\�"!�0 z X a VL-A(A(A�%8.,.!�0:(9016��36L0:>,�%U3&%��6Lh3&%0\` �"&J8�;=��!�04�%&M$'(�#"0������"C8�
!�03(5$',.-A_D036L03&/,�U3(903_DU B

sHough = 0.76
G�$=_D0=;2�"&%0FN�$'-AE"(90�,.!Q$'&%8.(5$',.-9��&<0=8�,.-A6LU=0]B

µHough = (1, 0)
G);=��&)�%!.6L03&K,

�"& &%��&)' ;"�M$'&"CD036L03&K,@X 3FU@$'&"6L��-A&%8X+ (5$ _�$'!.-5$',.-9��& CDU=��6LU3,.!.-.-/�%0 !�03_D��-A,Li (5$JEM$'-98�8Q0B(5$J_\$'(903�"!I#"0b(5$ >"!��&'
EM$'E"-A(A-A,�U #"0B&%��&)' ;��M$'&"CD036L03&K,@`

pNC = 0.63
X)s�_D0=;L(�*+0[f4>]U3!.-903&%;=0b#"0L(5$ �%C\�"!�0 z X a 6�+e(5$R>"!�U=8���6�>",.-9��& #"0

&%��&)' ;"�M$'&"CD036L03&K,)0=8.,m>"(A�%8jNO��!.,�0 B
pNC = 0.76

Gm03&L!Q$'-98���&L#d* �"&B8�;=��!�0)#"0 �����"C8�L>"(A�%8 U3(903_DU�03, #d* �"&%0�NO$'-AE"(90
_\$'!.-5$',.-9��&<CDU=��6LU3,.!.-.-/�%0\X �m&)�%&�+](902!�U=8.�"(A,Q$',�#"02(5$ �%C\�"!�0 z X a Y�-A(A(A�%8.,.!�0^(5$7&%U=;=0=8�8.-A,�U1#"02&%02>M$�8�>?U3&M$'(A-98�03!)(90=8
,.!Q$'&%8�(5$',.-9��&%8);=��(A-A&%U@$'-A!�0=8�$=_D0=;�(5$1#4-A!�0=;3,.-9��&

V
#"0F#4-98.,���!�8�-9��&b#"0F>]03!�8�>]0=;3,.-A_D0\X�/�$7�%C\�"!�0 z X a Y4XZ$16L��&K,.!�02�"&

>?��(onoCD��&%0�;@$'!.,���C\!Q$'>,�"-.-K�%0F>"!��o;��%0�#"0)(�*+036�>"!�03-A&/,�0�$'�L8Q��(M#d* �"&LE !',.-A6L03&K, 6L� nD03&"&%036L03&/,�U3(903_DU�#"0)(�* -A6B$'CD0\X
/�$L#4-98.,���!�8.-9��&J0=8.,�8.�2KB8Q$'6�6L03&/,�N�$'-AE"(90^>?���"! -K�%0^(901;=��&K,����"!�$�;3,.-cNm>"�"-98�8Q0:8�03C\6L03&K,�03!F(90^,���-A,@X</�0^_D0=;3,�03�"!
#"0�,.!Q$'&%8.(5$',.-9��& 03&K,.!�0�(�*+U3,Q$', -A&"-A,.-5$'(]03, (90�!�0=;@$'(5$'CD0 �%&M$'(]0=8.,<-/�M$�8.-A6L03&K,�;=��(A-A&%U@$'-A!�02i

V
X%s�-A&%8.-B+K(5$2_\$'!.-5$',.-9��&

CDU=��6LU3,.!.-.-/�%0b&�*+0=8.,7>M$�8H>?U3&M$'(A-98Q$'&/,�0 B
Egeom = 0.01

G[X4/�0b8�;=��!�0b#"0 �����"C8� 0=8.,IU3(903_DU B
sHough = 0.84

G
$@_D0=;��"&%0HNO$'-AE"(907,.!Q$'&%8.(5$',.-9��&

µHough = (−1, 0)
+�;=0 -K�"-m0[f4>"(A-.-K�%07(5$T_�$'(903�"!:U3(903_DU=0�#"07(5$T>"!���EM$'E"-A(A-A,�UL#"0

&%��&)' ;"�M$'&"CD036L03&K,^;@$'(9;3�"(9U=0
pNC = 0.83

B -/�"-�0=8.,�$'�%8�8.-�#4�%01$'�J;@$'!Q$�;3,�h3!�0^>M$'! NO$'-A,F#"0^(5$I;@$'!.,�0 G[X



� � �	� � ����
 ��� �	��� �� ��������� � � � � 
 � a �4a

���
	$' ;736�<��3645�,������45) � ���,��� � ������������5)+�$��� � �5������� �! "	�� 3+���<� ��� � �5�������

>:?�A@B z X a j4`mn�U3,�0=;3,.-9��&R#"0F&%��&)' ;��M$'&"CD036L03&/,�$=_D0=;��"&R��E !.03,�;@$'!.,���C\!Q$'>,�"-.-/�%02>M$'! NO$'-A,�,.!Q$'&%8 NO��!.6LUF>M$'!�8�-A6�-+'
(A-A,.�%#"0�#"0I>M$'!Q$'6Lh3,.!�0=8

ξ0 = (s0 = 1, θ0 = 0.1, µx,0 = 1, µy,0 = 1)
X /�0I&%��&)' ;"�M$'&"CD036L03&K,I0=8.,:;=��&)�%!.6LU

$@_D0=;
sHough = 0.76

+
µHough = (1, 0)

+
Egeom = 0.1

03,
pNC = 0.63

X

���
	$' ;736�<��3645�,������45) � ���,��� � ������������5)+�$��� � �5������� �! "	�� 3+���<� ��� � �5�������

>:?�A@B z X a V%`Hn�U3,�0=;3,.-9��& #"0�&%��&)' ;"�M$'&"CD036L03&K,B$=_D0=;B�"& ��E !.03,1;@$'!.,���C\!Q$'>,�"-.-K�%0T>M$'! N�$'-A,1,.!Q$'&%8 NO��!.6LUL>M$'!18�-+'
6�-A(A-A,.�%#"0�#"0I>M$'!Q$'6Lh3,.!�0=8

ξ0 = (s0 = 1.05, θ0 = 0.075, µx,0 = 4, µy,0 = −1)
X /�0I&%��&)' ;��M$'&"CD036L03&K,I0=8.,

;=��&)�%!.6LU1$@_D0=;
sHough = 0.72

+
µHough = (1, 0)

+
Egeom = 0.08

03,
pNC = 0.63

X



a � u � �����������	��� ��� � ������� � � � � ��� � 	 ��� � � ��� � ��� ����� ����� 	��

����	$'0;+36�<��364��,������4�) �����,����� ����5�5�����5)7�$��� ���5���5�5� �! 6	�� 3+����� ��� ���5���5�5�

>:?�A:B z X a 64`7n2U3,�0=;3,.-9��& #"0B&%��&)' ;��M$'&"CD036L03&K,L$@_D0=;B�"& ��E !.03,1;@$'!.,���C\!Q$'>,�"-.-/�%0B>M$'! N�$'-A,1,.!Q$'&%8.NS��!.6LUB>M$'!18.-+'
6�-A(A-A,.�%#"0T#"0I>M$'!Q$'6Lh3,.!�0=8

ξ0 = (s0 = 1.0, θ0 = −0.02, µx,0 = −2, µy,0 = 1)
X�/�0I&%��&)' ;��M$'&"CD036L03&/,I0=8�,

;=��&)�%!.6LU7$=_D0=;
sHough = 0.81

+
µHough = (0, 0)

+
Egeom = 0.04

03,
pNC = 0.76

X

����	$'0;736�=��364��,������4�) � ���,����� ����5��������)7� ��� � ��� ����� �! 6	�� 3+����� ��� � �5���5�5�

>:?�A:B z X a Y4`jn2U3,�0=;3,.-9��&<#"0�&%��&)' ;"�M$'&"CD036L03&K,�$@_D0=;��"&b��E !.03,);@$'!.,���C\!Q$'>,�"-.-K�%02>M$'! N�$'-A, ,.!Q$'&%8.NS��!.6LU�>M$'!)8.-A6�-+'
(A-A,.�%#"07#"0:>M$'!Q$'6Lh3,.!�0=8

ξ0 = (s0 = 1.0, θ0 = 0.0, µx,0 = 5, µy,0 = 5)
X /�01&%��&)' ;��M$'&"CD036L03&/,10=8.,F;=��&)�%!.6LU

$@_D0=;
sHough = 0.84

+
µHough = (−1, 0)

+
Egeom = 0.01

03,
pNC = 0.83

X



� � �	� � ����
 ��� �	��� �� ��������� � � � � 
 � a � j
� ?@�:�������	���!�!�

3����%8�,.!Q$'-A,���&%8m#"��!�U3&M$=_\$'&K, #"0=8j��E ! 03,�8e;@$'!.,���C\!Q$'>,�"-.-/�%0=8m-98�8.�%8e#d* �"&%0 ;@$'!.,�0�!�U=03(A(90�#"0 a ��� Y�+\8Q$'&%8�;=��!.!�0=; '
,.-9��&R6B$'&/�%03(A(901#"0=8�03!.!�03�"!�8�>]��,�03&/,.-903(A(90=8@X</�0=8F03!.!�03�"!�8�>M$'!)!Q$'>">?��!.,Fi7(�* -A6B$'CD018Q��&K,�8���-A,)6L�o#"U3(A-98Q$'E"(90=8�>M$'!
�"&%0H,.!Q$'&%8 NO��!.6B$',.-9��& C\(9��EM$'(90 BO$'�k8Q03&%8�#"0H(�*+��E !.03,2;@$'!.,���C\!Q$'>,�"-.-/�%0 G +�8Q��-A,F(9�o;@$'(90=8@X^n^$'&%8�(907;@$�82#d*+03!.!�03�"!�8
(9�o;@$'(90=8�#"02NO��!.6L0:#"0=8���E !.03,�8�;@$'!.,���C\!Q$'>,�"-.-/�%0=8,+ (90^!�0=;@$'(5$'CD0:>M$'!�;=��&/,����"!�8�$�;3,.-cNO8�0=8.,�$'(9��!�8��"& ;=��6�>"!���6�-98
03&/,.!�0 (�* -A&4NS��!.6B$',.-9��& � ��������� �103!.!���&%U=0<#"0b(5$G;@$'!.,�0R03,�(5$J!�U@$'(A-A,�UR#"0 (�* -A6B$'CD0\X /�0=8 �%C\�"!�0=8 z X a z 03, z X a �
6L��&/,.!�03&K,2#"0=8)!�U=8.�"(A,Q$',�8�;=��!.!�0=;3,�8�#"0:#"U3,�0=;3,.-9��&G#"0^&%��&)' ;��M$'&"CD036L03&/,2#%$'&%8�(90:;@$�8�#"0=8F03!.!�03�"!�8�#"0^6�-98�0103&
;=��!.!�0=8.>?��&%#%$'&%;=0I6L�o#"U3(A-98Q$'E"(90=8^>M$'!:#"0=82,.!Q$'&%8 NO��!.6B$',.-9��&%8:C\(9��EM$'(90=8@X /�0I!�0=;@$'(5$'CD0��%& >M$'!:;=��&/,����"!�81$�;3,.-cNS8
>?03!.6L03,H$'(9��!�8:�"&%0T8.�">?03!.>]�\8.-A,.-9��& -K�M$�8.-A6L03&/,1>M$'! N�$'-A,�0B03&/,.!�0L(�*+��E !.03,H;@$'!.,���C\!Q$'>,�"-.-/�%0T03,:(90LE !',.-A6L03&K,I#"0
(�* -A6B$'CD0\X g�03(5$ >]03!.6L03,H#d*Z$�;=;3!��A@9,.!�0L(5$R;=���%U3!�03&%;=0T03&K,.!�0L(90=81#"03�4fk!�03>"!�U=8Q03&K,Q$',.-9��&%8703,:>M$'!1;=��&%8�U6-/�%03&K,H(90
8�;=��!�0�#"0 �F���"C8� $@_�$'&/,H03,1$'>"!�h=8:(90I!�0=;@$'(5$'CD0\X:/�$b>"!���EM$'E"-A(A-A,�U

pNC
0=8.,^6L��-A&%81U3(903_DU=0L#%$'&%8:(90�;@$�8:#"0L(5$

�%C\�"!�0 z X a z 03& !Q$'-98���& #d* �"&%0b_�$'!.-5$',.-9��& CDU=��6LU3,.!.-.-K�%0 >"(A�%8H-A6�>?��!.,Q$'&K,�0QB
pNC = 0.68

03& �%C\�"!�0 z X a z 03,

pNC = 0.83
03& �%C\�"!�0 z X a � G[X /�0=8 �%C\�"!�0=8 z X a � i z Xku a -A(A(A�%8.,.!�03&/,�#"0=81!�U=8.�"(A,Q$',�8I#d*+0[f4>]U3!.-903&%;=0=876L03&%U=0=8

$@_D0=;�#"0=8 ��E !.03,�8�;@$'!.,���C\!Q$'>,�"-.-K�%0=8�;=��&K,�03&M$'&/,)#"0=8 03!.!�03�"!�8�#"0)NO��!.6L0�(9�o;@$'(90=8 03, #"0�NO$'-AE"(90�$'6�>"(A-A,.�%#"0\X 3F���%8
;=��&%8.,Q$',���&%8 -/�%0L>?���"!H;��M$�;3�"&%0b#"0B;=0=870[f4>]U3!.-903&%;=0=8,+e(90B!�U=8.�"(A,Q$',7#"0B!�0=;@$'(5$'CD0/�%& >]03!.6L03,H�"&%0B6L03-A(A(903�"!�0
;=��!.!�0=8.>?��&%#%$'&%;=0�+\E"-903& -/�%0 (90=8j03!.!�03�"!�8j(9�o;@$'(90=8j>]03!�8�-98.,�03&K,m03,j&%0�>]03�"_D03&/, �3,.!�0�$'6L��-A&%#4!.-90=8 X /�$�>"!�U=8Q03&%;=0)#"0
;=0=8�03!.!�03�"!�8�#4-A6�-A&/�%02(90�8Q;=��!�0�#4� _D��,�0^#"0 �����"C8��X��m&R0 *?03,,+";=03!.,Q$'-A&%0=8�>M$'!.,.-90=8�#"0�(�*+��E !.03,);@$'!.,���C\!Q$'>,�"-.-K�%0
$ KL&%UB&%0L;=���O&%;3-9#"03&K,7>M$�8H$@_D0=;B(90=81C\!Q$�#4-903&K,�87#"0L(�* -A6B$'CD0B03,H&%0�>?03�"_D03&K,7$'-A&%8�- !�0=;=03_D��-A!1(5$ ;=��&K,.!.-AE"�",.-9��&
#"0=8:8Q03C\6L03&K,�8H>]���"!^(5$ ,.!Q$'&%8�(5$',.-9��&

µHough

!�0=;��%03!�;"�%U=0\Xbn^$'&%81(90L;@$�8^>"!�U=8�03&/,,+�(90=8H03!.!�03�"!�8:(9�o;@$'(90=8:8���&K,
6�-A&%��!.-A,Q$'-A!�0=8:03,:#"0HN�$'-AE"(90L$'6�>"(A-A,.�%#"0\X � (A(90=8^&%0I#"U3,�U3!.-9��!�03&K,1>M$�82(907_D��,�0�#"0 �����"C8�P$'� >]��-A&/,:#"0H!�03&%#4!�0
(5$b#"U=;3-98.-9��& #"0�;"�M$'&"CD036L03&K,H-A&%#"U3,�03!.6�-A&%U=0B��� -A&%;=��!.!�0=;3,�0)B

pNC = 0.66
03& �%C\�"!�0 z X a � +

pNC = 0.71
03&

�%C\�"!�0 z Xku8-�03, z Xku a G[X g�0=8j0[f4036�>"(90=8e-A(A(A�%8.,.!�03&/,j(5$�!���E"�%8.,�0=8Q8�0 #"0�(�*Z$'>">"!��o;��%0�>"!���>?�\8�U=0 _o-98(' i�'�_o-98j#"0=8�03!.!�03�"!�8
(9�o;@$'(90=8^#"0INO��!.6L0I6�-A&%03�"!�0=8^>"!�U=8�03&K,�0=8H#%$'&%8^(5$ ;@$'!.,�0\XBg�03,.,�0�!���E"�%8.,�0=8Q8�0�8�076B$'&"-cNS0=8�,�0Bib(5$TNS��-98^#%$'&%8:(90
>"!��o;=0=8�8.�%8)#"0^!�0=;@$'(5$'CD0H$'-A&%8.-�-/�%0^#4�"!Q$'&K,�(902_D��,�01#"0 �F���"C8��X

���
	$' ;736�<��3645�,������45) � ���,��� � ������������5)+�$��� � �5������� �! "	�� 3+���<� ��� � �5�������

>:?�A@B z X a z `�n2U3,�0=;3,.-9��&L#"0�&%��&)' ;��M$'&"CD036L03&/,�$@_D0=;��"&%0�03!.!�03�"! #"0�6�-98�0�03&�;=��!.!�0=8.>?��&%#%$'&%;=0�6L�/#"U3(A-98
$'E"(90�>M$'!
�"&%0�,.!Q$'&%8 NO��!.6B$',.-9��&LC\(9��EM$'(90\X�/�0�&%��&)' ;��M$'&"CD036L03&/,�0=8�,j;=��&)�%!.6LUF$=_D0=;

sHough = 0.86
+
µHough = (0,−1)

+
Egeom = 0.12

03,
pNC = 0.68

X



a � V � �����������	��� ��� � ������� � � � � ��� � 	 ��� � � ��� � ��� ����� ����� 	��

����	$'0;+36�<��364��,������4�) �����,����� ����5�5�����5)7�$��� ���5���5�5� �! 6	�� 3+����� ��� ���5���5�5�

>:?�A:B z X a � `en�U3,�0=;3,.-9��&L#"0�&%��&)' ;"�M$'&"CD036L03&K,)$=_D0=;��"&%0)03!.!�03�"!m#"0�6�-98�0 03&L;=��!.!�0=8�>]��&%#%$'&%;=0�6L�o#"U3(A-98Q$'E"(90�>M$'!
�"&%01,.!Q$'&%8 NO��!.6B$',.-9��&JC\(9��EM$'(90\X /�0:&%��&)' ;��M$'&"CD036L03&/,:0=8.,�;=��&)�%!.6LUI$=_D0=;

sHough = 0.88
+
µHough = (0, 0)

+
Egeom = 0.03

03,
pNC = 0.83

X

����	$'0;+36�<��364��,������4�) �����,����� ����5�5�����5)7�$��� ���5���5�5� �! 6	�� 3+����� ��� ���5���5�5�

>:?�A:B z X a � ` n2U3,�0=;3,.-9��& #"02&%��&)' ;"�M$'&"CD036L03&K,^$=_D0=;:#"0=8)03!.!�03�"!�8�(9�/;@$'(90=8�#"0�NO��!.6L0\X�/�02&%��&)' ;"�M$'&"CD036L03&K,20=8.,
;=��&)�%!.6LU7$=_D0=;

sHough = 0.62
+
µHough = (1, 0)

+
Egeom = 0.02

03,
pNC = 0.66

X
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 � a � 6
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	$' ;736�<��3645�,������45) � ���,��� � ������������5)+�$��� � �5������� �! "	�� 3+���<� ��� � �5�������

>:?�A@B z Xku8-4` n2U3,�0=;3,.-9��& #"02&%��&)' ;��M$'&"CD036L03&/,2$@_D0=;:#"0=8)03!.!�03�"!�8�(9�o;@$'(90=8)#"0�NO��!.6L0\X�/�02&%��&)' ;��M$'&"CD036L03&/,�0=8�,
;=��&)�%!.6LU1$@_D0=;

sHough = 0.73
+
µHough = (1, 0)

+
Egeom = 0.03

03,
pNC = 0.71

X

���
	 '0;+36�<��364��,������4�) � ���,����� ����5�5�����5)+� ��� ���5���5�5� �! "	�� 30����� ��� � ��� �����

>:?�A@B z Xku a ` n2U3,�0=;3,.-9��& #"02&%��&)' ;��M$'&"CD036L03&/,2$@_D0=;:#"0=8)03!.!�03�"!�8�(9�o;@$'(90=8)#"0�NO��!.6L0\X�/�02&%��&)' ;��M$'&"CD036L03&/,�0=8�,
;=��&)�%!.6LU1$@_D0=;

sHough = 0.75
+
µHough = (1, 0)

+
Egeom = 0.05

03,
pNC = 0.71

X
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pNC = 0.55
G +%8���-A,�N�$'�%8�8�0]BS;[N X �%C\�"!�0

z Xkuvj7�mp
pNC = 0.39

$'(9��!�85-/��*Z$'�%;3�"&<;��M$'&"CD036L03&K,�&�*+0=8.,�8��"!._D03&K�5G[X n^$'&%8�(90�;@$�8��mpR#"0=8�03!.!�03�"!�8)#"0FNS��!.6L0
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#"0 �����"C8�b#"0=8�0[f4>]U3!.-903&%;=0=8)#"0=8%�%C\�"!�0=8 z Xkuvu703, z Xkuvj78���&/,�U6-/�"-A_\$'(903&K,�8 B

sHough = 0.45
03,
sHough = 0.47

G
03,^6L��-A&%8:E]��&%8 -/�%0I;=03�4fG��E",�03&K�%87$=_D0=;�#"0=8:03!.!�03�"!�8^#"07NO��!.6L0I6�-A&%03�"!�0=8 BS;[N.X4�%C\�"!�0=8 z X a � ' z Xku a G[X]sF(9��!�8
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B
Egeom = 0.19
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&%0I>?03!.6L03,:>M$�8^#"0I_\$'!.-5$',.-9��&%8^(9�o;@$'(90=8:8.-AC\&"-+�M;@$',.-A_D0=81#4�P;=��&/,����"!H$�;3,.-cN�>M$'!^!Q$'>">]��!.,1ib(5$TNO��!.6L0 ����� �������
#"U3!.-A_DU=0R#"0b(5$G;@$'!.,�0\X /�0=8I,.!Q$=_\$'�4f 0[f4>]�\8�U=8�$'� ;��M$'>"-A,.!�0JYJ8Q��&K,I�"&%0b,�03&K,Q$',.-A_D0<#"0b>M$'(A-903!L;=0b>"!���E"(9h36L0
03,2>?03!.6L03,.,.!Q$'-903&K,I$'-A&%8.-m#d*+��E",�03&"-A!^�"&k8Q;=��!�07#"0 �����"C8�PU3(903_DUI03&k#"U3>"-A,:#"0=8^03!.!�03�"!�82(9�o;@$'(90=8,+?>?���"!2(90H>?03�
-/��*+03(A(90=8�8Q��-903&K,�6L�o#"U3(A-98Q$'E"(90=8�>M$'!F#"0=8)_�$'!.-5$',.-9��&%8�>M$'!Q$'(A(9h3(90=8�_o-98(' i�'�_o-98�#"02(5$7NO��!.6L0^#"0^!�U[NSU3!�03&%;=0\X

����	$'0;+36�<��364��,������4�) �����,����� ����5�5�����5)7�$��� ���5���5�5� �! 6	�� 3+����� ��� ���5���5�5�

>:?�A:B z Xkuvu4`�n�U3,�0=;3,.-9��&P$'6HE"-AC\��� BS;@$�8F-A&%#"U3,�03!.6�-A&%U G[X
sHough = 0.45

+
µHough = (0, 0)

+
Egeom = 0.02

03,
pNC = 0.55

X
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 � a �{z

���
	$' ;736�<��3645�,������45) � ���,��� � ������������5)+�$��� � �5������� �! "	�� 3+���<� ��� � �5�������

>:?�A@B z Xkuvj4`en2U3,�0=;3,.-9��&<#"0�;��M$'&"CD036L03&/,�03!.!���&%U=02#4�%02$'�4fb03!.!�03�"!�8 (9�o;@$'(90=8�#"0FNS��!.6L0�#"0�(5$H;@$'!.,�0\X
sHough =

0.47
+
µHough = (−1,−1)

+
Egeom = 0.19

03,
pNC = 0.39

X


 �������	��
 �� ��� � �	�<��
�	� ���	�<;����? ���
/�$b,Q$'E"(90 z X a !�U=8.�"6L0I(90=8 -/�M$'&K,.-A,�U=8:;@$'(9;3�"(9U=0=81>]���"!^(5$ #"U3,�0=;3,.-9��& #"0�;"�M$'&"CD036L03&K,���&%��&)' ;"�M$'&"CD036L0=&K,B#"0=8
0[f4>]U3!.-903&%;=0=8�>"!�U=8�03&K,�U=0=8@X

� � ? ��� �����+? �!? �>� � �7� �	� �����+? �!? �>�
� ��� � ��� �[	)0 �

sfusion sHough sHough µHough Egeom pNC�%C\�"!�0=8 z X a -4XZ$�'�E a � � � � �
g%�M$'&"CD036L03&K, �%C\�"!�0 z X a\a - -4Xkuvu -4X �4a

(0,−1)
-4X�6'V -4Xkj8-

�%C\�"!�0 z X a u - -4X a u -4Xku z
(−6,−26)

-4X a j -4X�-8-
�%C\�"!�0 z X a j - -4Xkj'V -4X z Y

(1, 0)
-4X a -4XZYvj

�%C\�"!�0 z X a V - -4Xkj8- -4X z u
(1, 0)

-4X�- � -4XZYvj
�%C\�"!�0 z X a 6 - -4X�6'V -4X �4a

(0, 0)
-4X�-'V -4X z Y

�%C\�"!�0 z X a Y - -4XZY � -4X � V
(−1, 0)

-4X�- a -4X � j
3���&)' ;��M$'&"CD036L03&/, �%C\�"!�0 z X a z - -4X z V -4X � Y

(0,−1)
-4X a u -4XZY �

�%C\�"!�0 z X a � - -4X z&� -4X ���
(0, 0)

-4X�-vj -4X � j
�%C\�"!�0 z X a � - -4Xkjvj -4XZYvu

(1, 0)
-4X�-vu -4XZY\Y

�%C\�"!�0 z Xku8- - -4Xkj86 -4X z j
(1, 0)

-4X�-vj -4X zoa
�%C\�"!�0 z Xku a - -4X�6vu -4X z 6

(1, 0)
-4X�-86 -4X zoa

3 &%#"U3,�03!.6�-A&%U �%C\�"!�0 z Xkuvu - -4Xkj86 -4X V 6
(0, 0)

-4X�-vu -4X�686
�M$'�%8�8�0:$'(5$'!.6L0 �%C\�"!�0 z Xkuvj - -4X V a -4X V z

(−1,−1)
-4X a � -4Xkj �

���� B z X a `�2F�M$'&K,.-+�M;@$',.-9��& #"0=8L8�;=��!�0=8T#"0<;��M$'&"CD036L03&/,���&%��&)' ;��M$'&"CD036L03&K,�X
pNC

0=8.,L(5$G>"!���EM$'E"-A(A-A,�UG#"0
&%��&)' ;"�M$'&"CD036L03&K,@X

sHough
0=8.,)(90:8Q;=��!�0^#"0 �F���"C8� &%��!.6B$'(A-98�U\X

3����%8�;=��&%8.,Q$',���&%8!-/�%0F(�*Z$',.,�U3&/�M$',.-9��& #"0=8�_�$'!.-5$'E"-A(A-A,�U=8)0[f"��CDh3&%0=8�C\!"!�;=0:$'�b!�0=;@$'(5$'CD02>M$'!�;=��&/,����"!�$�;3,.-cNS8
0=8.,:0LKB;@$�;=0\X��m& 0 *d03,:(90�8�;=��!�0

sHough
0=8.,:,����&!.���"!�81$'6LU3(A-9��!�Ub$'>"!�h=8:(90�!�0=;@$'(5$'CD0\Xbn^$'&%8^(90L;@$�81#"0I&%��&)'
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#"0 -K�M$'(A-A,�U16L� nD03&"&%0\X)n^$'&%8�;=03,.,�0H;@$'!.,�0�+M#"0=8F03!.!�03�"!�8�(9�o;@$'(90=8�#"0:NS��!.6L0:8QU3_Dh3!�0=8F0[f4-98.,�03&K,@X �m(A(90=8�8���&K,�8���-A,
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z Xku'VrG[X
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λmin = 1
+
λmax = 3

03,
d0 = 2
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8�03(9��&�`

e′′ = c +
1

2
(c − p)

e′′′ = c − 1
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(c − p)
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a X Fo��-903&K,
(Xsol, Ysol, Zsol)

(90=8 ;=�o��!�#"��&"&%U=0=8�#d* �"&B>?��-A&K,�#"0�(5$18�;=h3&%0�0[f4>"!.-A6LU=0=8�#%$'&%8 (90�!�U[NSU3!�03&/,.-903(
R

X
/�0=8^;=�/��!�#"��&"&%U=0=8H#4� _D0=;3,�03�"!:#"0I_/-98QU=07#%$'&%8

R
8���&/,@`

(Xsol − Xcam, Ysol − Ycam, Zsol − Zcam)
X

/�0=8�;=�o��!�#"��&"&%U=0=8�-A&%#"0[f"U=0=8�>M$'!@� ;@$'6 �:8���&K,�;=03(A(90=8F#"02(5$7>]�\8�-A,.-9��& #4�<;=03&K,.!�0H��>",.-.-K�%0^#"0^(5$I;@$'6LU3!Q$
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X
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U

V

W


 = M




Xsol −Xcam

Ysol − Ycam
Zsol − Zcam
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M

(5$L6B$',.!.-9;=0H#"01!���,Q$',.-9��&<N�$'-98Q$'&K,�>M$�8�8�03!�#4�J!�03>]h3!�0
R

$'�J!�03>]h3!�0H;@$'6LU3!Q$4X!/ *+0[fo>"!�0=8Q8.-9��&G#"0

M
0=8.,�#"��&"&%U=01>M$'!:`

M =




cosαz − sinαz 0

sinαz cosαz 0

0 0 1






cosαy 0 − sinαy
0 1 0

sinαy 0 cosαy






1 0 0

0 cosαx − sinαx
0 sinαx cosαx


 B�g�X a G

�mp
(αx, αy, αz)
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R
X

j4X�g�0=81;=�o��!�#"��&"&%U=0=87#%$'&%81(90L!�03>?h3!�0B;@$'6LU3!Q$�+j;=03&K,.!�U=0=8I8.�"!1(90 �e��-A&K, �m!.-A&%;3-A>M$'(�#"0 Frn/6LU3,.!.-90 B ��� FHG +
8Q$'&%8�#4-98.,���!�8.-9��&�+M#4�R>]��-A&/,�;=��!.!�0=8.>?��&%#%$'&K,F8Q��&K,1`

( − U
W f

− V
W f

)
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0=8�,)(5$I#4-98.,Q$'&%;=02NO�/;@$'(90:#4�<8?no8.,�h36L0^��>",.-.-/�%0\X
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u8-\Y � � � ����� � ��� � � ��� � � �	��� ��� � � � � � ��� � � �	��� ��� ��� �	� � ��� ��� � � ����� � �

;=�o��!�#"��&"&%U=0=8�#"03_o-903&"&%03&K,H`
{
x = XPPS − U

W f

y = YPPS − V
W f

/�02>M$�8�8Q$'CD02#"0=8);=�/��!�#"��&"&%U=0=8�0[fo>"!.-A6LU=0=8)#%$'&%8�(902!�03>?h3!�02;@$'6LU3!Q$7_D03!�8�(90=8);=�/��!�#"��&"&%U=0=8)>"-cf"03(98)#"0�(�* -A6B$'CD0
8Q��(A(A-9;3-A,�03&K,�(90=8�>M$'!Q$'6Lh3,.!�0=8F#d*Z$ KL&"-A,�UT`

{
ligne = Tlig + a00x+ a01y

colonne = Tcol + a10x+ a11y
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/�$I6L�/#"U3(A-98
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R
iI�"&%0:$'(A,.-A,.�%#"0

h
#"��&"&%U=0H$'�)' #"0=8�8��%8�#d* �"& 03(A(A-A>%8�����#"0\X

a XJFo��-903&K,
(l, c)

(90=8^;=�/��!�#"��&"&%U=0=8:(A-AC\&%0 �';=��(9��&"&%0B#4� >"-cf"03( ib(9�/;@$'(A-98�03!@X /�0=8:;=�o��!�#"��&"&%U=0=8
(x, y)

#"0�;=0
6��36L0^>?��-A&K,�#%$'&%8�(90^!�03>]h3!�0^;@$'6LU3!Q$B8���&K,F#"��&"&%U=0=8�>M$'!:`





x =
(l−Tlig)a11−(c−Tcol)a01

a00a11−a01a10

y =
−(l−Tlig)a10+(c−Tcol)a00

a00a11−a01a10

�mp�`
(Tlig, Tcol)

8���&K,�(90=8 >M$'!Q$'6Lh3,.!�0=8)#d*Z$ KL&"-A,�U�03&b,.!Q$'&%8.(5$',.-9��& �
(aij)
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� ��� � � � � ��� � � �	��� ��� � � �	� � ��� u8- z
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(x′, y′)
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{
x′ = x−XPPS

y′ = y − YPPS
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V ′ = M−1V
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(a+h, b+h)
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!�03_o-903&K,Fi<`

x2

(a+ h)2
+

y2

(a+ h)2
+

z2

(b+ h)2
= 1
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I = C + uV ′

�mp `
C
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xI = xC + uV ′
x

yI = yC + uV ′
y

zI = zC + uV ′
z

B�g�Xkj{G
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αu2 + βu+ γ = 0
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α = (a+ h)2 V 2
z + (b+ h)2

(
V

′2
x + V

′2
y

)

β = 2
{

(a+ h)2 zcV
′2
z + (b+ h)2

(
xcV

′

x + ycV
′
y

)}

γ = (a+ h)2 z2
c + (b+ h)2

(
x2
c + y2

c

)
− (a+ h)2 (b+ h)2
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α
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u0 =
−β −

√
β2 − 4αγ

2α
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xI = xC + u0V
′
x

yI = yC + u0V
′
y

zI = zC + u0V
′
z
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t = 0
X �e���"!�(�*+0=8.,.-A6B$',.-9��&

�"(A,�U3!.-903�"!�0I#"0=8 -K�M$'&/,.-A,�U=8^8.,Q$',.-98.,.-.-/�%0=8,+]-A(e8��2KL,2#"0H!�03>?U3!�03!�(90=8�>"-cf"03(982#"01(�* -A6B$'CD0 -/�"-e03&/,.!�03&K,103,28���!.,�03&K,
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C (t)
$��%& #"0F;=��!.!.-ACD03!�(90=8�_�$'(903�"!�8�#"0F(5$:6L� nD03&"&%0�03,�#"0F(5$^_\$'!.-5$'&%;=0���E",�03&/�%0=8

$'�R,�036�>%8�$'&K,�U3!.-903�"!@X^Fo��-A,
Ωout,in

(�*+03&%8�036HE"(901#"0=8)>"-cf"03(98�0[f";3(A�%8�#4� ;=��&/,����"!�iI(�* -A&%8�,Q$'&K,
t
03,�-A&%;3(A�%8�#%$'&%8

(90�;=��&K,����"!�i
t+1

X g�03,�03&%8�0361E"(90^0=8.,�#"02;@$'!�#4-A&M$'(
nout,in

X Fo��-A,
Ωin,out

(90�#4�M$'(?#"0
Ωout,in

03,�#"0F;@$'!�#4-A&M$'(

nin,out
X�/�$�6L� nD03&"&%0Hi�(�* -A&K,�U3!.-903�"!F#4�J;=��&K,����"!�$'�R,�036�>%8

t+ 1
0=8.,�>M$'!�#"U �%&"-A,.-9��&�`

cin (t+ 1) =
1

nin (t+ 1)

∫

Ωin(t+1)
I (x) dx

xF&<0[f4>"!.-A6L0:;=03,.,�0 -/�M$'&K,.-A,�UH03& NS��&%;3,.-9��& #"0
cin (t)

#"0^(5$HN�$ml=��& 8.�"-A_\$'&K,�0\`

cin (t+ 1) =
1

nin (t) + nout,in − nin,out

{
nin (t) cin (t) +

∫

Ωout,in

I (x) dx −
∫

Ωin,out

I (x) dx

} BSnIX a G

nI* �"&%0�N�$ml=��& 8.-A6�-A(5$'-A!�0�+%��&<,.!����"_D0:(�*+0[fo>"!�0=8�8�-9��& #"02(5$I6L� nD03&"&%07i7(�*+0[fo,�U3!.-903�"!@`

cout (t+ 1) =
1

nout (t) − nout,in + nin,out

{
nout (t) cout (t) −

∫

Ωout,in

I (x) dx +

∫

Ωin,out

I (x) dx

}

BSnIXku{G
�m&R!�036B$'! -/�M$'&K, -/�%02(5$7_�$'!.-5$'&%;=0:#d* �"&%0:_�$'!.-5$'E"(901$'(9U@$',���-A!�0

X
0=8.,@`

σ2 (X) = E
(
X2
)
−E (X)2

xF& $L$'(9��!�8

σ2
in (t+ 1) =

1

nin (t+ 1)

∫

Ωin(t+1)
I2 (x) dx− c2in (t+ 1)

u8- �



u a - � � � �� � � � � ��� � 
 � �	����� � � � � � � � � � � � � � ��� ��� � � � ���	� � � � � � � �

-/�%0^(�*+��&<0[f4>"!.-A6L0:03&RNO��&%;3,.-9��& #"0
σ2
in (t)

03,�#"0
cin (t)

C\!"!�;=01i BOnIX a G[`

σ2
in (t+ 1) =

1

nin (t) + nout,in − nin,out

{
nin (t)

[
c2in (t) + σ2

in (t)
]
+

∫

Ωout,in

I2 (x) dx

−
∫

Ωin,out

I2 (x) dx

}
− c2in (t+ 1)

BSnIXkj{G
/ *+0[fo>"!�0=8�8�-9��& #4�M$'(90

σ2
out (t+ 1)

0=8.,F$'&M$'(9��C\�%0\`

σ2
out (t+ 1) =

1

nout (t) − nout,in + nin,out

{
nout (t)

[
c2out (t) + σ2

out (t)
]
−
∫

Ωout,in

I2 (x) dx

+

∫

Ωin,out

I2 (x) dx

}
− c2out (t+ 1)

BSnIX VrG
/ *Z$=_\$'&K,Q$'CD0 #d* �"&%0b,�03(A(90 ,�0=;"�"&"-.-K�%0R#"0 ;@$'(9;3�"(�0=8.,I#"0b,.!Q$=_\$'-A(A(903!L�"&"-.-K�%036L03&/,L8.�"!I(90=8I0=8.>M$�;=0=8

Ωin,out
03,

Ωout,in
#"��&K,2(90=8^;@$'!�#4-A&M$'�4fG8���&/,^,.!�h=8FNO$'-AE"(90=8^#"03_\$'&K,:;=03�4fJ#"0

Ωin
03,

Ωout
X /�$T!�U=#4�%;3,.-9��&P03&k,�036�>%8^#"0

;@$'(9;3�"(�0=8�,�&%��,Q$'E"(90:>"�"-98 -K�%0�(5$7;=��6�>"(90[f4-A,�U:#4�R;@$'(9;3�"(�#"03_/-903&/,�>"!���>]��!.,.-9��&"&%03(A(90Hi1(5$H(9��&"C\�%03�"!�#4�R;=��&/,����"!
$�;3,.-cN.X n^$'&%8 t a -vjAw+ CF���%8�8���&R-A(A(A�%8.,.!�010[fo>?U3!.-A6L03&K,Q$'(9036L03&/,F(90^CK$'-A&J��E",�03&K�J03&R,�036�>%8F#"0^;@$'(9;3�"(�X



� ��������� �

� ���%�$� � ��* � � � �%�c���"���(� � � 	+��*+� ���"*+� ��*
� ������� ���%� ��* ��* !W����� * *$� � �(� ����� � ��� ��*

O ,/. � %-:UV35>?6#1'8 � � �W6Wd?:�35>?6W1 8��"4f> � �%Z�8<Z�d?U � 6W1; 37>?6W11<Z%d?dTZ�8Z�; 6W1J3a4fUW>?1J35Z
8Z � 6W4fS�Zb\]U^4 8>�� �"4fZ%1; Z 8Zb16^4 S�UWd?Z%P

g���&%8.-9#"U3!���&%8L(90 ,�03!.6L0<U3&%03!.CDU3,.-.-K�%0 #"0R;=��&K,.!Q$'-A&K,�0G#"0bNO��!.6L0 EM$�8�UR8.�"!�(5$k#4-+*dU3!�03&%;=0<03&K,.!�0R(5$G&%��!.6B$'(90
�"&"-A,Q$'-A!�0^#4�<;=��&/,����"!F$�;3,.-cNe-A6�>"(A-9;3-A,�036L03&/,�!�03>"!�U=8�03&/,�U^>M$'!)(�*+03&%8�036HE"(90:#"0�&"-A_D0@$'�4f

φ
03,);=03(A(90^#d* �"&%02NS��!.6L0

#"02!�U[NOU3!�03&%;=0^!�03>"!�U=8�03&/,�U=0:>M$'!
ψ

`

Jshape (φ, ψ) =

∫

Ω
|∇φ (x) −∇ψ (x)|2 (H (φ (x)) −H (ψ (x)))2 dx

B ��X a G
/ *+U6-/�M$',.-9��&1#d*+U3_D��(A�",.-9��&7;=��&%8.-98.,�0 i�,.!����"_D03!�#"0=8�_�$'(903�"!�8�#"0

φ
-/�"-\6�-A&"-A6�-98�03!���&/,�(5$�NO��&%;3,.-9��&"&%03(A(90

Jshape (φ, ψ, t)
X

�e���"!�;=03(5$�+%��&J$�#"��>",�0:(90^8�;��%U36B$B;3(5$�8�8.-.-/�%0^#"0^6�-A&"-A6�-98Q$',.-9��&<(9�o;@$'(90^>M$'!�#"0=8�;=03&/,�0:#"0^C\!Q$�#4-903&/,@`

∂Jshape (φ, ψ, t)

∂φ
= −φt (x, t)

B ��Xku{G

/ *+0[f4>"!�0=8�8.-9��&k#"0 ∂Jshape(φ,ψ,t)
∂φ

8�0H#"U=#4�"-A,2#"0H(5$T#"U3!.-A_DU=0H#"0��4!',�0@$'�4fJ#"0
Jshape (φ, ψ, t)

>M$'!F!Q$'>">?��!.,2i
φ

#%$'&%8)(5$I#4-A!�0=;3,.-9��&
φ̃
`

(
∂Jshape (φ, ψ, t)

∂φ

)

φ=φ̃

=
〈
Jshape (φ, ψ, t) , φ̃

〉
=

∫

Ω

∂Jshape (φ, ψ, t)

∂φ
φ̃ (x, t) dx

B ��Xkj{G

xF!)(5$�#"U3!.-A_DU=01#"0H�4!',�0@$'�4fR#"0^(5$HNS��&%;3,.-9��&"&%03(A(90H8@*+0[f4>"!.-A6L0:8����%8)(5$HNO��!.6L0\`

(
∂Jshape (φ, ψ, t)

∂φ

)

φ=φ̃

= lim
ε→0

1

ε

(
Jshape

(
φ (x, t) + εφ̃ (x, t) , ψ, t

)
− Jshape (φ (x, t) , ψ, t)

) B ��X VrG

n2U3,Q$'-A(A(9��&%8�(90^;@$'(9;3�"(�#"0^(�*+U6-K�M$',.-9��&�B ��X VrG[`

Jshape

(
φ (x, t) + εφ̃ (x, t) , ψ, t

)
=

∫

Ω

〈
∇φ (x) + ε∇φ̃ (x, t) −∇ψ (x) ,∇φ (x) + ε∇φ̃ (x, t) −∇ψ (x)

〉(
H
(
φ (x) + εφ̃ (x, t)

)
−H (ψ (x))

)2
dxB ��X�6{G

u a\a
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 � � � � ���	� �	��� ��� � � � � � ��� 	 � ��� � � �

� &<!�036B$'! -K�M$'&/, -/�%0\`

δa (φ (x, t)) = lim
ε→0

Ha

(
φ (x, t) + εφ̃ (x, t)

)
−Ha (φ (x, t))

εφ̃ (x, t)

B ��XZY{G

03,F03&<#"U3_D03(9��>">M$'&K,�(�*+U6-K�M$',.-9��&�B ��X�6{G +%��&J$4`

Jshape

(
φ (x, t) + εφ̃ (x, t) , ψ, t

)
=

Jshape (φ (x, t))

+2ε

∫

Ω
φ̃ (x, t) δa (φ (x, t)) (H (φ (x)) −H (ψ (x))) 〈∇φ (x) −∇ψ (x) ,∇φ (x) −∇ψ (x)〉 dx

+2ε

∫

Ω
(H (φ (x)) −H (ψ (x)))2

〈
∇φ (x) −∇ψ (x) ,∇φ̃ (x, t)

〉 B ��X z G
� &<-A&K,�U3C\!Q$'&/,F>M$'!�>M$'!.,.-90=8�(90^#"03!.&"-903!�,�03!.6L01#"02(�*+U6-/�M$',.-9��& B ��X z G + ��&R,.!����"_D0\`

Jshape

(
φ (x, t) + εφ̃ (x, t) , ψ, t

)
− Jshape (φ (x, t)) =

+2ε

∫

Ω
φ̃ (x, t) δa (φ (x, t)) (H (φ (x)) −H (ψ (x)))

(
|∇φ (x)|2 + |∇ψ (x)|2 − 2 〈∇φ (x) ,∇ψ (x)〉

)
dx

+2ε
{[

(H (φ (x)) −H (ψ (x)))2 (φx (x, t) + φy (x, t) − ψx (x, t) − ψy (x, t)) φ̃ (x, t)
]
Ω

+

∫

Ω
φ̃ (x, t) [2 (H (φ (x)) −H (ψ (x))) ((δa (φ (x, t)) + δa (ψ (x, t))) 〈∇φ (x) ,∇ψ (x)〉

δa (φ (x, t)) |∇φ (x)|2 − δa (ψ (x, t)) |∇ψ (x)|2 + (H (φ (x)) −H (ψ (x)))2 (∆ψ (x) − ∆φ (x))
)}

B ��X � G
/�0m,�03!.6L0 [

(H (φ (x)) −H (ψ (x)))2 (φx (x, t) + φy (x, t) − ψx (x, t) − ψy (x, t)) φ̃ (x, t)
]
Ω

0=8.,d&/�"(D>"�"-98 -/��* -A(
0=8�, ,����&!.���"!�8�>]�\8�8�-AE"(90�#"0F,.!����"_D03! �"& 0=8.>M$�;=0F!�0=;3,Q$'&"C\�"(5$'-A!�0

Ω
-/�"-M>"�"-98�8�0F-A&%;3(A�"!�0�(90=8 NO��!.6L0=8 !�03>"!�U=8�03&K,�U=0=8

>M$'!
φ

03,
ψ

X^s�-A&%8�-B+M(9��-A&G#4� &"-A_D0@$'� -L#"0=8�03&%8�0361E"(90=82#"0:&"-A_D0@$'�4f�+]��&G$
H (φ (x)) = 0 = H (ψ (x))

X!/�$
#4-+*dU3!�03&%;=01#"0=8�U3&%03!.C\-90=8�#"03_o-903&K,@`

Jshape

(
φ (x, t) + εφ̃ (x, t) , ψ, t

)
− Jshape (φ (x, t)) =

2ε

∫

Ω
φ̃ (x, t)

{
(H (φ (x)) −H (ψ (x)))

(
δa (φ (x, t))

(
|∇ψ (x)|2 − |∇φ (x)|2

)
− 2δa (ψ (x, t)) |∇ψ (x)|2

+2δa (ψ (x, t)) 〈∇φ (x) ,∇ψ (x)〉) + (H (φ (x)) −H (ψ (x)))2 (∆ψ (x) − ∆φ (x))
} B ��X � G

/�0<C\!Q$�#4-903&K, #d*+U3&%03!.C\-90<_o-903&K, $'(9��!�8B#4-A!�0=;3,�036L03&/,,+�03,T03& !�036B$'! -/�M$'&K, -/�%0R(90=8L&%��!.6B$'(90=8T8���&K,T�"&"-A,Q$'-A!�0=8
B |∇ψ (x)|2 = 1 = |∇φ (x)|2 G[`

∂Jshape (φ, ψ, t)

∂φ
= 4 (H (φ (x)) −H (ψ (x))) {δa (ψ (x, t)) (〈∇φ (x) ,∇ψ (x)〉 − 1)}

+2 (H (φ (x)) −H (ψ (x)))2 (∆ψ (x) − ∆φ (x))
B ��X a -{G

/ *+U6-K�M$',.-9��&G#d*+U3_D��(A�",.-9��&J0=8.,�#"U=#4�"-A,�01>M$'!�;��M$'&"CD036L03&/,�#"0^8.-AC\&%018�03(9��&R(�*+U6-K�M$',.-9��&�B ��Xku{G[X
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 � � �	�	������
 � u a j
O ,NM � �"4f> � �%Z 8Zbd ���%1Z"47eW>TZb8Zb; 6^474fZ%; 35>T6W1 % :UW8<47U^35>&%-:<Z
/ *+U3&%03!.C\-901-A&K,.!��o#4�"-A,�0:03& U6-/�M$',.-9��& BOY4X z G�>?03�", �3,.!�0:8�;3-A&%#"U=0:8Q03(9��&�`

Jcorrection (C) = J1 (C) − J2 (C)
B ��X a\a G

$@_D0=;

J1 (C) =

∮ ∮
dpdp′

〈
Ċ, Ċ′

〉2 ∣∣∣Ċ
∣∣∣
−1 ∣∣∣Ċ′

∣∣∣
−1

Ψ(R)
B ��X a u{G

03,

J2 (C) =

∮ ∮
dpdp′

〈
Ċ, Ċ′

〉4 ∣∣∣Ċ
∣∣∣
−3 ∣∣∣Ċ′

∣∣∣
−3

Ψ(R)
B ��X a j{G

� 	87
	&� � (��"�$K�#B�
J1 (C)

J1

(
C + δC̃

)
=

∮ ∮
dpdp′

〈
Ċ+δ

˙̃
C, Ċ′ + δ ˙̃

C′
〉2 ∣∣∣Ċ+δ

˙̃
C

∣∣∣
−1 ∣∣∣Ċ′ + δ ˙̃

C′
∣∣∣
−1

Ψ
(
R̃
) B ��X a VrG

/�$ -/�M$'&K,.-A,�U
Ψ
(
R̃
) 8�02!�U=U=;3!.-A,F8�03(9��&�`

Ψ
(
R̃
)
≈ Ψ(R) +

〈
R̃, δC̃ − δC̃′

〉
Ψ′ (R)

B ��X a 6{G

03, ∣∣∣Ċ+δ
˙̃
C

∣∣∣
−1 0=8�,@`

∣∣∣Ċ+δ
˙̃
C

∣∣∣
−1

≈
∣∣∣Ċ
∣∣∣
−1
(

1 −
〈
Ċ, δ

˙̃
C
〉 ∣∣∣Ċ

∣∣∣
−2
) B ��X a Y{G

�m& #"U3_D03(9��>">M$'&K, (90 >"!��/#4�"-A,G8�;@$'(5$'-A!�0 $'� ;@$'!.!�U�+103& !�036�>"(5$ml@$'&K,
Ψ
(
R̃
) >M$'!�B ��X a 6{G +H03& !�036�>"(5$ml@$'&K,

∣∣∣Ċ+δ
˙̃
C

∣∣∣
−1 >M$'!<B ��X a Y{G�03,�03&R&%U3C\(A-ACD0@$'&K,�(90=8)_\$'!.-5$',.-9��&%8�-A&)�%&"-A,�U=8.-A6B$'(90=8F#d*+��!�#4!�01#"03�4f�+"��&J$4`

J1

(
C + δC̃

)
= J1 (C) + 2

∮ ∮
dpdp′Ψ′ (R)

〈
Ċ, Ċ′

〉2 〈
R̃, δC̃

〉 ∣∣∣Ċ
∣∣∣
−1 ∣∣∣Ċ′

∣∣∣
−1

−2

∮ ∮
dpdp′Ψ(R)

〈
Ċ, Ċ′

〉2 ∣∣∣Ċ
∣∣∣
−3 ∣∣∣Ċ′

∣∣∣
−1 〈

Ċ, δ
˙̃
C
〉

+4

∮ ∮
dpdp′Ψ(R)

〈
Ċ, Ċ′

〉 ∣∣∣Ċ
∣∣∣
−1 ∣∣∣Ċ′

∣∣∣
−1 〈

Ċ′, δ
˙̃
C
〉 B ��X a z G

�m&R-A&/,�U3C\!Q$'&K,�(90:#"03!.&"-903!�,�03!.6L0^>M$'!�>M$'!.,.-90=8,+%��&R,.!����"_D0 � `

J1

(
C + δC̃

)
− J1 (C) = 2

∮ ∮
dpdp′Ψ′ (R)

〈
Ċ, Ċ′

〉2 ∣∣∣Ċ
∣∣∣
−1 ∣∣∣Ċ′

∣∣∣
−1 〈

R̃, δC̃
〉

+2

∮ ∮
dpdp′

[
Ψ(R)

(
2
〈
Ċ, Ċ′

〉〈
C̈, Ċ′

〉 ∣∣∣Ċ
∣∣∣
−3 ∣∣∣Ċ′

∣∣∣
−1

− 3
∣∣∣Ċ
∣∣∣
−5 ∣∣∣Ċ′

∣∣∣
−1 〈

Ċ, Ċ′
〉2 〈

C̈, Ċ
〉)

+Ψ′ (R)
〈
Ċ, R̃

〉〈
Ċ, Ċ′

〉2 ∣∣∣Ċ
∣∣∣
−3 ∣∣∣Ċ′

∣∣∣
−1
] 〈

Ċ, δC̃
〉

+2

∮ ∮
dpdp′Ψ(R)

〈
Ċ, Ċ′

〉2 ∣∣∣Ċ
∣∣∣
−3 ∣∣∣Ċ′

∣∣∣
−1 〈

C̈, δC̃
〉

� ���1��-��,;+������� ��� � 4� 0����) ;&��)���)�� � �=���5)*� �
∂Ψ
∂p

= Ψ′ (R)
D

R̃, Ċ
E
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−4

∮ ∮
dpdp′

[
Ψ(R)

(〈
Ċ′, C̈

〉 ∣∣∣Ċ
∣∣∣
−1 ∣∣∣Ċ′

∣∣∣
−1

−
〈
Ċ, Ċ′

〉〈
C̈, Ċ

〉 ∣∣∣Ċ
∣∣∣
−3 ∣∣∣Ċ′

∣∣∣
−1
)

+Ψ′ (R)
〈
Ċ, R̃

〉〈
Ċ, Ċ′

〉 ∣∣∣Ċ
∣∣∣
−1 ∣∣∣Ċ′

∣∣∣
−1
]〈

Ċ′, δC̃
〉 B ��X a � G

� 	87�	87 � (<�"��K�#�
J2 (C)

J2

(
C + δC̃

)
=

∮ ∮
dpdp′

〈
Ċ+δ

˙̃
C, Ċ′ + δ ˙̃

C′
〉4 ∣∣∣Ċ + δ

˙̃
C

∣∣∣
−3 ∣∣∣Ċ′ + δ ˙̃

C′
∣∣∣
−3

Ψ
(
R̃
) B ��X a � G

$@_D0=;
∣∣∣Ċ+δ ˙̃

C

∣∣∣
−3

≈
∣∣∣Ċ
∣∣∣
−3
(

1 − 3
〈
Ċ, δ ˙̃

C
〉 ∣∣∣Ċ

∣∣∣
−2
)

� & #"U3_D03(9��>">M$'&/,�(90B>"!��o#4�"-A,I8�;@$'(5$'-A!�0�+ 03& -A&&! 0=;3,Q$'&/,7(90T!�U=8.�"(A,Q$',I#"0 B ��X a 6{G103,I03& &%U3C\(A-ACD0@$'&K,�(90=8H,�03!.6L0=8
#d*+��!�#4!�0H#"03�4f=+"��&G$4`

J2

(
C + δC̃

)
− J2 (C) = 2

∮ ∮
dpdp′Ψ′ (R)

〈
Ċ, Ċ′

〉4 ∣∣∣Ċ
∣∣∣
−3 ∣∣∣Ċ′

∣∣∣
−3 〈

R̃, δC̃
〉

−6

∮ ∮
dpdp′Ψ(R)

〈
Ċ, Ċ′

〉4 ∣∣∣Ċ
∣∣∣
−5 ∣∣∣Ċ′

∣∣∣
−3 〈

Ċ, δ
˙̃
C
〉

+8

∮ ∮
dpdp′Ψ(R)

〈
Ċ, Ċ′

〉3 ∣∣∣Ċ
∣∣∣
−3 ∣∣∣Ċ′

∣∣∣
−3 〈

Ċ′, δ
˙̃
C
〉 B ��Xku8-{G
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J2

(
C + δC̃

)
− J2 (C) = 2

∮ ∮
dpdp′Ψ′ (R)

〈
Ċ, Ċ′

〉4 ∣∣∣Ċ
∣∣∣
−3 ∣∣∣Ċ′

∣∣∣
−3 〈

R̃, δC̃
〉

+2

∮ ∮
dpdp′

[
Ψ(R)

(
12
〈
Ċ, Ċ′

〉3 〈
C̈, Ċ′

〉 ∣∣∣Ċ
∣∣∣
−5 ∣∣∣Ċ′

∣∣∣
−3

− 15
∣∣∣Ċ
∣∣∣
−7 ∣∣∣Ċ′

∣∣∣
−3 〈

Ċ, Ċ′
〉4 〈

C̈, Ċ
〉)

+3Ψ′ (R)
〈
Ċ, R̃

〉〈
Ċ, Ċ′

〉4 ∣∣∣Ċ
∣∣∣
−5 ∣∣∣Ċ′

∣∣∣
−3
]〈

Ċ, δC̃
〉

+6

∮ ∮
dpdp′Ψ(R)

〈
Ċ, Ċ′

〉4 ∣∣∣Ċ
∣∣∣
−5 ∣∣∣Ċ′

∣∣∣
−3 〈

C̈, δC̃
〉

−4

∮ ∮
dpdp′

[
Ψ(R)

(
6
〈
Ċ, Ċ′

〉2 〈
Ċ′, C̈

〉 ∣∣∣Ċ
∣∣∣
−3 ∣∣∣Ċ′

∣∣∣
−3

− 6
〈
Ċ, Ċ′

〉3 〈
C̈, Ċ

〉 ∣∣∣Ċ
∣∣∣
−5 ∣∣∣Ċ′

∣∣∣
−3
)

+2Ψ′ (R)
〈
Ċ, R̃

〉〈
Ċ, Ċ′

〉3 ∣∣∣Ċ
∣∣∣
−3 ∣∣∣Ċ′

∣∣∣
−3
] 〈

Ċ′, δC̃
〉 B ��Xku a G
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Jcorrection

(
C + δC̃

)
− Jcorrection (C) =

∮ ∮
dpdp′Ψ(R) {

2
〈
Ċ, Ċ′

〉2 ∣∣∣Ċ
∣∣∣
−3 ∣∣∣Ċ′

∣∣∣
−1
(

1 − 3
〈
Ċ, Ċ′

〉2 ∣∣∣Ċ
∣∣∣
−2 ∣∣∣Ċ′

∣∣∣
−2
)〈

C̈, δC̃
〉

+4
〈
Ċ, Ċ′

〉〈
C̈, Ċ′

〉 ∣∣∣Ċ
∣∣∣
−3 ∣∣∣Ċ′

∣∣∣
−1
(

1 − 6
〈
Ċ, Ċ′

〉2 ∣∣∣Ċ
∣∣∣
−2 ∣∣∣Ċ′

∣∣∣
−2
)〈

Ċ, δC̃
〉
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−6
〈
Ċ, Ċ′

〉2 〈
C̈, Ċ

〉 ∣∣∣Ċ
∣∣∣
−5 ∣∣∣Ċ′

∣∣∣
−1
(

1 − 5
〈
Ċ, Ċ′

〉2 ∣∣∣Ċ
∣∣∣
−2 ∣∣∣Ċ′

∣∣∣
−2
)〈

Ċ, δC̃
〉

−4

(
1 − 6

〈
Ċ, Ċ′

〉2 ∣∣∣Ċ
∣∣∣
−2 ∣∣∣Ċ′

∣∣∣
−2
) ∣∣∣Ċ

∣∣∣
−1 ∣∣∣Ċ′

∣∣∣
−1
[〈

C̈, Ċ′
〉
−
〈
C̈, Ċ

〉〈
Ċ, Ċ′

〉 ∣∣∣Ċ
∣∣∣
−2
]〈

Ċ′, δC̃
〉

+

∮ ∮
dpdp′Ψ′ (R)

{
2
〈
Ċ, Ċ′

〉2 ∣∣∣Ċ
∣∣∣
−1 ∣∣∣Ċ′

∣∣∣
−1
(

1 −
〈
Ċ, Ċ′

〉2 ∣∣∣Ċ
∣∣∣
−2 ∣∣∣Ċ′

∣∣∣
−2
)〈

R̃, δC̃
〉

+2
〈
Ċ, R̃

〉〈
Ċ, Ċ′

〉2 ∣∣∣Ċ
∣∣∣
−3 ∣∣∣Ċ′

∣∣∣
−1
(

1 − 3
〈
Ċ, Ċ′

〉2 ∣∣∣Ċ
∣∣∣
−2 ∣∣∣Ċ′

∣∣∣
−2
)〈

Ċ, δC̃
〉

−4
〈
Ċ, R̃

〉〈
Ċ, Ċ′

〉 ∣∣∣Ċ
∣∣∣
−1 ∣∣∣Ċ′

∣∣∣
−1
(

1 − 2
〈
Ċ, Ċ′

〉2 ∣∣∣Ċ
∣∣∣
−2 ∣∣∣Ċ′

∣∣∣
−2
)〈

Ċ′, δC̃
〉} B ��Xkuvu{G
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C̈, Ċ

〉
= 0
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� Ü,	�?I��Æf�pÓ:WXSVU4M&W��j^�WcM�³0y_5"6N¨7�N¢�¨7��¢~ z¥X�N¢5�~«�?¥�2¬m 4¨
� �z���Ï«ce5£©7� ! ¥�¯d¨w¥c2¥c¦ ©����z��¤'���¡j¯À¨����z�£¢5�¡j¯w¯j¨R«��J3T¥�¢5�~¥�¦D¬p¥�¢{¥¥�2¬B>�2«N=:¦l¨R¬�¯d¨+9_c2¢{¥�¢É¨
oz«���oµ¢"��¨
oz¥c £¢v¥�2¬B�£¢É¨;3#��¢{«N=i¥c R¬���«�3T¨k z¥�¢5�Ï«c2¥�¦#�£©,�k¢É¨ ! �£³j´ÉbjU4KkORb\WXUR^lacb\WXSD±wO4Z4[T^V�pKNMaXy\Æv[-acU4aco�O&WXe}egKkUROR�p³d�IKkegacU4K x Kkb-MR^VbTo+WXb-Y x ]\WXUR^�WXS�´ b�y~acORe�WXUR^lacb x Zk^lKkb-ZNKNMK{M&?|4E�¸�¸FE � ³cb-aT�NE�³sÛ�_+*uEFE��
� Û�¸,	��\�sÓ:WXORO4acbL³��À��ÚfSlKNKkU�³TWXb-Y x ��Ó`K�WXQ-Z4[-Kke}^VbL³.|G¨k z�N«c  ! ¥�.�&¨F«���«
3D¢5�w�&¥c¦F}`«F=Ç¢É¨��
�d �w~k¤-¨��k³T´ÉbjU��u�\�T��aceÀÅ]TQTU��-�w^lM:$�� |zÛ�Ü�ÜX¹ � ³-b-aT��Û�³-¹d_+*�Ý�Ýs�
� Û�Û
	FqÍ�cÓ:W�vTe}ÐpKkOiWXb-Y}Ú��V�\�FWwKk^VegKNM�³u��¨
=��4¥c¦ �45£ R¥�¢5�Ï«c�¥c2¬��4« ! 32¤�¢5�®j¯ ! ¨k¢"�s«�¬��N«c G¬��¡ R¨7�N¢�¯d¨R«c 4¨"��¨£ R¨k.� �¡j¯«�� � ! ¥�¯d¨�¥cD¬d���4¥c-D¨k w¬p¥�¢{¥F¤'���¡j¯�¢"�T¨O3T«����~¢5�~«��¥cD¬F¥cs¯c¤j¦V¥c w¬d¥�¢{¥À«��I¥c`�d©X5£ ��Ï¬1�®D¨k £¢5�Ï¥c¦T2¥N� ��¯p¥p¢5�~«c

�£©��£¢É¨ ! ³TÆ!O4asZ��.j ?�?vÆ�?�ÅJg acORÐsM4[-ac]�acb�´ bdU4Kko�O&WXU4KNY x Kkb-M4acO jwOR^lKkbdU&WXUR^lacbL³HE�¸�¸�Û��
� Û�E,	FJi��Ó`KkbdU&WX�8KkU�³ x ���pasYTacQT^VbL³X�À�,l2^lacQL³�WXb-Y��-���iWX^VSVS�WXb-ZNacQTORU�³d§:«�¥p¬ �X¨��N¢{«� [�`¤�3T¬p¥�¢É¨`¤'���¡j¯tc�Iw§ � ! ¥�¯d¨k Ã©X9¥%�ÃD¥�>c¨d5R¥���¨R¬ ! ¨k¢"�s«�¬p³d´�?�?�?�Ñ0O&WXb-M&WcZkUR^lacb-Mv^Vb�/�KNa�M4Zk^lKkb-ZNKIWXb-Y}�wKkegacU4K x Kkb-MR^VbToB&�$¿|4E�¸�¸�_ � ³pb-aT� ��³Û�Ý �FG+*2Û���¸�_��
� Û�_,	F±;�TÓ�S�WXÐpK�WXb-Y?qÍ�-´ MÃWXO4Y�³#I@�N¢5�"�X¨��4«c\¢{«�¤j ��£³ x ]TOR^VbTopKkOzÅ{�vKkORS�WXo-³fÛ�Ü�Ü8���

E�Û�Ü
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� Ûk¹N	FÆf�fÓ�S�WXb-Z�³OP��
�X¨£¦V«�3f3-¨ ! ¨£\¢m¬d¨ ! �k¢"�s«�¬j¨��d3�«c¤s g¦V¥ ¬��k¢É¨��N¢5�Ï«cÇ¬d¨D�
��¥cj¯d¨ ! ¨£2¢Ï³5Æv[L���;�0UR[-KNMR^lM�³8?vZNacSlKYTKNMGqr^Vb-KNMGYTKmÆ�WXOR^lM�³LÛ�Ü�Ü�Ü��
� Û�G,	F�À�5Ó`acSlYTa WXb-Y�W;�5J0K?qrKkbL³`§G¨ ! «�¢É¨D��¨£�� �®j¯ ! «�¬d¨£¦I¥p¬p¥
3D¢{¥�¢5�Ï«cÇ¢{« �c¨£ Ã©m� ��¯��Í R¨
�k«c¦ ¤s¢5�Ï«c ¬���¯8�¡¢{¥c¦

� ! ¥�¯j¨���«��¿¤s �5R¥� ¥c 4¨R¥��k³n´�?�?�?
	X´ x Æv� x �pac^VbdU g acORÐ�MR[-ac]ÒacbÒ�IKkegacU4K x Kkb-MR^VbTo�WXb-Y$�+WXU&WrÚ-Q-MR^lacba��pKkOIÁwOR�\WXbÄ±wO4K�WcM�³ME�¸�¸�Û�³T]T]L�#E�¸+*uEX¹-�
� Û�],	F±F�5Ó�Q-M4Z4[L³`§G¨
� �z���Ï«c «��Z5k¤ �¡¦ ¢wo ¤�3 ¥c 4¨R¥�� �® ¥���p[cÇ¤'���¡j¯k�k¥p¢É¨£¦®¦ �~¢É¨ � ! ¥�¯d¨£ £©�¥�2¬��p[c ¬p¥p¢{¥�³vÆ!O4asZ��´ x Æi� x?x �se}]Da�MR^VQTe acbs/�´ x ÅiÓ`KkU��nKNKkb��j^lMR^lacb-MGWXb-YrWX]T]TSV^lZ�WXUR^lacb-M�³-�pacS{�\_FE�	�¹-³0Û�Ü�Ü8���
� Û�Ý+	��;���`WcM4KkSVSlKNM�³�Ú`���`WXURU4K�³LÑ+�L��acSVS{³LWXb-Y Ú��D��^V�Da�M�³�I ¯d¨R« ! ¨N¢~ ��4� ! «�¬j¨£¦��k«c }¥f�N¢5�"�X¨`�4«c\¢{«�¤j ��£³�uwQTegK£ÅOR^lM4Z4[-K�q�WXUR[-Kke�WXUR^VÐeC#C�|zÛ�Ü�Ü�_ � ³Tb-aT�LÛ�³LÛ�*s_�Û��
� Û��,	��;�-�`WcM4KkSVSlKNM�³T����-�^Ve}egKkS{³\WXb-Ye/À� x WX]T^VO4aT³Oy`�¯j¨R«�¬d¨�� �w�}¥X�N¢5�z�c¨B�4«�\¢{«c¤s [�k³-´ÉbjU4KkORb\WXUR^lacb\WXS��pacQTORb\WXS0aXy
��ace}]TQTU4KkOI��^lMR^lacbs�#��|zÛ�Ü�ÜpÝ � ³Tb-aT�LÛ�³M]�Û�*�ÝcÜ��

� Û�Ü,	FÑ+�5�n[\WXb$WXb-Y�Jv�0�vKNM4K�³KI@�N¢5�"�X¨Z�4«�\¢{«c¤s [� = �~¢"�s«c¤�¢m¨R¬�¯d¨
�£³!´�?�?�?�ÑLO&WXb-M��5acb�´ e�WXopK�ÆvO4ajZNKNM4M4^VbTo $��
|4E�¸�¸�Û � ³Tb-aT�#E�³MEF]F]+*uEpÝ�Ýs�

� E�¸,	 ³ I¦l¨
�X¨k¦O�N¨k¢G¥c¦�¯p«c  �~¢"� ! �k«�  ! �¡ � ! � < �¡j¯¿¢"��¨;ªr¤ ! �N«c z¬FoJcM�s¥N���£¤j.��¢5�~«cD¥c¦ �¡;� ! ¥�¯d¨t3D z«��Ã¨���o���¡j¯�³!ÛNMRUm´�?�?�? g acORÐsM4[-ac] acb��iWXOR^�WXUR^lacb\WXSnWXb-Y JLKk�pKkS x KkU�q�KkUR[-asYTM�^Vb���ace}]TQTU4KkOm�w^lM4^lacbL³�E�¸�¸�Û�³
]T]L��Û�]�Û�*2Û�]8���

� E�Û
	FÑ+�\�n[\WXbrWXb-YZg��#l2[dQL³8°0¨
�X¨k¦0�N¨k¢25R¥���¨R¬`�[��¥�3T¨232  �~«c %�N¨Ï¯ ! ¨£2¢{¥�¢5�~«�\³-Ñ0KNZ&[L�-O4Kk]8acORU�³-Á+��JL±F³ME�¸�¸�_��
� EFE,	��À�\�n[-KkbL³DÚ`�MWwQ\WXbTo-³MWF�\ÑfWXodWXO4K�³Dq��-��WcaT³-�À��g ^VSlM4acbL³\WXb-Ya?I�-±F�)/�Kk^lM4KkO�³@^����¡j¯d32 ��Ï«c d���s¥�3T¨À¥�2¬

�®2¢É¨£����~¢~© 32 R«�\v¦l¨1�® ! ¨R¬��4�4¥c¦ � ! ¥�¯d¨%�N¨Ï¯ ! ¨k\¢{¥�¢5�Ï«c\³-Æ!O4asZ��-´R�:�n�;� E�¸�¸�_�³-�pacS{�#E�³ME�¸�¸�_�³T]L�LÛ�Û�Û�Ýs�
� E�_,	��À���n[-KkbL³0W;�2Ñ5WXodWXO4K�³ x �DÑ`[T^VORQT�pKkbTÐ�WcY-WXe�³LÚ`�)WIQ\WXbTo-³8�À�)g ^VSlM4acbL³H-}�0/�ac]T^Vb\WXUR[L³����DÓ�OR^Vo�opM�³�WXb-Y

?G�./�Kk^lM&KkO�³2^ � �®j¯%32  �Ï«c d�[��¥�3T¨��7�¡�¯d¨R« ! ¨k¢~  �w�}¥X�N¢5�z�c¨S�4«c\¢{«c¤s ��1�®�¥`��¥c  �~¥p¢5�~«cD¥c¦f�£ z¥ ! ¨
=i«� [>�³2´ÉbjU4KkOzÅb\WXUR^lacb\WXS��pacQTORb\WXS5aXyv��ace}]TQTU4KkOw�w^lMR^lacb�����|4E�¸�¸FE � ³Tb-aT�2_�³\_�Û�G+*s_FE8���
� EX¹N	��À���n[-KkbL³ x �iÑ`[T^VORQT�pKkbTÐ�WcY-WXe�³@WF�nÑfWXodWXO4K�³GÚ`��WwQ\WXbTo-³:�À��g ^VSlM4acbL³:WXb-Y ?G�n±F� /�Kk^lM4KkO�³�y`)¢"��¨

�®)�4«c ;3�«c R¥�¢5�~«�¿«�� �[��¥�3T¨O32 ��Ï«c ��%�¡\¢{«G¯d¨4« ! ¨k¢~ ��4��¥f�N¢5�"�X¨t�4«c\¢{«c¤s ��£³p´�?�?�?ÒÛNMRUng acO4MR[-ac]}acb;�iWXOR^�WXUR^lacb\WXSÚTO&WXegK��nacORÐÄWXb-YÄJLKk�pKkS x KkU4M:egKkUR[-asYTM�³#E�¸�¸�Û�³T]T]L�0Ûk¹XG+*2Û�GFE��
� EFG,	��À�i�n[-KkbL³ x ���F�!Ñ`[T^VORQT�pKkbTÐcWcY-WXe�³2-}� x �R/+ac]T^Vb\WXUR[L³`WXb-YÇ��� g��!ÓnOR^Vo�opM�³��vª�§ � ! ¥�¯d¨� 4¨Ï¯��z�£¢~ R¥�¢5�~«�¤X� �®s¯ ¢"��¨¿ªÄ¤ ! �k«� z¬No;cM�s¥��`�Ã¤s.�N¢5�Ï«c2¥c¦`¥c2¬k���s¥�3T¨ �®+�k«c  ! ¥�¢5�Ï«c\³5´ÉbjURSG��acb�yÏKkO4Kkb-ZNK?acb$´Éb�yÏacORe�WXUR^lacbx �sM4U4KkegM�³T±Ib\WXSV��MR^lMGWXb-Y x �sbdUR[-KNM4^lM�³#E�¸�¸FE��
� EF],	F�À�\Jv�8�n[-ac]T]L³ 1!« ! 32¤�¢5�¡j¯ ! �¡ � ! ¥c¦0�Ã¤s "�k¥f�Ã¨���� �Ï¥¿¦l¨
�X¨£¦8�N¨k¢2�k¤s 
��¥�¢~¤s R¨2}`«N=v³)�pacQTORb\WXS�aXyn��ace}]TQTU&W�ÅUR^lacb\WXS0Æ![j�sMR^lZNMB$��.C |zÛ�Ü�Ü�_ � ³-b-aT�LÛ�³\Ý�Ý�*sÜ�Û��
� EpÝ+	FJv�T�À�\��ac[-KkbL³Ky` ¥X�N¢5�z�c¨��&«c\¢{«c¤s  ! «�¬d¨£¦ �F¥c2¬D5R¥c¦¡¦�«�«c��£³D��ace}]TQTU4KkOI��^lMR^lacbL³#/�O&WX]T[T^lZNM�³-WXb-Y�´ e�WXopKÆ!O4asZNKNM4MR^VbTo-�-´ e�WXopK+ÁIb-YTKkO4M4U&WXb-Y�^VbTo��#{�|zÛ�Ü�Ü�Û � ³Tb-aT�#E�³.E�Û�Û�*uE�Û����
� E8�,	FÑ+��Ú`�j��ajacU4KNM�³p�À�j��ajac]8KkO�³s���V�\�pÑfW��jSlacO�³TWXb-Yx�-�u/�O&WX[\WXe�³uI_�N¢5�z�c¨t�[�s¥
3T¨ ! «�¬d¨£¦ �_ov¢"��¨ �¡ I¢~ R¥��¡ �®s¯;¥�2¬¥�3f32¦ �4�4¥�¢5�Ï«c\³\��ace}]TQTU4KkOI��^lMR^lacbrWXb-Y?´ e�WXopKmÁwb-YTKkO4MRU&WXb-Y�^VbToZC0$�|zÛ�Ü�ÜFG � ³-b-aT�LÛ�³-_8�+*uG�Ü��
� E�Ü,	F�À�\�nO4KkegKkO4M�³Hc2¢{¥�¢5�z�£¢5�4�4¥c¦ �[�s¥�3-¨d>�2«N=:¦l¨R¬�¯d¨ �¡s�X¥c ��Ï¥�¢5�Ï«c2¥c¦ � ! ¥�¯d¨%�N¨{¯ ! ¨£\¢{¥�¢5�Ï«c\³-Æv[L���;�-UR[-KNMR^lM�³-��K£Å]\WXORURegKkbdU�aXy�q WXUR[-Kke�WXUR^lZNMwWXb-Yr��ace}]TQTU4KkO x Zk^lKkb-ZNK�³-ÁwbT^V�pKkO4MR^VUÉ�?aXy!q�WXbTbT[-Kk^Ve�³H/�KkORe�WXbd�p³)E�¸�¸FE��
� _�¸,	F�À�0�nO4KkegKkO4M�³ x ��j�MR[-KkO�³5WXb-Y x � x apWXURU4aT³��À¨£ £D¨£¦n¬d¨k����~¢~©r¨��£¢5� ! ¥�¢5�Ï«c�¥c2¬:�¡\¢~ ��¡�� �w�g¥�¦ �V¯c ! ¨£\¢ �k«c >�2«N=:¦l¨R¬�¯j¨
oµ¬c  �"�X¨£ �N¨{¯ ! ¨£\¢{¥�¢5�Ï«c)9�¢É¨R¥f�r� �®s¯Í¦V¨
�c¨£¦2�N¨N¢"�?¢{«q=i¥c¦ >�³`Æ!O4asZ��v�G±_/�qÍ��¸X¹-³@EF]XUR[ÇÆ�WXURU4KkORb�IKNZNaco�bT^VUR^lacb x �se}]8a�MR^VQTe�³-JLu+� x _�Û�ÝNG�³ x ]TOR^VbTopKkO�³)E�¸�¸X¹-³T]T]L�-_F]+*d¹�¹-�
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� _�Û
	F�À�8�nO4KkegKkO4M�WXb-Y x � x apWXURU4aT³ I 3.�N¨£¤T¬p«Noz¬��Y�k¢{¥c.�&¨@�N«c d�[��¥�3T¨t3D ��Ï«c ��1�® ¦l¨
�X¨£¦n��¨k¢R�N¨Ï¯ ! ¨£2¢{¥�¢5�~«�\³0EXb-Y´�?�?�? ´ÉbjURS{��g acORÐ�MR[-ac]Äacb?�iWXOR^�WXUR^lacb\WXS{³0/�KNacegKkUROR^lZ�WXb-Y�JLKk�pKkS x KkUF|4EXb-Y�´�?�?�?Ç´ bdURS{�Mg acORÐsMR[-ac]racb
�iWXOR^�WXUR^lacb\WXS2/�KNacegKkUROR^lZ`j;�LÚ2WXQTopKkO&WcM�³0u;��Æ5WXO&WXo�^la�M�|w?vYTM�� � WXb-Yqj;�LÚ\WXQTopKkO&WcM�u;��Æ�WXO&WXo�^la�M<|w?vYTM�� �
J0Kk�pKkS x KkUIq�KkUR[-ajYTM�|¡��J x q � ³-uw^lZNK�³TKNYTM�� � ³#E�¸�¸�_�³T]T]L�LÛ�]�Ü+*2Û�ÝN]��

� _FE,	F�À���nO4KkegKkO4M�³Lu;� x asZ4[-KkbL³LWXb-Y ��� x Z4[Tb � ORO�³ \«N=i¥� z¬��À 4¨��4«4¯c �¡¢5�Ï«cMo�5R¥��N¨4¬k��¥c  �~¥�¢5�Ï«c2¥�¦���¨Ï¯ ! ¨£\¢{¥�¢5�Ï«c¤'���¡j¯ �[�s¥�3-¨�32  �Ï«c [�Ä¥cD¬�¬c©c2¥ ! �4��¦V¥X54¨£¦ �®s¯�³`´ÉbjURS{�n��acb�yz�!acb x Z�WXSlK£Å x ]\WcZNK�Ñ`[-KNacOR^lKNMg^Vb ��ace}]TQTU4KkO
��^lMR^lacbL³TJLu+� x EF]�ÜFG�³ x ]TOR^VbTopKkO�³)E�¸�¸�_�³T]T]L�\_8�8�+*d¹d¸�¸��

� _�_,	F�À�\�nO4KkegKkO4M�³\Ú��TÑ`^lM&Z4[T[\WXQ-M4KkO�³.�-��g Kk^lZ4ÐpKkORU�³DWXb-YÄ��� x Z4[Tb-acORO�³HP4� Q:¤'���Ï«ca�£2¥�>c¨
��9	�¡\¢~ R«�¬c¤�� �¡j¯ �£¢{¥No
¢5�z�£¢5�4�4¥c¦#�[�s¥
3T¨t>�2«F=:¦V¨R¬�¯d¨0�¡\¢{«À¢"��¨ ! ¤ ! �N«c R¬NoJ���s¥��_�£¤j)�N¢5�~«�2¥c¦�³d´ bdU4KkORb\WXUR^lacb\WXSH�pacQTORb\WXSDaXyf��ace}]TQTU4KkO��^lMR^lacb�����|4E�¸�¸FE � ³Tb-aT�\_�³.E�ÜFG+*s_�Û�_��

� _X¹N	�?I�DÆ5�L�nOR^lMRUmWXb-Y ���L���8�n^lZNacb-K�³nI 3#�d©�� �w�4¥�¦®¦ ©No�5R¥���¨R¬�¢~ z¥���z�N«c  ! ¥p¢5�~«c�«��Z���¨ ! ¥p¢5�w�}ª�¥�3f3T¨k }¬d¥�¢{¥Zo��T¨`0ª ¢{¥��[��¨£¦l¨R¬Z�4¥�3D³\´L?�?�?ÇÑLO&WXb-M��./�KNa�M4Zk^{�-�wKkegacU4K x Kkb-M��#�.� |zÛ�Ü8�X¹ � ³Tb-aT�#E�³.EFGF]+*uEF]�_��
� _FG,	FqÍ�V?�YTK�/�QTb-M4U�³ ��2«F=:¦V¨R¬�¯d¨a5R¥N�N¨R¬ �¡\¢É¨£ ;32 4¨k¢{¥�¢5�Ï«c «��¿¥d¨£  �~¥c¦%� ! ¥�¯j¨��t�N«c g¤+3�¬p¥�¢5�¡j¯ «��g z«�¥p¬ ! ¥�3#�k³Æv[L���;�-UR[-KNMR^lM�³TÑ0KNZ&[TbT^lZ�WXS5ÁwbT^V�pKkO4MR^VU ��aXy!��KkS�y¡U�³�Û�Ü�ÜF]��
� _F],	FqÍ�V?�YTK /�QTb-M4U+WXb-Y �\�V?G�LYTKkb W�WXORU4aco-³ ��2«N=:¦l¨R¬�¯d¨
o�5R¥���¨R¬ ¤+3�¬p¥�¢5�¡j¯�«�� ! ¥
3#�x5k© �®2¢É¨£ J3D R¨k¢{¥p¢5�~«c$«��
¥j¨£ ��Ï¥c¦ � ! ¥�¯d¨��k³TÆ!O4asZ��-´z��Æi��³�Û�Ü�ÜX¹-³T]T]L� ��Û�Û�*���Ûk¹-�

� _pÝ+	��}����Q�y~acQTORb\WXQ-Y�³T��� x Z&[Te}^lY�³sWXb-Yg�F�FWwacO&WXQ-Y�³�p ! ¥�¯d¨ ! ¥�¢J�
� �¡j¯�= �~¢"�����4¥c¦l¨�¥p¬�6£¤X�k¢ ! ¨£\¢Ï³j��ace}]TQTU4KkO��^lMR^lacbÄWXb-Y�´ e�WXopK+Áwb-YTKkO4MRU&WXb-Y�^VbTo��.{�|4E�¸�¸X¹ � ³fÛ�ÝNG+*2Û�ÜX¹-�
� _8�,	À�n[L�H?!^lYTKkbj�DKkbT²p³��n[L�H-mWcKNM4KkO�³LWXb-Ym?G�8Ó`WXSVU4MÃWN�s^�WcM�³�IdRy�ª�p�o2Iw¤�¢{« ! ¥�¢É¨R¬� R¨7�4«c��k¢~ Ã¤��N¢5�Ï«c�«��;¢{«
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�j³D´�?�?�?ÇÑ0O&WXb-M��-acbÄÆD±�qr´t$MU�|zÛ�Ü�ÜFG � ³Tb-aT�#E�³�Û�G8�+*2Û�ÝNG��
� ÝsÛ
	À�����F�dq WXQTO4KkO�³j�F���w^{³�WXb-Y��À�d��WXo�[\WN��WXbL³�I ¦ �¡D¨R¥� �¢ � ! ¨�¥c¦ ¯d«c  �~¢"� ! �N«c  �4« ! 3D¤s¢ �¡j¯�¨��d¥f�N¢n¨£¤��k¦ �~¬j¨R¥c¬ �Y�k¢{¥c.�&¨F¢~ R¥c��z�N«c  ! �+«���5 �®2¥� Ã© � ! ¥�¯d¨�� �¡�¥c �5 �~¢~ z¥� Ã©�¬ � ! ¨£M� �Ï«c��£³�´�?�?�?�Ñ0O&WXb-M&WcZkUR^lacb-M�acb�Æ5WXURU4KkORb±wb\WXSV��MR^lMGWXb-Y�q WcZ4[T^Vb-K�´ bdU4KkSVSV^VopKkb-ZNKS����|4E�¸�¸�_ � ³Tb-aT�#E�³MEF]FG+*uEpÝc¸��
� ÝNE,	�W;�\q WN�pKkO�³0Iw¤�¢{« ! ¥�¢ �w�}«'5"6N¨7�N¢I¨���¢~ R¥f�N¢ �Ï«cx�£ z« ! ¥d¨k  �Ï¥c¦ � ! ¥�¯d¨£ £©�o I �Ã¤s 
�X¨£©:�k«+�k¤X� �®s¯�«c 5£¤ �®¦V¬ �¡j¯��k³��ace}]TQTU��-�w^lM��T´ e�WXopKmÁwb-YTKkO4MRU��HU�&�|zÛ�Ü�Ü�Ü � ³Tb-aT�#E�³�Û�_8�+*2Ûk¹dÜ��
� Ýc_,	FÑ+�\qrZN´ b-KkORb-Kk��WXb-YÄ�À�-Ñ0KkOR²�ac]8acQTSla�M�³ 8oJ�ÃD¥�>c¨���9x\«
3�«c¦V«4¯c©?¥p¬p¥�3D¢ �"�X¨B�£2¥�>c¨��k³\q�KNY�^lZ�WXSf´ e�WXopKm±wb\W�Å
SV��MR^lM2&Í|4E�¸�¸�¸ � ³-b-aT�ME�³2Ýc_+*sÜ�Û��

� Ý�¹N	��\��Ó���q�Kkb\W�³XcD¢{¥�¢É¨`«��n¢"�T¨:¥c k¢8«�<¥c¤�¢{« ! ¥�¢ �w�� R«�¥p¬;¨���¢~ R¥f�N¢ �Ï«c@�N«c  ��p[cg¤+3�¬p¥p¢É¨�9:¥�2«F�X¨£¦��k¦�¥N�[� � \R�4¥p¢ �~«c2³Æ�WXURU4KkORbr�wKNZNaco�bL�-JLKkURU��.�M&�|4E�¸�¸�_ � ³Tb-aT�0Û�]�³\_�¸�_pÝ�*s_�¸FG8���
� ÝNG,	F�À�`qrQTeÀy~acO4Y)WXb-Y �-� x [\WX[L³��I«c¤s2¬p¥� Ã©�¬d¨k¢É¨7�N¢ �~«� 5£© ! �® � ! � < �¡j¯`�Ã¤s.�N¢ �Ï«c2¥c¦ �£³IÆ!O4ajZ��I�n��Æv�F� �FG�³Û�Ü8�FG�³-]T]L�#EFE+*uEF]��
� ÝN],	 x �juwKkodWX[-Y-WXOR^V]8acQTO�³-§G¨
�	�z�N¨4¬g¬d¨"\v �¡¢ �Ï«cÄ«��w«
3D¢ �w�&¥c¦,}:«N=R9 pÃ\¢É¨Ï¯c R¥�¢ �Ï«cr«��w z¥d¬ �~« ! ¨N¢~  �4�+¥c2¬+¯d¨4« ! ¨k¢~  �4��N¤T¨��2�N«c g¬c©c2¥ ! �4�S�r�Ã¨£D¨¿¥c2¥c¦ ©�� �z�£³8´�?�?�? Ñ0O&WXb-M���Æ�WXURU4KkORb�±wb\WXS{�Dq WcZ4[L�0´ÉbjU4KkSVS{��� ��|zÛ�Ü�Ü8� � ³0b-aT�LÜ�³ÜF]�Û�*sÜpÝcÜ��
� Ý�Ý+	��\��±F�Tu�KkSlYTKkOwWXb-Y��F�sq�K�WcY�³.I � � ! 32¦l¨�� ! ¨N¢"�s«�¬t�k«� K�Ã¤s.�N¢ �Ï«c ! �¡ � ! � <�¥�¢ �~«�\³���ace}]TQTU4KkO �pacQTORb\WXSKU|zÛ�ÜF]FG � ³-b-aT�T¹-³-_�¸8�+*s_�Û�_��
� Ý �,	F�F�nu�Kk��WXUR^�W�³����:J�^VbL³�WXb-Y)±;� WwQ-KkORU&WcM�³dI �£©,�k¢É¨ ! �k«c  5£¤ �®¦V¬ �¡j¯Ç¬j¨k¢É¨��N¢ �Ï«cq�£ R« ! ¥d¨£  �~¥c¦ � ! ¥�¯d¨��k³g acORÐ�MR[-ac] acb hk±wQTU4ace�WXUR^lZrK£Ë�URO&WcZkUR^lacb aXy+e�WXb�Å{e�WcYTK ac��ÌzKNZkU4Mgy¡O4ace�WcKkOR^�WXS�WXb-Y MR]\WcZNK�^Ve�WXopKNM+hc³
Ó�^VORÐs[\WXQ-M4KkOG�vKkORS�WXo�Ó:WcM4KkS{³�Û�Ü�ÜpÝs³-]T]L�2Ý�Ý�*��F]��

� ÝcÜ,	FqÍ�8uI^lKNYTKkO � M4U�³0§G¨£¦ �~¥X5k¦V¨g R¨7�4«c��k¢~ Ã¤��N¢ �Ï«c�«�� 5£¤ �¡¦V¬ �®s¯�� �N«c }¬ �V¯ �¡¢{¥�¦ ! ¥�3$ R¨r�	�Y� �~«�\³�´ÉbjU4KkORb\WXUR^lacb\WXSi±wOzÅZ&[T^V�pKNMIaXy!Æ![-acU4aco�O&WXe}egKkUROR�rWXb-Y��wKkegacU4K x Kkb-MR^VbTor|~±wegMRU4KkO4Y-WXe � ³-�pacS{�ME�_�³.E�¸�¸�¸��
� ��¸,	 ³`Iw¤s¢{« ! ¥p¢É¨R¬)¤+3�¬p¥�¢É¨ «�� 5£¤ �®¦V¬ �¡j¯ �®��N«c  ! ¥�¢ �~«� �® ! ¥�3.�Í¤'� �¡j¯ ! ¨R¬ �®¤ ! oJ�r�&¥c¦V¨ � ! ¥�¯d¨£ £©
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������c³:Æ!O4ajZ��Rg acORÐ�MR[-ac] acbihk±wQTU4ace�WXUR^lZk?!ËsURO&WcZkUR^lacb)aXy�q WXb�ÅÉq�WcYTK jw��ÌRKNZkU4Mgy~O4ace ±:KkOR^�WXS
WXb-Y x ]\WcZNKI´ e�WXopKNM hF|w?G�dÆ5�dÓ:WXSVU4M&W��j^�WcM�³j±;�'/�O�vTbL³�WXb-Y�Jv�d�iWXb�/�asacS{³sKNYTM�� � ³p�pacS{�s_�³j±;��±F�dÓ`WXSVÐpKke�W�³
E�¸�¸�Û��
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� ��Û
	 x ��u�acO4acbT[\W�WXb-YF�F��u�Kk�cWXUR^�W�³fP;¨k¢É¨��N¢ �Ï«c¿¥�2¬�¬d¨
�r�k  � 38¢ �~«c¿«��25k¤ �¡¦�¬ �®j¯N�.�£ z« ! ! ¤s¦ ¢ � 32¦l¨G¥d¨£  �Ï¥c¦�� ! ¥�¯d¨
�£³�G±��IÆD± ´ e�WXopKmÁwb-YTKkO4MRU&WXb-Y�^VbTo g acORÐsM4[-ac]L³�Û�Ü�ÜF]�³T]T]L�T¹X]�Ü+*d¹jÝ ���
� �FE,	�-}�Tuwa��cWXÐ8³2§G¨7�N¢ � \ �4¥�¢ �Ï«c�«���¬ �V¯ �~¢{¥c¦ � ! ¥�¯j¨£ Ã©�³-Æv[-acU4aco�O&WXe}egKkUROR^lZ�?!bTo�^Vb-KNKkOR^VbToZT��IKkegacU4K x Kkb-MR^VbTo-³�pacS{�#G8��³�b-a�_�³�]T]L�\_�_�Ü�Å _X¹�¹�|zÛ�Ü�ÜFE � �
� ��_,	FÓ���Æf�.jwSlM&KkbL³#Iw¤s¢{« ! ¥�¢ �4���
�s¥cj¯j¨F¬j¨k¢É¨��N¢ �Ï«cS�k«� d��¥c¦ �~¬p¥p¢ �~«c�«��m¬ �V¯ �~¢{¥c¦ ! ¥�3 ¬d¥�¢{¥X5R¥���¨��£³\´ x Æv� x���� UR[ZNacbTo�O4KNM4M�³T´µ±wÆi� x ³��pacS{�#EX¹-³#E�¸�¸X¹-³-]T]L��Û�E�¸+*2Û�EFG��
� �X¹N	�WF�njwOR^lacU�³�cD¢{¥�¢ �Y�k¢ �w�&¥c¦K�ÃD¥�>c¨��_�N«c D5k¤ �¡¦�¬ �®j¯�¨��p¢~ z¥f��¢ �~«ca�Ã R« ! �k¢É¨£ 4¨R«��r�&«�3��4�Ä¥d¨£  �Ï¥c¦ � ! ¥�¯d¨��k³fÆ!O4asZ��0aXyUR[-K+´ x Æi� x g acORÐ�MR[-ac]�acb hkÆ![-acU4aco�O&WXe}egKkUROR^lZ;^Ve�WXopK�WXb\WXSV��MR^lM+h}|4E�¸�¸�� � �
� �FG,	 x �uj�MR[-KkO:WXb-YD�-��±F� x KkUR[T^�WXbL³ �8 R«c\¢"��3D z«�3T¥�¯p¥�¢ �¡j¯ = �~¢"�`�k¤s ��X¥�¢~¤j 4¨
oz¬d¨;3T¨£D¬d¨£\¢R�J3-¨4¨R¬X9�¥c¦�¯p«c  �~¢"� ! �d5R¥No�N¨R¬;«c��m¥ ! �¡¦ ¢{«�Mo��s¥f�4«X5 �X�k«c  ! ¤j¦V¥�¢ �Ï«c��k³F�pacQTORb\WXS\aXy���ace}]TQTU&WXUR^lacb\WXSDÆ![d��MR^lZNM�³sÝcÜ�³�]T]L�TÛ�E�Å{¹dÜ}|zÛ�Ü8�8� � �
� �F],	FuF�8Æ�WX]\WXO4ajY�^VUR^lM�³f§G¨��4«���£¢~ £¤���¢ �~«cÒ¢~  �~¬ � ! ¨£�� �~«�-D¨£¦¡¦V¨g¬d¨t3�¥�©,�N¥�¯d¨��}¤s �54¥ �®M��¨k � ! ¥�¯d¨£  �Ï¨S�£¢ �£  �R«����4«No3��4~k¤T¨%�N¥�¢É¨£¦¡¦ �~¢{¥c¦l¨d��¥c¤s¢É¨�  ���k«�¦ ¤�¢ �~«�\³-Æ![L���À�TUR[-KNMR^lM�³-ÁIbT^V�pKkO4M4^VU4PmYTK+uI^lZNK£Å x ac]T[T^�W�±IbjUR^V]DacSV^lM�³LÛ�Ü�Ü8���
� �pÝ+	FuF�TÆ�WX]\WXO4asY�^VUR^lM�³2qÍ�\��acO4Y�³\qÍ�M�pacO4Y-WXbL³DWXb-Ye�cÅÉÆ5�D��asZNhdQ-KkO4Kk²p³ �:¤ �¡¦�¬ �¡j¯�¬d¨k¢É¨7�N¢ �~«��¥c2¬< R¨7�4«c��k¢~ Ã¤��ro
¢ �~«� �£ z« ! ! �Ï¬Nom¥c2¬e� �V¯��Xo  R¨��N«c¦ ¤s¢ �Ï«cÇ¥d¨£  �Ï¥c¦ � ! ¥�¯j¨£ Ã©�³!��ace}]TQTU4KkO���^lMR^lacb�WXb-Y ´ e�WXopKgÁwb-YTKkO4MRU&WXb�ÅY�^VbTo-³T�vacS{�2ÝNE�³T´µM4MRQ-K%E�³�]T]L�LÛ�EFE�Å&Ûk¹XEÄ|zÛ�Ü�Ü8� � �

� �8�,	FuF�sÆ�WXO&WXo�^la�M�³��I¨R«�¬j¨�� �4�À¥f�N¢ �"�X¨+ 4¨Ï¯ �Ï«c��F¥�2¬À¦l¨
�X¨£¦0��¨k¢ ! ¨k¢"�s«�¬���9t�&«c\¢~  �45£¤�¢ �Ï«c��m¥c2¬�¥
3f32¦ �w�4¥p¢ �~«cM� �¡¥c k¢ � \R� �~¥c¦0� �Y� �~«c2³TÆ![L���À�TUR[-KNMR^lM�³TÁwbT^V�pKkO4MR^VU4PmYTK+uw^lZNK£Å x ac]T[T^�Wg±wbdUR^V]8acSV^lM�³M�dWXbjQ\WXOR�aE�¸�¸�¸��
� ��Ü,	FuF�!Æ�WXO&WXo�^la�M�WXb-Y����!��KkOR^lZ4[-K�³@I�|�P�� o�5R¥N�N¨R¬$¦l¨
�X¨k¦ o;�N¨k¢À¥�3f32 R«�¥f�r�e�k«c �¬d¨N¢É¨��N¢ �Ï«c�¥c2¬ ¢~ R¥f�
> �®j¯$«��

! «N�	�¡j¯<«'5"6N¨7�N¢"�£³2Ñ0KNZ4[L�2�IKk]8acORU	��Û�ÝNE�³-´µuw�w´ ±;³8Û�Ü�ÜpÝs�
� Ü�¸,	 ³ �I¨R«�¬d¨�� �w�¿¥f�N¢ �"�X¨ �4«c\¢{«c¤s ��À¥c2¬?¦V¨
�c¨£¦n�N¨k¢"� �k«c ;¢"��¨g¬j¨k¢É¨��N¢ �Ï«cÍ¥�2¬�¢~ z¥X�
> �¡j¯Ä«�� ! «N�	�¡j¯�«X5
o6N¨7�N¢"�£³w´L?�?�? ÑLO&WXb-M&WcZkUR^lacb-MÄacb Æ�WXURU4KkORb�±wb\WXSV�sMR^lM?WXb-Y q WcZ4[T^Vb-K�´ bdU4KkSVSV^VopKkb-ZNK �.��|4E�¸�¸�¸ � ³Ib-aT�
��³

EF]F]+*uE8��¸��
� Ü�Û
	 ³��I¨R«�¬d¨�� �4�Ä¥X�N¢ �z�c¨� 4¨Ï¯ �Ï«c���9aI�D¨
=�3T¥c z¥d¬ ��¯ ! ¢{« ¬d¨R¥c¦ = �~¢"� �£ z¥ ! ¨B3T¥c £¢ �~¢ �Ï«cm32 R«X5£¦l¨ ! � �¡1!« ! 32¤�¢É¨£ �� �z� �Ï«c\³K�pacQTORb\WXSIaXy��w^lM4Q\WXSw��ace}e�QTbT^lZ�WXUR^lacb WXb-YÒ´ e�WXopK?�IKk]TO4KNM&KkbdU&WXUR^lacb $�{�|4E�¸�¸FE � ³b-aT��Û 	NE�³#EX¹dÜ+*uEF]8���
� ÜFE,	FuF��Æ�WXO&WXo�^la�M�³�j;�pq�KkSVSV^Vb\W�Å�/�acURU&WXO4YTaT³TWXb-Y}�;����WXegKNMR[L�V³ �` R¥p¬ �{¨£\¢8�X¨���¢{«c 8}:«N=D�k¥N�£¢2¯j¨R« ! ¨k¢~  �w�m¥X�N¢ �z�c¨�4«c\¢{«�¤j ��£³2´L?�?�?ÇÑLO&WXb-MÃWcZkUR^lacb-M�acbrÆ5WXURU4KkORb�±Ib\WXSV��MR^lMIWXb-Yrq�WcZ&[T^Vb-K�´ bdU4KkSVSV^VopKkb-ZNK��#C�|4E�¸�¸X¹ � ³\b-aT����³
¹d¸FE+*d¹d¸pÝs�

� Ü��,	FuF�`Æ�WXO&WXo�^la�M�³+qÍ���wacQ-M4M4acbL³�WXb-Y �;�`��WXegKNMR[L³mª ¥�¢J�
� �¡j¯Ç¬ �Y�k¢{¥c.�&¨ �Ã¤s.�N¢ �Ï«c���9 I �[��¥�3T¨
oµ¢{«Noµ¥c 4¨R¥
��¥c  �~¥p¢ �~«cD¥c¦\¥�3f32 R«�¥f�r� �N«c i¯c¦V«X5R¥�¦ oµ¢{«NoÉ¦V«��4¥c¦8 4¨Ï¯ �z�£¢~ R¥�¢ �Ï«c\³X?vQTO4ac]DK�WXb¿��acb�yÏKkO4Kkb-ZNK`^Vb<��ace}]TQTU4KkOv��^lMR^lacbL³
JLu+� x E��FG�Û�³ x ]TOR^VbTopKkOzÅ{�vKkORS�WXo-³HE�¸�¸FE�³T]T]L�\Ý�ÝNG+*�Ý ��Ü��

� ÜX¹N	FÑ+��Æ�WN�sSV^lY�^lM�³'Iw¦�¯p«c  �~¢"� ! �)�N«c !¯c z¥
3#� �4�
�I¥c2¬ � ! ¥�¯d¨O32 z«+�&¨��[� �®s¯�³j��ace}]TQTU4KkO x Zk^lKkb-ZNK`Æ!O4KNM4M�³�´ b-Z��V³�Û�Ü8�FE��
� ÜFG,	F���DÆfPkU4KkOR^iWXb-Y Ñ+�D�wWXb-Z&[T^VbL³ �K��¢~ R¥f�N¢ �Ï«cÍ¥�2¬�¤+3�¬p¥�¢É¨<«����£¢~ 4¨4¨k¢:D¨N¢w=i«c [> �®�¤j �5R¥c$¥c R¨4¥��2�Ã R« ! � �V¯��
 R¨
�k«c¦ ¤s¢ �Ï«c �N¥�¢É¨£¦¡¦ �~¢É¨ � ! ¥�¯d¨��k³8Æ!O4ajZ��D´ x Æv� x ��ace}e}^lM4MR^lacb�´ � MR�se}]Da�MR^VQTe acb h�/�KNa�MR]\WXUR^�WXS!Ñ`[-KNacOR�p³Æ!O4asZNKNM4MR^VbTo�WXb-Y?±w]T]TSV^lZ�WXUR^lacb-M+hg|{���T±wORegKkb\WXÐj^lMIWXb-Y �}� ���TJLKNK�³TKNYTM�� � ³-�pacS{��Ûk¹-³ME�¸�¸FE�³�]T]L�2ÝN]8�+*�Ý�Ý����

� ÜF],	 ³�ªr¤j¦�¢ �® 4¨��N«c¦ ¤�¢ �Ï«cSc\2¥�>�¨��#�N«c v¤s �5R¥�g z«�¥p¬m¨���¢~ R¥f�N¢ �Ï«c@�£ z« ! p �Sy�� yRc�¥cD¬�`¤ �w�r>N5 �¡ z¬ � ! ¥�¯d¨
�£³E��Xb-YS?v±w� x KNJ�±wbTbdQ\WXS x �se}]Da�MR^VQTe�hk�wKkegacU4K x Kkb-MR^VbTo+^Vb}ÑLO&WXb-MR^VUR^lacb�hm|J/+aja�M4M&Kkb-M�³�KNY�� � ³pqr^VSVSV]TO4KNM4M�³
�IacURU4KkO4Y-WXe�³-u�KkUR[-KkORS�WXb-YTM�³#E�¸�¸���³-]T]L�#]�Ü+*�ÝN]��

� ÜpÝ+	 ³K^f �5R¥���£¢~ 4¨4¨k¢ ! ¥�3f3��¡j¯�¤X� �®j¯S~k¤ �4�
>N5 �¡ z¬�¥c2¬ �Y>c«c2«�� � ! ¥�¯d¨��£³jÆ!O4asZ��p´�/+±w� xTx ³��pacS{����³XE�¸�¸���³]T]L��Û�ÝNE�Û�*2Û�ÝNE����
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� Ü8�,	F�F�0��WcY�ÐpK�³ x �0±wb-Y�O&W�³�j;�f±wS�Å;-IaXy{WX[T^{³iWXb-YÍÓ��5�Ia��sMÃWXe�³Kp ! ¥�¯j¨Z�
�s¥cs¯d¨?¬d¨k¢É¨7�N¢ �~«� ¥c¦�¯p«c  �¡¢"� ! ��9`I�£©��£¢É¨ ! ¥�¢ �4�d�£¤j 
�X¨£©�³-´�?�?�? ÑLO&WXb-MÃWcZkUR^lacb-Mwacb�´ e�WXopKmÆ!O4asZNKNM4MR^VbTos$'&�|4E�¸�¸FG � ³-b-aT����³ME�ÜX¹�* ��¸pÝs�
� Ü�Ü,	FÑ+�\�G^VÐsSV^Vb�ÅÉ�wWN�s^V�8³TuF��-�^VOR�dWXUR^{³DWXb-Y?uF� x asZ4[-KkbL³@^0-¦l¨
�X¨£¦��N¨k¢"��9��I¨R« ! ¨k¢~ £©¿¥cD¬:32  �Ï«c �o�5R¥���¨R¬D�N¨{¯ ! ¨£Mo¢{¥p¢ �~«c2³nÆ!O4asZ����XUR[ ?vQTO4ac]DK�WXb)��acb�y~KkO4Kkb-ZNKracb ��ace}]TQTU4KkO���^lMR^lacb |w?��:�n�;� E�¸�¸X¹ � |~Ñ+�iÆ�W�ÌzY�S�W�WXb-Y

�\�-q�WXU&WcM�³TKNYTM�� � ³TJLu+� x ��¸FEX¹-³ x ]TOR^VbTopKkO�³.E�¸�¸X¹-³-]T]L�#G�¸+*u]�Û��
� Û�¸�¸,	FqÍ�X�IasZ4[-KkOR�p³�´£�VWF���pKkORe��sbL³dWXb-YS�-�FlDKkORQT�T^�W�³�� �V¯���¨k I«c z¬j¨£ I¥f�N¢ �"�X¨t�4«c\¢{«c¤s ��G¥�2¬m¢"��¨ �® G¥�3f3D¦ �4�4¥�¢ �Ï«c<¢{«

¢"�T¨�¬d¨N¢É¨��N¢ �Ï«c «���¦ �¡D¨�D¨N¢w=i«c [>+� �¡e�N¥�¢É¨£¦¡¦ �~¢É¨ � ! ¥�¯d¨£ £©�³TÆ!O4asZ���EXb-Y?´�?�?�? g acORÐsMR[-ac]�acb��iWXOR^�WXUR^lacb\WXS{³/+KNacegKkUROR^lZ�WXb-Y�JLKk�pKkS x KkUwqrKkUR[-asYTM:^Vb���ace}]TQTU4KkOw�w^lMR^lacbL³ME�¸�¸����
� Û�¸�Û
	FqÍ�s�IasZ4[-KkOR�p³�´Ã�VW;�u�pKkORe��sbL³-WXb-Y��-�MlDKkORQT�T^�W�³ � ¢~¤�¬j¨m¬ � ¤j8¨�2«c¤u�X¨£¦¡¦l¨B�k¦V¥����N¨m¬j¨%�4«c2¢{«c¤j ���¥f�N¢ � �[��3�«c¤s 

¦V¥¿¬��k¢É¨��N¢ �Ï«c�¬d¨m R«c¤s¢É¨
�;¬p¥c��m¬d¨�� � ! ¥�¯d¨���¬d¨F¢ �£¦ �R¬��N¢É¨��N¢ �Ï«c\³DÆ!O4ajZ��#/+�_?vÑ x ´ x �je}]8a�MR^VQTe�acb x ^Vo�b\WXSWXb-YÄ´Ée�WXopK+Æ!O4asZNKNM4MR^VbTo-³.E�¸�¸����
� Û�¸FE,	 ³ � ��¯N��¨£ 
oµ«c R¬d¨£ �¥f�N¢ �"�X¨��4«�\¢{«c¤s [�k³!Ñ0KNZ4[L���wKk]DacORUSGF]FGF]�³!´ u��I´µ±F³ E�¸�¸FG�³�U4aÄ�DK�]TQT�TSV^lMR[-KNY�^Vb

UR[-K�´ÉbjU4KkORb\WXUR^lacb\WXS8�pacQTORb\WXS5aXyv��ace}]TQTU4KkOG��^lMR^lacbL�
� Û�¸��,	FqÍ�L�wacQ-M4M4acbL³t15¤-¨ �®2¢É¨Ï¯c R¥�¢ �~«�Ò¥�2¬%�£ R«c\¢+¨
��«c¦ ¤s¢ �Ï«c �¡ � ! ¥�¯d¨x�N¨Ï¯ ! ¨k\¢{¥�¢ �Ï«c\³�Æ![L���À��UR[-KNMR^lM�³5ÁwbT^�Å�pKkO4M4^VU4PmYTK+uI^lZNK£Å x ac]T[T^�W�±IbjUR^V]DacSV^lM�³-��KNZNKke��8KkOtE�¸�¸X¹-�
� Û�¸X¹N	FqÍ�T�IacQ-M&M4acbÄWXb-Y?���T��KkOR^lZ4[-K�³HI ��¥c  �~¥�¢ �Ï«c2¥�¦F�Ã R¥ ! ¨
=i«c �>@�k«� �¥f�N¢ �"�X¨;¥c2¬¿¥p¬p¥�3D¢{¥p¢ �z�X¨%��¨Ï¯ ! ¨£\¢{¥�¢ �Ï«c«��d�X¨��N¢{«c ���¥c¦ ¤T¨4¬ � ! ¥�¯d¨
�£³-ÑfKNZ4[L�-O4Kk]8acORU�³-´µuw�w´ ±;³�E�¸�¸FE��
� Û�¸FG,	FqÍ�8�IacQ-M4M&acb�WXb-Y u;�8Æ5WXO&WXo�^la�M�³�cM�s¥�3-¨ 32  �Ï«c [� �N«c F¦l¨
�X¨k¦K�N¨k¢G R¨;3D R¨���¨£\¢{¥�¢ �Ï«c��k³�?n�:�n� ��¸FE 7�Æ!O4ajZNKNK£Å

Y�^VbTopM}aXy�UR[-KÄÝ�UR[ ?!QTO4ac]DK�WXb ��acb�y~KkO4Kkb-ZNK?acbÇ��ace}]TQTU4KkOg��^lMR^lacb�ÅÉÆ�WXORU�´4´£³fJLu+� x E��FG�Û�³ x ]TOR^VbTopKkOzÅ
�vKkORS�WXo-³.E�¸�¸FE�³T]T]L�2Ý �+*sÜFE��

� Û�¸F],	FqÍ���wacQ�Ë8³c§G¨��4¥c¦V¥�¯d¨w¬ � � ! ¥�¯j¨�� ! ¤s¦ ¢ �"oJ�N«c¤j ��&¨��	�'I 3f32¦ �w�&¥�¢ �~«�<¥c¤� 4¨��4¥�¦�¥�¯j¨I¬ � ¤sD¨ � ! ¥�¯d¨�c�| yB�¨k¢L¬ � ¤jD¨�&¥c £¢É¨N³\Æ![L���À�TUR[-KNMR^lM�³�?vu x Ñ+³0Û�Ü�ÜFE��
� Û�¸pÝ+	FqÍ���IacQ�ËgWXb-Y W;��q W�ÊlURO4K�³n��d 4¨4¨
oz¬ � ! ¨£M� �Ï«c-2¥c¦8¬d¨����k  � 3D¢ �Ï«c�«��w¬d¨k��N¨w¤s �54¥cÄ¥c 4¨R¥��I¤'� �¡j¯ ! ¥�3#�w¥c2¬¥j¨£  �Ï¥c¦ � ! ¥�¯j¨��£³vÆvO4ajZ��ng acORÐ�MR[-ac]Òacb�hk±wQTU4ace�WXUR^lZ�K£ËsURO&WcZkUR^lacb�aXywe�WXb�Å{e�WcYTK?ac��ÌzKNZkU4M;y~O4ace WcKkOR^�WXSWXb-YÄMR]\WcZNK�^Ve�WXopKNM+hc³-Ó�^VORÐs[\WXQ-M4KkOG�vKkORS�WXo�Ó:WcM4KkS{³LÛ�Ü�ÜpÝs�
� Û�¸8�,	FqÍ�i�wacQ�ËÇWXb-YÇ�À�iq�Z�-+KNa �:bL³ �0¨R¥�¢~¤s 4¨ ! ¥�¢J�
� �¡j¯`�k«� k5£¤ �®¦V¬ �¡j¯�¨���¢~ R¥f�N¢ �Ï«c �£ z« ! ! ¤j¦�¢ � 3D¦V¨s�	�{¨
=O�k³�I±w�wÆ2±�´Ée�WXopK�ÁIb-YTKkO4MRU&WXb-Y�^VbTo`g acORÐsM4[-ac]L³LÛ�Ü�ÜX¹-³T]T]L� ����Û�* �X¹dÜ��
� Û�¸�Ü,	S/}� x WX]T^VO4aT³ �I¨R« ! ¨k¢~  �w�23�¥c k¢ �~¥�¦0¬ � Qw¨k R¨£2¢ �~¥c¦f¨7~k¤�¥p¢ �~«cM�F¥c2¬ � ! ¥�¯d¨F¥c2¥c¦ ©�� �z�£³-�`WXe��TOR^lY�opK�ÁIbT^V�pKkO4MR^VU �ÆvO4KNM4M�³ME�¸�¸�Û��
� Û�Û�¸,	 x � x KkOR�s^Vo�b-K�³ �I¥���¨m¬d¨�¬p«c- �4¨��G¯��R«4¯c R¥�3#� �w~k¤-¨��g¨k¢ � ! ¥�¯j¨��+¥ �£  �{¨£-8¨��%9w¬d¨+¦ � ¥�3f3�¥�  �{¨ ! ¨£\¢ � ¦�¥ ! �z�N¨

� 6N«c¤s £³\Æ![L���À�TUR[-KNMR^lM�³T´µu x ±�J��pacbL³LÛ�Ü�Ü����
� Û�Û�Û
	��\��± x KkUR[T^�WXbL³\°0¨
�X¨k¦.��¨k¢ ! ¨k¢"�s«�¬N��¥c2¬2�k¥��k¢ ! ¥� ��
� �®j¯ ! ¨k¢"�s«�¬���9w¨r��«c¦ �	�®s¯ �¡\¢É¨£ "�k¥f�Ã¨����¡a�4« ! 32¤�¢{¥�¢ �Ï«NoD¥c¦2¯d¨R« ! ¨N¢~ Ã© 
H}n¤ �~¬ ! ¨��
��¥c �4�
� 
@�4« ! 32¤�¢É¨£ ��	�Y� �~«��¥�2¬ ! ¥p¢É¨£  �Ï¥c¦ �d�r� �{¨£.�Ã¨k³L�`WXe��TOR^lY�opK;ÁIbT^V�pKkO4MR^VU �ÆvO4KNM4M�³�Û�Ü�Ü�Ü��
� Û�Û�E,	S/}� x [\W�y~KkO�³.I ! ¥�¢"�T¨ ! ¥�¢ �w�&¥c¦0¢"��¨R«� Ã©?«��F¨
�	�Ï¬d¨£)�&¨k³DÆ!OR^Vb-ZNKkU4acbrÁwbT^V�pKkO4MR^VUÉ��ÆvO4KNM4M�³Tu�K�� �pKkO4M4Kk�p³-Á x ±;³Û�ÜpÝN]��
� Û�Û �,	�-}� x ^lYTY�^lhd^{³sÓ��pÓ��f-�^Ve}^�W�³sWXb-Y¿�iÅJg�� x [jQL³ �I¨4« ! ¨k¢~  �4� ���s«��
>+o��4¥�3D¢~¤s  �®j¯ ���Sy �r�r��¨ ! ¨����N«c @�£¤�5L3�� �j¨£¦

�¡\¢É¨£ ;3�«c¦V¥�¢ �Ï«c 
x�4« ! 32¤�¢{¥�¢ �Ï«c�¥c2¬��k¤s ��X¨�¨
��«c¦ ¤s¢ �Ï«c\³_/�O&WX]T[L�nq�ajYTKkSlM<´Ée�WXopKrÆ!O4asZNKNM4M�� � � |zÛ�Ü�ÜpÝ � ³b-aT�.G�³MEpÝ �+* ��¸�Û��
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� Û�Ûk¹N	ÀJv�XW;� x U&WX^V�?WXb-YD�-� x �j�wQTb-Z�WXbL³ �w«c¤s2¬p¥c £© \v2¬ �¡j¯�= �~¢"�:3�¥c R¥ ! ¨k¢~  �4�4¥c¦¡¦ ©�¬d¨"�N«c  ! ¥X5k¦V¨ ! «�¬j¨£¦ �k³�´L?�?�?ÑLO&WXb-M&WcZkUR^lacb-M�acb�Æ�WXURU4KkORbr±wb\WXSV�sMR^lMwWXb-Y�q�WcZ&[T^Vb-Km´ bdU4KkSVSV^VopKkb-ZNKx$u&�|zÛ�Ü�ÜFE � ³\b-aT��Û�Û�³LÛ�¸F]�Û�*2Û�¸pÝNG��
� Û�Û�G,	g��� x U4KkopKkO�³.g��M?iZ4Ð�MRU4Kk^VbL³DWXb-Y����Mg ^lKNYTKke�WXbTbL³_^M3�¬p¥�¢É¨À«��� z«�¥d¬�� �¡ ��p[cq5£©?¥c¤�¢{« ! ¥�¢ �w�g¨7��¢~ z¥X�N¢ �~«��Ã R« ! ¥d¨£  �Ï¥c¦�� ! ¥�¯d¨k Ã©�³�Æ!O4asZNKNKNY�^VbTopM!aXy\UR[-K x KNZNacb-Y;´ bdU4KkORb\WXUR^lacb\WXS-±w^VOR�8acORb-Kn�wKkegacU4K x Kkb-M4^VbTo+��acb�yÏK£ÅO4Kkb-ZNKnWXb-Y%?!Ës[T^V�T^VUR^lacbL³c�pacS{� ��³N?!bj�j^VO4acbTegKkbjU&WXST�IKNM4K�WXO4Z&[F´ b-MRUR^VURQTU4KvaXy-qÄ^lZ&[T^VodWXbL³�Û�Ü�ÜF]�³�]T]L� ��¸8�+* ��Û�Ýs�
� Û�Û�],	Àq�� x Q-M4MRe�WXbL³.?G�2Ú2WXU4Kke}^{³DÆ5� x egKkO4KkÐcW�³8WXb-Y x �Hj�MR[-KkO�³0Iw� ! 32 R«N�X¨R¬�¦V¨
�c¨£¦���¨k¢ ! ¨k¢"�s«�¬:�N«c  �®.�&« ! o32 4¨��[� �45£¦l¨;¢w=i«No 3#�s¥���¨�}:«N=O�k³��pacQTORb\WXSfaXyi��ace}]TQTU4KkO4MwWXb-Y�Ú5SVQT^lYTMt�HU |zÛ�Ü�Ü8� � ³\b-aT�MG�ÅL]�³#]F]��+*u]8��¸��
� Û�Û�Ý+	À±F�fÑ0M&WX^{³!±;� �iKk²N²N^{³vWXb-Y�±;� x ��g ^VSVSlMRÐs�p³d15¤j 
�X¨�¨
�X«c¦ ¤�¢ �Ï«c � ! 3D¦V¨ ! ¨£2¢{¥�¢ �~«�Ç«��<¢"��¨¿ªÄ¤ ! �N«c R¬NoJcM��¥���Ã¤s.�N¢ �Ï«c2¥�¦��k«c  � ! ¥�¯d¨x�N¨{¯ ! ¨£\¢{¥�¢ �Ï«c 
+¬d¨£2« �z� �¡j¯ 
 �®\¢É¨k J3�«�¦�¥�¢ �Ï«c 
+¥c2¬ ! ¥�¯c � \R�4¥�¢ �Ï«c\³f´L?�?�? Ñ0O&WXb�ÅM&WcZkUR^lacb-MGacbÄ´ e�WXopK+Æ!O4asZNKNM4MR^VbTos$���|4E�¸�¸�Û � ³\b-aT� ��³LÛ�Û�]�Ü+*2Û�Û��F]��
� Û�Û��,	Àq�� x �-ÁISlM4U&WcY�³.Iw ¥�¦ ¯p«�  �~¢"� ! �k«c F¨
�£¢ � ! ¥p¢ �®j¯ � ! ¥�¦®¦H���4¥c¦l¨}¬ � Qw¨£ R¨k.�&¨��x54¨k¢w=n¨4¨£Í¢w=i«�¬ ��¯ �¡¢{¥c¦ � ! ¥�¯d¨
�£³Æ5WXURU4KkORb��IKNZNaco�bT^VU�� ��|zÛ�ÜpÝ�� � ³��FE��+* �������
� Û�Û�Ü,	 x ����^Vb-M4acbL³0Jv���À����ac[-KkbL³5WXb-Y Ú`�LÆ5KkORS�WXbdU�³ ����¢~ z¥X�N¢ �~«�Ò«��} R¨���¢{¥cj¯c¤s¦�¥� Z5£¤ �¡¦�¬ �¡j¯��g¤'� �¡j¯ZP��nª�¥�2¬

«c k¢"�s« � ! ¥�¯d¨k³-Æ!O4asZ��-aXy x Z�WXb-Y�^Vb\WN�s^�WXb ��acb�yÏKkO4Kkb-ZNK�acb�´ e�WXopKm±wb\WXSV�sMR^lMm| x ��´µ±;��¸�Û � ³#E�¸�¸�Û��
� Û�E�¸,	x/À�+�va�M4M&KkSVe�WXb½WXb-Y qÍ�V?G�FYTK /�QTb-MRU�³ ^�3�¬p¥p¢ �®j¯  R«�¥p¬ ! ¥�3#� 5£© �4«c2¢É¨���¢~¤T¥c¦� 4¨R¥��N«c �¡j¯ ��³�Æ!O4asZ��g acORÐsM4[-ac] acb hk±wQTU4ace�WXUR^lZx?�Ë�URO&WcZkUR^lacb�aXy`q�WXb�ÅÉq WcYTK jw��ÌzKNZkU4M+y¡O4ace ±:KkOR^�WXSnWXb-Y x ]\WcZNKg´ e�WXopKNM+h

|~±F�#/�ORQ-KkbL³M?G��Æ5�\Ó:WXSVU4M&WN�s^�WcM�³-WXb-Ysj;�#WwKkbTOR^lZNM4M&acbL³TKNYTM�� � ³-Ó�^VORÐj[��XQ-M&KkOG�vKkORS�WXo-³LÛ�Ü�ÜpÝs³T]T]L�#EF]pÝ�*uEpÝN]��
� Û�E�Û
	ÀJv��g�WXSlY�³'P;¨"\v �~¢ �~«���:¥�2¬m¢É¨£  ! �I«��` R¨"��¨£ 4¨£.�&¨ �¡¿¬d¥�¢{¥��£¤'� �Ï«c\³c´ ±�Æv� x |¡�iWXSVS�WcYTacSV^lY�³ x ]\WX^Vb � ³��pacS{� �FE�³��QTb-KgÛ�Ü�Ü�Ü��
� Û�EFE,	;�;�Xg�WXSVU4KkO�³MIw¤s¢{« ! ¥�¢ �4�%�k¦V¥���� � \R�4¥�¢ �Ï«cÄ«��� R¨ ! «p¢É¨t�N¨£M� �¡j¯g¬p¥�¢{¥2�k«c ���p[cr¬p¥�¢{¥X54¥��N¨+ R¨
� �Y� �~«c2³j´µ±wÆi� x ³�pacS{���FE�³�Û�Ü�Ü8��³T]T]L�#]X¹-Û�*u]X¹ ���
� Û�E��,	 ³.Iw¤�¢{« ! ¥�¢ �4� �
�s¥cj¯j¨À¬d¨k¢É¨��N¢ �Ï«c �¡ ��p[c ¬d¥�¢{¥X5R¥���¨�� 54¥��N¨R¬Ä«c �k¦�¥N�[� � \R�4¥p¢ �~«c «�� ! ¤s¦�¢ �Y�;3T¨��N¢~ R¥c¦¬p¥�¢{¥�³TÆvO4ajZ��-´µ±�Æv� x ³��pacS{�#E���³ME�¸�¸�¸�³-]T]L�LÛ�Û �8�+*2Û�Ûk¹XG��
� Û�EX¹N	;�;�rg�WXSVU4KkO5WXb-Ym�À�NÚTOR^VU4M4Z4[L³fIw¤�¢{« ! ¥�¢ �4���c¨£  � \R�4¥p¢ �~«c�«�� ��p[c}¬d¥�¢{¥w¤X� �®j¯t� ��¯��+ 4¨��k«�¦ ¤�¢ �~«� ! ¤s¦�¢ �Y�;3T¨��N¢~ R¥c¦¬p¥�¢{¥�³T´µ±�Æv� x ³��pacS{���FE�³0Û�Ü�Ü8��³T]T]L��¹ �FG+*d¹dÜ�¸��
� Û�EFG,	xl5�Hg�WXbTo-³0�À� l2^lacQL³5����±wORegKkb\WXÐj^lM�³L�À��J�^{³fWXb-Y �;��J�^{³OI��&« ! 3�¥c R¥�¢ �z�c¨�¥c2¥c¦ ©�� �z�}«�� � ! ¥�¯d¨@�Ã¤'� �Ï«c

! ¨k¢"�s«�¬��k³�´L?�?�?ÒÑLO&WXb-M&WcZkUR^lacb-M:acba/�KNa�M4Zk^lKkb-ZNK�WXb-Y��IKkegacU4K x Kkb-MR^VbTox&.{�|4E�¸�¸FG � ³sb-aT��]�³DÛ ��Ü�Û�*2Ûk¹d¸FE��
� Û�EF],	À�À�V�-�0g ^VSVSV^�WXegMFWXb-Y qÍ� x [\WX[L³nI �N¥��k¢I¥c¦�¯p«c  �¡¢"� ! �k«� �¥f�N¢ �"�X¨D�4«c\¢{«c¤s ��¿¥c2¬k�k¤s ���¥p¢~¤j 4¨�¨��k¢ � ! ¥�¢ �Ï«c\³´Ée�WXopK+Áwb-YTKkO4MRU&WXb-Y�^VbTo ����|zÛ�Ü�ÜFE � ³-b-aT��Û�³LÛk¹�*uEF]��
� Û�EpÝ+	ÀÓ�� � ^lK�³8�;�D�wWXegKNM4[L³LWXb-Y�Ñ+�8Ó`acQTSVU�³nc\¤T¬p¬d¨£ �®¦¡¦ ¤ ! �¡2¥�¢ �Ï«c �
�s¥cj¯j¨�¬d¨N¢É¨��N¢ �Ï«c�¤'� �¡j¯�«� z¬d¨k  �4«c�� �Y�
o¢É¨£.�k©�³T´ e�WXopK+��^lM��\��ace}]TQTU��)�.� |4E�¸�¸X¹ � ³Tb-aT�#E�³�Û�Û�Ý�*2Û�EFG��
� Û�E8�,	g��� � Q�WXb-Yq�-�0Æ!OR^Vb-ZNK�³ �` z¥p¬ �Ï¨£2¢_�X¨7�N¢{«c  }`«N=R9 I 8¨
= ¨7��¢É¨£ £2¥c¦#�N«c ��&¨t�N«c S�Ã2¥N>c¨��£³�Æ!O4asZ�� ��acb�yR�0acb

��ace}]TQTU4KkOI��^lMR^lacbÄWXb-Y�Æ�WXURU4KkORbr�wKNZNaco�bT^VUR^lacb�|{�n��Æi�@��ÜpÝ � ³�Û�Ü�ÜpÝs³\]T]L�M]F]+*�ÝsÛ��
� Û�E�Ü,	x/À� � Q�WXb-Y l5��l2[\WXbTo-³ ��3�� 3�«c¦V¥c �¯d¨4« ! ¨k¢~ Ã© �®q�£¢É¨£ 4¨R« 
 ! «�¢ �~«��¥c2¬�«X5"6�¨��N¢w R¨7�4«4¯c �~¢ �Ï«c�o+¥Ä¤s � \`¨R¬¥�3f32 R«�¥f�r�j³D��ace}]TQTU&WXUR^lacb\WXS�´Ée�WXo�^VbTo¿WXb-Y��w^lMR^lacbL³-�pacS{�#]�³�-�SVQ���KkOw±:Z�WcYTKke}^lZ�ÆvQT�TSV^lMR[-KkO4M�³LÛ�Ü�ÜF]��
� Û ��¸,	xl5� � Q-K�³ x �TJ�^{³2WXb-YZ?G�V-}�TÑ0KNac[L³ �w¥c©d¨�� �~¥cs�[��¥�3T¨ ! «�¬d¨£¦f�N«c O�N¥f� �Ï¥c¦F�N¨4¥�¢~¤j 4¨}¨���¢~ R¥f�N¢ �Ï«c ¥c2¬g R¨7�4«4¯c �"o¢ �~«�\³�Æ5WXURU4KkORb �IKNZNaco�bT^VUR^lacbs{.C�|4E�¸�¸�� � ³Tb-aT�0Û�E�³#E8��Û�Ü+*uE8�������
� Û ��Û
	xl2[-acbTo � Q-K�³ x U&WXbSl5��J�^{³cWXb-YB?G�V-}��Ñ0KNac[L³fI_p�o � �V¯d¨£�c\D¥�>c¨�9:¥�}¥ �ÒD¨
o �¡M��¥�  �Ï¥c\¢�¬d¨"�N«c  ! ¥X5£¦l¨2�4«c\¢{«�¤j 
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Z�WXegPkO&W}M4acbjUG^lYTKkbdUR^lhjQ-KNM � �\J0KmM4Z4[-Pke�WgKNMRUGK£ËsURO&WX^VUwYTK � Û�Û
	É�Ò�m�+�m�+�m���+�m�+�m�+�m�m�+���+� GFE

E���Û



E��FE ����/ � �*"	����
 � � '������

���VÛ ��SVSVQ-MRURO&WXUR^lacb�YTKNMwWXbTo�SlKNM
(ϕ, ω, κ)

QTUR^VSV^lM4PNMIKkbr]T[-acU4aco�O&WXe}egPkUROR^lK��L��KNMwWXbTo�SlKNM�K£Ës]TOR^VegKkbjUIS�W
O4acU&WXUR^lacb�KkbjURO4K+SlK�O4P£y~PkO4KkbjUR^lKkS0Z�WXegPkO&W (

xB , yB , zB
) KkU`SlK�O4P£y~PkO4KkbjUR^lKkSLU4KkORO&WX^Vb (

xE , yE , zE
)

WcM4M&ajZk^lPm�;QTb-K+]TO4aXÌRKNZkUR^lacbÄZ�WXORU4aco�O&WX]T[T^lhjQ-K��2J0K+M4Z4[-Pke�W�KNMRUGK£ËsURO&WX^VUwYTK � Û�Ûr	É� �m�+���+�m�m�+� GFE
���VÛk¹�WwQT^VUwe�WXO4hjQ-KNM��\Y�Q-Zk^�WX^VO4KNM+O4Kk]TO4PNM4KkbjU4PNKNM+Y-WXb-M�SlK;]TS�WXbryÏasZ�WXS5YTKFS�W¿Z�WXegPkO&W��DJ0KFO4Kk]8tkO4KÀY�Q
]TS�WXb?yÏasZ�WXSLKNMRUGZNKkbdURO4PFMRQTO:SlK�]Dac^VbjUG]TOR^Vb-Zk^V]\WXSfYTK�MR�jegPkUROR^lKg|~ÆiÆ xT� Y�Q�MR��MRU4tkegK+ac]TUR^lhjQ-K��m�+� G��

���VÛ�G x �sbdUR[-tNM4K}WXSVopacOR^VUR[Te}^lhjQ-K}YTK�S{��ac]TUR^Ve}^lMÃWXUR^lacb�o�Slac�\WXSlK;YTKNM�]\WXO&WXegtkURO4KNM+YTKF]TOR^lM4KÀYTKF�jQ-K;YTK
n
^Ve�WXopKNMIWcPkOR^lKkbTb-KNM��I�m�m�+�m�+���+�m�m�+�m�+�m�+���m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+� G�Ü

���VÛ�] ��acQT]TSlKmY�� ^Ve�WXopKNMwMRU4PkO4PNa�M4ZNac]T^lhjQ-KNMGO4KNZkUR^��\PNKNMwKkb�opPNacegPkUROR^lK�Pk]T^V]8acS�WX^VO4K�� �m�+�m�+���+�m�m�+� ]�Û
���VÛ�Ý�q�u x KkbropPNacegPkUROR^lK}Pk]T^V]8acS�WX^VO4K��8JLKNM�²�acb-KNM�b-acbrO4Kkb-M4Kk^Vo�b-PNKNM+M&acbdU�Kkbrb-ac^VO��DS�W�SVQTe}^Vb\WXb-ZNK
KNMRU:]TO4ac]8acORUR^lacbTb-KkSVSlKF�}S{��WXSVUR^VURQ-YTK�� �m�m�+�m�+�m�+���m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+� ]�Û

���VÛ���/�OR^VSVSlK�acORUR[-a�M4ZNac]T^lhdQ-KFWcM4M4asZk^lPNKm�ÀS�W;]TO4aXÌzKNZkUR^lacbrZ�WXORU4aco�O&WX]T[T^lhdQ-K��F�+�m�+�m�m�+�m�+���+�m�m�+� ]X¹
���VÛ�ÜÇÆ!O4aXÌRKNZkUR^lacbrY�� QTbÄUROR^�WXbTo�SlKmY�QÄq�u x Pk]T^V]8acS�WX^VO4K+�pKkO4M:S�WÀo�OR^VSVSlK�acORUR[-a�M4ZNac]T^lhdQ-K�� �+���+�m�m�+� ]FG
��� E�¸ÇqrQTSVUR^V]TSlKNMGUROR^�WXbTo�SlKNMI]TO4aXÌzKkU4PNMGY-WXb-MIS�W;o�OR^VSVSlKmacORUR[-a�M4ZNac]T^lhjQ-K�KkU:^VbjU4KkO4M4KNZkU&WXbdU�SlK�eg�kegKm]T^�ËTKkS{� ]F]
��� E�Û�q�u x acORUR[-acO4KNZkUR^��\P;WN�pKNZ�QTb?]\WcM

R = 0.65
e KkU

εcorr = 0.4
���+���+�m�+�m�m�+�m�+���+�m�m�+� ]pÝ

��� EFEÇq�u x acORUR[-acO4KNZkUR^��\PNM�WN�pKNZ�Y�^�Ô8PkO4KkbjU4MIM4KkQT^VSlMwYTK+ZNacORO4PkS�WXUR^lacbL�F�m�+���+�m�+�m�m�+�m�+���+�m�m�+� ]8�
��� E��Çq�u x acORUR[-agO4P�WXSV^lM4P�WN�pKNZmQTb-K+^Ve�WXopKmYTK+Y�^lMR]\WXOR^VU4Pm�-SVURO4PNK�WN�pKNZ+QTb��-SVURO4K+egPNY�^�WXbL���+�m�m�+� ]�Ü
��� EX¹ q�u x acORUR[-a�O4P�WXSV^lM4P�WN�pKNZgQTb-K}^Ve�WXopKgYTKgY�^lMR]\WXOR^VU4P}�-SVURO4PNK�WN�pKNZ�QTb �-SVURO4KgYTK}O4PµÌRKNZkUR^lacb�YTK
U&WX^VSVSlK

7 × 7
�����+�m�+�m�m�+�m�+���+�m�m�+�m�+�m�+���m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+� Ýc¸

��� EFGÇq�u x y~Q-MR^lacbTb-P
MNS1 +MNS2

�D�m�m�+�m�+�m�+���m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+� Ý��
��� EF]Ç±wo�O&WXb-Y�^lM4M4KkegKkbjUwYTK�S�WÀ²�acb-K+O4KNZkU&WXbTo�QTS�WX^VO4K�O4acQTopKmYTK+S�WF�-o�QTO4K���� EFG��w�+�m�m�+�m�+���+�m�m�+� Ý�¹
¹-�VÛ x acQ-MzÅÉPNZ&[\WXbdUR^VSVSlacbTb\WXopK+Y�� QTb�ZNacbdU4acQTO�O4Kk]TO4PNM4KkbdU4P�YTK:y{WcÎNacb�K£Ë�]TSV^lZk^VU4KwKkUi]\WXO&WXegPkURO4Pw]\WXO�M4acb
WX�-M4Zk^lM&M4K+ZkQTOR�j^VSV^Vo�b-K����m�m�+�m�+���+�m�m�+�m�+�m�+���m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+� Ý�Ý

¹-� E �wKk]TO4PNM4KkbdU&WXUR^lacb �rURO4ac^lM}Y�^VegKkb-MR^lacb-M�YTK<S{� ^VbjU4KkO4M4KNZkUR^lacbÇY�� QTb�Kkb-M4KkeF�TSlK?YTK�bT^V�pK�WXQ�Ë$W��pKNZ
SlK�]TS�WXb�YTK�S{� ^Ve�WXopK�|¡bT^V�pK�WXQ�²�PkO4a � �DJLKFZNacbjU4acQTOwO4Kk]TO4PNM&KkbdU4P;^Ve}]TSV^lZk^VU4KkegKkbdUmKNMRU�ZNKkSVQT^5YTK�S�W
�-o�QTO4K+¹-�VÛ��\J0WÀSlPkopKkb-YTK+O4Kk]TO4PNM4KkbjU4KmS�WÀY�^lMRU&WXb-ZNK�?!Q-ZkSV^lY�^lKkbTb-K�M4^Vo�b-PNK�WXQ�ZNacbdU4acQTO��v���+�m�m�+� ÝcÜ

¹-� � ?�ËTKke}]TSlKmY���K£Ë�URO&WcZkUR^lacbrYTKmM&Kko�egKkbdU4MF|ÏW � KkUwY�Q?o�O&WcY�^lKkbdU��pKNZkU4acO � a � WcM&M4ajZk^lPg|¡� � ���+�m�m�+�
Ü8�
¹-� ¹ �vac^lMR^Vb\WXopKNM?Zk^VO4ZkQTS�WX^VO4KNM�QTUR^VSV^lM4PNM�]DacQTO�S�WÍZNacb-MRURORQ-ZkUR^lacb�YTK�S�W��\WXb-YTK PkURO4ac^VU4K O&WX]T^lYTK��:J0W
SlPkopKkb-YTK�yÏacQTORbT^VUGQTb-K�WX]T]TO4a�Ës^Ve�WXUR^lacb YTK�S�W}Y�^lMRU&WXb-ZNKm]T^�Ë�KkSVS�WX^VO4K�WXQ�ZNKkbjURO4K��I�+�m�+���+�m�m�+��Û�¸�Û

¹-� G ±w]T]TO4aNË�^Ve�WXUR^lacbÄSV^Vb-P�WX^VO4KFY�� QTb�ZNacbdU4acQTO��+�m�+�m�+���m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+��Û�¸FE
¹-� ] ��^�WXo�O&WXe}egK�YTK�S{��WXSVopacOR^VUR[TegK;Y���Pk�pacSVQTUR^lacbrY�Q�ZNacbjU4acQTO�WcZkUR^�y �+���+�m�+�m�m�+�m�+���+�m�m�+��Û�¸X¹
G��VÛ �wKk]TO4PNM4KkbdU&WXUR^lacb-M�Y�^�Ô8PkO4KkbjU4KNMIYTK+S�W;eg�kegK�M4ZNtkb-K 7�^Ve�WXopKmM&WXU4KkSVSV^VU&WX^VO4KFKkU:O4KNZNacb-MRURORQ-ZkUR^lacb �c�À�£Û�Û�¸
G�� E �iWXOR^�WXUR^lacb�MR]\WXUR^laXÅ{U4Kke}]DacO4KkSVSlK;YTK+S�W;yÏacb-ZkUR^lacbÄ]8acb-YTPkO&WXbdU�S�W}ZNacbjURO&WX^VbdU4K;YTK�y~acORegK��

d0 = 3
³

t1 = 100
³
t2 = 400

³
λmin = 1.25

KkU
λmax = 2

�f���m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+��Û�Ûk¹
G�� � Ú-acORegKNM�¥ 3D  �Ï«c  �}|~KkbÍ�TS�WXb-Z�³ {x/ψ0 (x) = 0} � KkU;SlKkQTO4MÀKkb-M4Kke��TSlKNM}YTK<bT^V�pK�WXQ�ËÍWcM4M&ajZk^lPNM|¡bT^V�pK�WXQ�Ë�YTK+o�OR^lM�³ |ψ0 (x)| � �0|ÏW � ÌRacQ-KkUF|¡� � �\�XUR^VegKkbdU�Kkb�J �m�+���+�m�+�m�m�+�m�+���+�m�m�+��Û�Û�]G�� ¹ x Kko�egKkbjU&WXUR^lacb�MÃWXb-Mv^Vb-M4KkORUR^lacb¿YTK:yÏacORegKF¥@32  �~«c  ��KkU

ξ0 = (1, 0, 0, 0)
�L|ÏW � egasYTtkSlKIYTK��n[\WXb

KkU:�vKNM4K<|¡� � egajYTtkSlKmÓ:W��pPNMR^lKkbL���+�m�m�+�m�+�m�+���m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+��Û�Û��
G�� G x Kko�egKkbjU&WXUR^lacbrWN�pKNZ�^Vb-M4KkORUR^lacb�YTKGyÏacORegK}¥t32  �~«�  �78|ÏW � egasYTtkSlK�YTK��n[\WXb?KkU��vKNM4KwKkU

λ = 1|¡� � egasYTtkSlK+Ó:WN�pPNMR^lKkb�KkU
λ = 10

� �m�m�+�m�+�m�+���m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+��Û�Û�Ü
G�� ] x Kko�egKkbjU&WXUR^lacb W��pKNZ�QTb�ZNacbdU4acQTO WcZkUR^�yg�\WcM4P�MRQTOÄS{� ^Vb�yÏacORe�WXUR^lacb�YTK�ZNacbdU4acQTO�|J/���Ú � KkU

ξ0 = (s0 = 1.1, θ0 = 0.1, µx,0 = −4, µy,0 = 1)
7D|ÏW � O4PNMRQTSVU&WXU`M&WXb-M�ZNacbdURO&WX^VbjU4K+YTKGyÏacORegKF¥

32  �Ï«c  �~�L|¡� � O4PNMRQTSVU&WXUwW��pKNZ�ZNacbjURO&WX^VbdU4K;YTK�y~acORegK�¥d32  �~«�  ��|
λ = 5

� � �m�+�m�m�+�m�+���+�m�m�+��Û�E�¸
G�� Ý x Kkb-MR^V�T^VSV^VU4P���S�WÍURO&WXb-M4S�WXUR^lacb.7:M4Kko�egKkbdU&WXUR^lacb�WN�pKNZ�SlK egasYTtkSlK�YTK��n[\WXb�KkU?�vKNM4K KkU?S�W
ZNacbjURO&WX^VbdU4K�YTK�y~acORegK��pJ0K:ZNacbdU4acQTO�WcZkUR^�y�^VbT^VUR^�WXS\YTKNMiK£Ës]8PkOR^lKkb-ZNKNMI|ÏW � ³\|¡� � KkUw|~Z � WmPkU4P`URO&WXb-MzÅ
yÏacORegP!]\WXO�QTb-KvMR^Ve}^VSV^VURQ-YTKv]TS�WXb-KvY�^VO4KNZkU4KiYTK�]\WXO&WXegtkURO4KNM

ξ0 = (s0 = 1.0, θ0 = 0.0, µx,0 = 5, µy,0 = 5)
�{Û�EFE

G�� � x Kkb-MR^V�T^VSV^VU4P:�GS�WGO4acU&WXUR^lacb 7�M&Kko�egKkbdU&WXUR^lacb�WN�pKNZ�SlKnegajYTtkSlK�YTK:�n[\WXb;KkU5�vKNM4KiKkU5S�WwZNacbdURO&WX^VbdU4K
YTK�yÏacORegK��-JLK+ZNacbjU4acQTO�WcZkUR^�y�^VbT^VUR^�WXS0YTKNMGK£Ë�]DPkOR^lKkb-ZNKNM�|ÏW � ³f|¡� � KkU�|~Z � WÀPkU4P�URO&WXb-MzyÏacORegP+]\WXO
QTb-KmM4^Ve}^VSV^VURQ-YTK+]TS�WXb-KmY�^VO4KNZkU4KmYTK+]\WXO&WXegtkURO4KNM

ξ0 = (s0 = 1.0, θ0 = 0.3, µx,0 = 0, µy,0 = 0)
�&Û�E��



� ��/�� �*"�����
 ��� '������ E����

G���Ü x Kkb-MR^V�T^VSV^VU4PrWXQÇyÏWcZkU4KkQTO<Y���PNZ4[-KkSVSlK 7vM4Kko�egKkbdU&WXUR^lacb�W��pKNZ�SlK?egasYTtkSlKÄYTKr�n[\WXb KkUg�vKNM4K�KkU
S�WÒZNacbdURO&WX^VbjU4K�YTK�y~acORegK��;|ÏW �

ξ0 = (s0 = 1.5, θ0 = 0.0, µx,0 = 0, µy,0 = 0)
�m|¡� �

ξ0 =

(s0 = 0.8, θ0 = 0.0, µx,0 = 0, µy,0 = 0)
�L|~Z �

ξ0 = (s0 = 1.5, θ0 = 0.0, µx,0 = 0, µy,0 = 0)
�mÛ�EX¹

G��VÛ�¸ x Kkb-MR^V�T^VSV^VU4P���S�W?URO&WXb-MRS�WXUR^lacb 70M4Kko�egKkbjU&WXUR^lacb$W��pKNZ�SlKgegajYTtkSlK<Ó`W��pPNMR^lKkb$KkUmS�W�ZNacbjURO&WX^VbdU4K
YTK�y~acORegK��\JLK+ZNacbdU4acQTO�WcZkUR^�y5^VbT^VUR^�WXS0YTKNMIK£Ës]8PkOR^lKkb-ZNKNM�|ÏW � ³0|¡� � KkUF|~Z � WÀPkU4P�URO&WXb-MRy~acORegP+]\WXO
QTb-KmMR^Ve}^VSV^VURQ-YTK+]TS�WXb-K�Y�^VO4KNZkU4K�YTK�]\WXO&WXegtkURO4KNM

ξ0 = (s0 = 1.0, θ0 = 0.0, µx,0 = 5, µy,0 = 5)
�&Û�EFG

G��VÛ�Û x Kkb-MR^V�T^VSV^VU4P���S�W¿O4acU&WXUR^lacb*7LM4Kko�egKkbdU&WXUR^lacb$WN�pKNZ}SlKgegajYTtkSlK}Ó:WN�pPNM4^lKkb�KkU+S�W�ZNacbdURO&WX^VbjU4K<YTK
y~acORegK��jJLKIZNacbjU4acQTOGWcZkUR^�yL^VbT^VUR^�WXS2YTKNM�K£Ës]8PkOR^lKkb-ZNKNM�|ÏW � ³D|¡� � KkU�|~Z � WmPkU4PIURO&WXb-MzyÏacORegPG]\WXOiQTb-K
MR^Ve}^VSV^VURQ-YTK+]TS�WXb-KmY�^VO4KNZkU4KFYTK�]\WXO&WXegtkURO4KNM

ξ0 = (s0 = 1.0, θ0 = 0.3, µx,0 = 5, µy,0 = 5)
�w�+�+Û�EF]

G��VÛ�E x Kkb-MR^V�T^VSV^VU4P:WXQ;yÏWcZkU4KkQTO�Y���PNZ4[-KkSVSlK 7XM4Kko�egKkbdU&WXUR^lacb�W��pKNZ�SlKnegasYTtkSlK�Ó`W��pPNMR^lKkb}KkU�S�WIZNacbjURO&WX^VbdU4K
YTK�yÏacORegK��
|ÏW �

ξ0 = (s0 = 1.5, θ0 = 0.0, µx,0 = 0, µy,0 = 0)|¡� �
ξ0 = (s0 = 0.8, θ0 = 0.0, µx,0 = 0, µy,0 = 0)|~Z �
ξ0 = (s0 = 1.5, θ0 = 0.0, µx,0 = 0, µy,0 = 0)

�f�m�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û�EpÝ
G��VÛ � x Kkb-MR^V�T^VSV^VU4P:�:S{� ^VbT^VUR^�WXSV^lM&WXUR^lacb 7XM4Kko�egKkbdU&WXUR^lacbgW��pKNZnQTb;ZNacbdU4acQTOiWcZkUR^�y-�\WcM4P�MRQTOfS{� ^Vb�y~acORe�WXUR^lacb
YTKmZNacbdU4acQTOÀ|J/���Ú � KkUIW��pKNZ�ZNacbjURO&WX^VbdU4K�YTK+y~acORegK��
|ÏW �

ξ0 = (s0 = 1.1, θ0 = 0.1, µx,0 = −4, µy,0 = 1)|¡� �
ξ0 = (s0 = 1.0, θ0 = −0.1, µx,0 = −1, µy,0 = −2)|~Z �
ξ0 = (s0 = 1.0, θ0 = 0.1, µx,0 = 0, µy,0 = 2)

� �+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û�E�Ü
G��VÛk¹ x Kkb-MR^V�T^VSV^VU4P��FQTb-K�^VbT^VUR^�WXSV^lM&WXUR^lacb�PkSlac^Vo�b-PNK�7TM4Kko�egKkbdU&WXUR^lacb WN�pKNZ�QTb�ZNacbdU4acQTO�WcZkUR^�y5�\WcM4P+M4QTO
S{� ^Vb�y~acORe�WXUR^lacb�YTK+ZNacbdU4acQTOÀ|J/���Ú � KkUIW��pKNZmZNacbdURO&WX^VbjU4KFYTK+y~acORegK��
|ÏW �

ξ0 = (s0 = 1.1, θ0 = 0.25, µx,0 = −4, µy,0 = 1)|¡� �
ξ0 = (s0 = 1.0, θ0 = −0.25, µx,0 = −2, µy,0 = −3)|~Z �
ξ0 = (s0 = 1.0, θ0 = 0.1, µx,0 = −2, µy,0 = 2)

� ���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û ��¸
G��VÛ�G �IKNZ�WXS�WXopK}O4PkQ-M&MR^vWN�pKNZ}QTb-K}^VbT^VUR^�WXSV^lMÃWXUR^lacb�PkSlac^Vo�b-PNKgKkU+S{� ^Vb-M4KkORUR^lacb�Y�Q q�u x K£Ë�acoptkb-K}Y-WXb-M
S�W;yÏacb-ZkUR^lacbTb-KkSVSlKmY���Pkb-KkORo�^lK��f|ÏW � egasYTtkSlKmYTK��n[\WXbÄKkUI�vKNM4Kg|¡� � egasYTtkSlKmÓ:WN�pPNMR^lKkbL� �m�+���+�+Û ��Û

G��VÛ�]��vZ4[-KNZFY�Q�O4KNZ�WXS�WXopKFW��pKNZ+QTb-K+^VbT^VUR^�WXSV^lM&WXUR^lacb PkSlac^Vo�b-PNKmKkUGSlKmegajYTtkSlKmYTK;�n[\WXbÄKkUG�vKNM4Kg|¡]\WcM
Y�� ^Vb-ZNacOR]DacO&WXUR^lacb�Y�QÄq�u xT� �$�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û ��Û

G��VÛ�Ý��vZ4[-KNZIY�Q;O4KNZ�WXS�WXopK:MÃWXb-M�^Vb-M4KkORUR^lacb}Y�Qgqru x ³XW��pKNZ:QTb-K�^VbT^VUR^�WXSV^lM&WXUR^lacbgPkSlac^Vo�b-PNKGKkU�SlK�egajYTtkSlK
Ó:WN�pPNMR^lKkbL� �+�m�+�m���+�m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û �FE

G��VÛ�� �IKNZ�WXS�WXopKIO4PkQ-M4MR^2W��pKNZGQTb-KG^VbT^VUR^�WXSV^lMÃWXUR^lacb<PkSlac^Vo�b-PNK�KkUvS{� ^Vb-M4KkORUR^lacb<Y�Q¿qru x K£ËTacoptkb-KIY-WXb-MvS�W
y~acb-ZkUR^lacbTb-KkSVSlK+Y���Pkb-KkORo�^lKg|¡egasYTtkSlK�Ó:WN�pPNMR^lKkb�]8acQTO�S{� ^Ve�WXopK�³�egasYTtkSlK�YTK��n[\WXb?KkU`�vKNM4Kw]DacQTO
SlK+qru xT� �8�m�+�m�+�m���+�m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û �FE

G��VÛ�Ü �IKNZ�WXS�WXopK}O4PkQ-M&MR^vWN�pKNZ}QTb-K}^VbT^VUR^�WXSV^lMÃWXUR^lacb�PkSlac^Vo�b-PNKgKkU+S{� ^Vb-M4KkORUR^lacb�Y�Q q�u x K£Ë�acoptkb-K}Y-WXb-M
S�W}yÏacb-ZkUR^lacbTb-KkSVSlK;Y���Pkb-KkORo�^lK�|¡egasYTtkSlK /���Ú�]DacQTOwS{� ^Ve�WXopK�³2egasYTtkSlK;YTK;�n[\WXb KkUw�vKNM4K�]DacQTO
SlK+qru xT� �8�m�+�m�+�m���+�m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û ���

G�� E�¸��vZ4[-KNZIY�Q;O4KNZ�WXS�WXopK:MÃWXb-M�^Vb-M4KkORUR^lacb}Y�Qgqru x ³XW��pKNZ:QTb-K�^VbT^VUR^�WXSV^lM&WXUR^lacbgPkSlac^Vo�b-PNKGKkU�SlK�egajYTtkSlK
/���Ú�� �m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û ���

G�� E�Û x Kko�egKkbdU&WXUR^lacb)WN�pKNZ?QTb-K���WXOR^�WXUR^lacbÇMR]\WXUR^laXÅ{U4Kke}]8acO4KkSVSlKÄYTK�S�W ZNacbjURO&WX^VbdU4K�YTK¿y~acORegK?KkU}SlK
egajYTtkSlK�Ó`W��pPNMR^lKkb�|

λmin = 3
³
λmax = 30

³
d0 = 7

� �!�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û �X¹
G�� EFE x Kko�egKkbdU&WXUR^lacb)WN�pKNZ?QTb-K���WXOR^�WXUR^lacbÇMR]\WXUR^laXÅ{U4Kke}]8acO4KkSVSlKÄYTK�S�W ZNacbjURO&WX^VbdU4K�YTK¿y~acORegK?KkU}SlK
egajYTtkSlK�Ó`W��pPNMR^lKkb�|

λmin = 27
³
λmax = 70

³
d0 = 7

� �����+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û �FG
G�� E�� x Kko�egKkbdU&WXUR^lacb$WN�pKNZ}QTb�]8ac^lYTM+ZNacb-MRU&WXbdUFYTK}ZNacbdURO&WX^VbdU4K<YTK;y~acORegK}KkU+SlK;egasYTtkSlK}Ó:WN�pPNMR^lKkb
|
λ = 50

� �\�m�+�m�+�m���+�m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û �FG
G�� EX¹ �iWXOR^�WXUR^lacb�MR]\WXUR^laXÅ{U4Kke}]DacO4KkSVSlK}YTKFS�WXe��8Y-W�WN�pKNZFSlK�egasYTtkSlKx/���Ú�KkU

λmin = 1
³
λmax = 5

³
d0 = 5

7
|ÏW �

ξ0 = (s0 = 1.1, θ0 = 0.25, µx,0 = −4, µy,0 = 1)|¡� �
ξ0 = (s0 = 1.0, θ0 = −0.25, µx,0 = −2, µy,0 = −3)|~Z �
ξ0 = (s0 = 1.0, θ0 = 0.1, µx,0 = −2, µy,0 = 2)

�0�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û �F]
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G�� EFG x Kko�egKkbjU&WXUR^lacb�WN�pKNZm�cWXOR^�WXUR^lacb�MR]\WXUR^laXÅ{U4Kke}]8acO4KkSVSlK�Y�Q?]8ac^lYTM:YTK+ZNacbdURO&WX^VbjU4K�YTK�yÏacORegKg|¡egaXÅ
YTtkSlK<Ó`W��pPNMR^lKkb � 7n|ÏW �

λmin = 15
³
λmax = 100

³
d0 = 15

|¡� �
λmin = 50

³
λmax = 100

³
d0 = 10

���m�+���+�m�+�m�m�+�m�+���+�m�m�+�m�+�m�+���m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+��Û �pÝ
G�� EF]��vZ&[-KNZwY�Q<O4KNZ�WXS�WXopK�W��pKNZIQTb<]Dac^lYTM�ZNacb-MRU&WXbjU�YTKwZNacbdURO&WX^VbdU4K+YTKGy~acORegK;|¡egajYTtkSlKwÓ:WN�pPNMR^lKkb � 7
|ÏW �

λ = 20
|¡� �

λ = 70
���+�m�+���+�m�m�+�m�+�m�+���m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+��Û �pÝ

G�� EpÝ �vZ&[-KNZÄY�Q�O4KNZ�WXS�WXopK$|¡egasYTtkSlK�Ó:WN�pPNMR^lKkb � WN�pKNZ 7w|ÏW � QTbT^lhdQ-K��cWXOR^�WXUR^lacb U4Kke}]DacO4KkSVSlKrYTK?S�W
ZNacbjURO&WX^VbdU4K�YTK¿y~acORegK�W��pKNZ

λmin = 30
³
λmax = 70

|¡]\WcMgYTK�O4KkS�W�Ë-WXUR^lacbÇMR]\WXUR^�WXSlK � �I|¡� �
��WXOR^�WXUR^lacb�M4]\WXUR^laXÅ{U4Kke}]DacO4KkSVSlK;YTKmS�W�ZNacbdURO&WX^VbdU4K}YTKmy~acORegK;WN�pKNZFQTbÄ]TO4aX�-S5MR]\WXUR^�WXS5YTP£�-bT^5Kkb
PNhjQ\WXUR^lacbÍ|4G��VÛ�Û � KkU

λmin = 27
³
λmax = 70

³
d0 = 7

�5|~Z � ��WXOR^�WXUR^lacb�MR]\WXUR^laXÅ{U4Kke}]8acO4KkSVSlK;YTK
S�WÀZNacbjURO&WX^VbdU4K;YTK�y~acORegKmW��pKNZ�YTKNM`yÏacb-ZkUR^lacb-MIPNZ&[-KkSlacbrYTKdW�K�WN�s^lMR^lYTK+]8acQTO

λa (t)
KkU
d(t)
�r�+��Û ��Ü

G�� E8� x QT]8KkOR]Da�M4^VUR^lacb;YTK�S�W:�pPkOR^VU4P�U4KkORO&WX^Vb�|¡o�OR^lM4PNK � KkU5Y�� QTbÀ]8acSV�jopacb-K�Z�WXORU4aco�O&WX]T[T^lhjQ-K`SlajZ�WXSlKkegKkbjU
KkORO4acb-P �m�m�+���+�m�+�m�m�+�m�+���+�m�m�+�m�+�m�+���m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+��Ûk¹d¸

G�� E�Ü ��acbj�pKkORopKkb-ZNKm�-b\WXSlKmY�Q�ZNacbjU4acQTO�WcZkUR^�yiWN�pKNZmQTb-K�y~acORegK<¥:32  �Ï«c  ��KkORO4acb-PNK��m�+�m�+���+�m�m�+��Ûk¹d¸
G�� ��¸Ç�wKNZ�WXS�WXopKÄ]\WXO¿ZNacbdU4acQTO�WcZkUR^�y��\WcM4PrMRQTO�S{� ^Vb�yÏacORe�WXUR^lacb)YTK�o�O&WcY�^lKkbdU |J/���Ú � KkU?WN�pKNZrQTb-K
yÏacORegK�¥d32  �Ï«c  �ib-acb�KkORO4acb-PNK�� ���+�m�m�+�m�+�m�+���m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+��Ûk¹-Û

G�� ��Û��wKNZ�WXS�WXopKÄ]\WXO¿ZNacbdU4acQTO�WcZkUR^�y��\WcM4PrMRQTO�S{� ^Vb�yÏacORe�WXUR^lacb)YTK�o�O&WcY�^lKkbdU |J/���Ú � KkU?WN�pKNZrQTb-K
yÏacORegK�¥d32  �Ï«c  �nKkORO4acb-PNKmYTPkOR^V�pPNK�YTK+S�WÀZ�WXORU4K�� �+���m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+��Ûk¹-Û

]��VÛ ?�Ô�KkUnY���WXORO4acb-Y�^lM&M4KkegKkbdU:WXQ�bT^V�pK�WXQ¿YTKNMnMR^VbTo�QTS�WXOR^VU4PNMnopPNacegPkUROR^lhjQ-KNMnY�¶��+S�W�b-acQT�pKkSVSlK�Pkb-KkOzÅ
o�^lKmYTK+ZNacbjURO&WX^VbdU4K;YTK�yÏacORegK��\WcM4PNKmMRQTO:S{��WXSV^Vo�b-KkegKkbjU�YTKNM:b-acORe�WXSlKNM�� �+�m�m�+�m�+���+�m�m�+��Ûk¹�¹

]�� E ´ bdU4KkO&WcZkUR^lacb ��SlacbTo�Q-K?Y�^lM4U&WXb-ZNK?Y�Q-K���S{��Pkb-KkORo�^lK?ZNacORO4KNZkUROR^lZNKÄhjQ\WcY�O&WXUR^lhdQ-K��!JLKNMg�pKNZkU4KkQTO4M
U&WXbTopKkbjU4M ~t(s) KkU ~t(s′) WXQTO4acbjUGU4Kkb-Y-WXb-ZNKF�À�kURO4K�acORUR[-acopacb\WXQ�ËÄacQÄZNacSV^Vb-P�WX^VO4KNM����+���+�m�m�+��Ûk¹XG]�� � Ú-acb-ZkUR^lacb-MIegajY�^��\PNKNMwYTKmÓ`KNM4M4KkSLYTK+M4KNZNacb-YTK�KNMR]DtNZNK�� �m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+��Û�G�¸

]�� ¹ x Z&[-Pke�WgYTPNZkOR^V��WXbdUISlK�egasYTKmY���PNZ&[\WXbdUR^VSVSlacbTb\WXopK}WN�pKNZ+QTb-K+y~acb-ZkUR^lacbÄYTK+Ó`KNM4M&KkS�]DacQTOG]TO4aX�-S
Ψ
Û�G�Û

]�� G ´ e�WXopKmYTK+MR�sbdUR[-tNM4KFWN�pKNZ+SlKmZNacbjU4acQTOI^VbT^VUR^�WXSLO4Kk]TO4PNM&KkbdU4P�Kkb?O4acQTopK�� �m�+�m�m�+�m�+���+�m�m�+��Û�GFE
]�� ] |ÏW � Ú\acORegK�¥:3D  �Ï«c  �nKkUIM4acb�Kkb-M&Kke��TSlK�YTK�bT^V�pK�WXQ�ËÄWcM4M&ajZk^lPg|¡� � �m���+�m�+�m�m�+�m�+���+�m�m�+��Û�GFE
]�� Ý �wPNMRQTSVU&WXUIWN�pKNZ�S�WÀZNacbdURO&WX^VbdU4K;YTK�yÏacORegK+ZkS�WcM4MR^lhjQ-K �m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+��Û�G��
]�� � x Kko�egKkbjU&WXUR^lacbÀW��pKNZvZNacbdURO&WX^VbjU4KnYTK�yÏacORegKvWXQTU4acOR^lM&WXbjU0SlKNM���WXOR^�WXUR^lacb-ML]\WXO&WXSVSltkSlKNM�7p|ÏW �

λpara =

5
�0|¡� �

λpara = 10
�+�m�m�+�m�+���+�m�m�+�m�+�m�+���m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+��Û�G��

]���Ü x Kko�egKkbjU&WXUR^lacbÀW��pKNZvZNacbdURO&WX^VbjU4KnYTK�yÏacORegKvWXQTU4acOR^lM&WXbjU0SlKNM���WXOR^�WXUR^lacb-ML]\WXO&WXSVSltkSlKNM�7p|ÏW �
λpara =

15
�0|¡� �

λpara = 30
�m�m�+�m�+���+�m�m�+�m�+�m�+���m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+��Û�GX¹

]��VÛ�¸ x Kko�egKkbjU&WXUR^lacbrWN�pKNZ�SlKwegajYTtkSlK�Y���WXURU&WcZ4[-KmWXQ�Ë<YTacbTb-PNKNM:YTK+�n[\WXb?KkUn�vKNM&KwKkU`S�WFZNacbdURO&WX^VbdU4K
YTK y~acORegKÍWXQTU4acOR^lM&WXbdU�SlKNM���WXOR^�WXUR^lacb-MÄ]\WXO&WXSVSltkSlKNM 7;|ÏW � M&WXb-M�ZNacORO4KNZkUR^lacb�hjQ\WcY�O&WXUR^lhdQ-K�KkU
λpara = 20

�ÄS{� ^Vb-MRU&WXbdU
n0

�`|¡� � WN�pKNZ�ZNacORO4KNZkUR^lacbÒhdQ\WcY�O&WXUR^lhjQ-K�³
λpara = 20

³
λquad = 8KkU

a = 0.5
� ���+�m�+�m�m�+�m�+���+�m�m�+�m�+�m�+���m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+��Û�GFG

]��VÛ�Û x Kko�egKkbjU&WXUR^lacbrWN�pKNZ�SlKwegajYTtkSlK�Y���WXURU&WcZ4[-KmWXQ�Ë<YTacbTb-PNKNM:YTK+�n[\WXb?KkUn�vKNM&KwKkU`S�WFZNacbdURO&WX^VbdU4K
YTK y~acORegKÍWXQTU4acOR^lM&WXbdU�SlKNM���WXOR^�WXUR^lacb-MÄ]\WXO&WXSVSltkSlKNM 7;|ÏW � M&WXb-M�ZNacORO4KNZkUR^lacb�hjQ\WcY�O&WXUR^lhdQ-K�KkU
λpara = 50

�ÄS{� ^Vb-MRU&WXbdU
n0

�`|¡� � WN�pKNZ�ZNacORO4KNZkUR^lacbÒhdQ\WcY�O&WXUR^lhjQ-K�³
λpara = 50

³
λquad = 7KkU

a = 0.5
� ���+�m�+�m�m�+�m�+���+�m�m�+�m�+�m�+���m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+��Û�GFG

]��VÛ�EÇ�wKk]TO4PNM4KkbdU&WXUR^lacb�YTK:S�W�yÏacO4ZNKGhjQ\WcY�O&WXUR^lhdQ-K���S{� ^Vb-MRU&WXbdU
n0
�pJLKNMv²�acb-KNMi�TSlKkQ-KNMnZNacORO4KNM4]Dacb-YTKkbjU

��QTb-K�yÏacO4ZNK`]Da�M4^VUR^V�pKm|~K£Ô8KkU!YTK:Y�^VS�WXU&WXUR^lacb � ³dZNKkSVSlKNMiKkb}�pKkORU!O4Kk]TO4PNM4KkbdU4KkbjUiQTb-K�yÏacO4ZNK`b-PkodWXUR^V�pK
|~K£Ô�KkUIYTK+ZNace}]TO4KNM4MR^lacb � � �+�m�+���+�m�m�+�m�+�m�+���m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+��Û�GF]

]��VÛ � ?�Ë�]8PkOR^lKkb-ZNK�WN�pKNZÀQTb-KÀ^Ve�WXopK}O4PNKkSVSlK�³8S�W<yÏacORegK�¥�3D  �Ï«c  �IKNMRU+SlK;O4PNMRQTSVU&WXU�Y�Q O4KNZ�WXS�WXopK�W��pKNZ
S�W¿ZNacbdURO&WX^VbjU4KgYTKFy~acORegKÀZkS�WcM4M4^lhdQ-K��8J0W¿M4Kko�egKkbjU&WXUR^lacb�KNMRU�K£Ô8KNZkURQ-PNKgW��pKNZÀSlK�egasYTtkSlK}Y���WXUzÅ
U&WcZ&[-K;WXQ�ËÄYTacbTb-PNKNM�YTK}�n[\WXb�KkUw�vKNM4K�³-S�W<ZNacbdURO&WX^VbjU4K;YTK�yÏacORegKFWXQTU4acOR^lM&WXbjU�SlKNMw��WXOR^�WXUR^lacb-M
]\WXO&WXSVSltkSlKNMwKkUwWN�pKNZmZNacORO4KNZkUR^lacb�hdQ\WcY�O&WXUR^lhjQ-K

λpara = 4
³
λquad = 0.5

KkU
a = 0.5

� ���+�m�m�+��Û�GF]
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Ýs�VÛ qrPkUR[-asYTacSlaco�^lK;]TO4ac]Da�M&PNKF]8acQTO�S�W�YTPkU4KNZkUR^lacb YTK;Z4[\WXbTopKkegKkbjU 75|~± � Z�WXSlZkQTS�KkUwy~Q-MR^lacb�Y�� ^Vb�Å
Y�^lZNKNMGYTK+Z4[\WXbTopKkegKkbjU��5|~Ó � WXURU4PkbjQ\WXUR^lacbrYTKNM:��WXOR^�WX�T^VSV^VU4PNMIK£ËTacoptkb-KNMGZ�WXORU4K£Å{^Ve�WXopK<|{� � WXb\W�Å
SV�sM&KmYTK�Z&[\WXbTopKkegKkbdU4M��-b\WXSlK��\J0PkopKkb-YTK 7 �we KkU �w]rM4acbdUwO4KNMR]DKNZkUR^V�pKkegKkbjU�S{� ^Ve�WXopKNMwM&WXU4KkS�Å
SV^VU&WX^VO4K+e�QTSVUR^lM4]DKNZkURO&WXSlKFKkUG]\WXb-Z4[TO4ace�WXUR^lhjQ-K��+�m�m�+�m�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û�]�Û

Ýs� E x QT]DKkOR]8a�MR^VUR^lacbÍYTKgS�W�Z�WXORU4K<Y�Q �\�XUR^�|~KkbÄÌRWXQTb-K � WN�pKNZ<SlKgq�u x o�O&�cZNK���S{� ^Vb�yÏacORe�WXUR^lacbÍYTK
opPNajZNasY-WXopK��\JfW � tNZ4[-K�O4acQTopKm]8ac^VbdU4KmQTbrZ4[\WXbTopKkegKkbdU�7T�\�XUR^VegKkbjUwO4Kke}]TS�WcZNP�]\WXOGQTbÄU4KkORO4K£Å
]TSlKk^VbL�8�+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û�]X¹

Ýs� � �IPNMRQTSVU&WXU;YTK�S�WÄYTPkU4KNZkUR^lacbÒYTK�Z4[\WXbTopKkegKkbjUgZ�WXORU4K£ÅÉqru x �5JLPkopKkb-YTK 7LO4acQTopK |~YTPkU4KNZkUR^lacb$YTK
Z4[\WXbTopKkegKkbjU � ³�ÌRWXQTb-KÍ|ÏWXe��T^Vo�Q � ³��TSlKkQ |¡^Vb-YTPNZk^lY-WX�TSlK � �:Æ5WXO&WXegtkURO4KNM 7

seuilrens
� Û�¸��¿³

seuilplat
� Û�e�³ seuilbat � �;e��F�+���+�m�+�m�m�+�m�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û�]FG

Ýs� ¹ x Q-ZNZNtNMIYTK+S�W}egPkUR[-ajYTKFKkb?y~acb-ZkUR^lacbrYTK
seuilrens

�M?vb�O4acQTopK+�-o�QTO4K+SlKmU&WXQ�Ë?YTKm�\�XUR^VegKkbdU4M
ZNacORO4KNZkU4KkegKkbdUgYTPkU4KNZkU4PNMÀZNace}egK�WN�dWXbdUÀZ4[\WXbTopP���J0WrZNacQTOR�8Kg�TSlKkQ-K<O4Kk]TO4PNM4KkbdU4K¿SlKgU&WXQ�Ë�YTK
�\�XUR^VegKkbdU4MFYTPkU4KNZkU4PNM+ZNace}egKgWN�dWXbdUFZ4[\WXbTopPÀ]\WXO+O&WX]T]8acORU+WXQ�b-aceF�TO4KÀU4acU&WXSvYTK;�\�XUR^VegKkbdU4M
Y-WXb-M:S�W}Z�WXORU4K��

seuilplat = 1m
KkU
seuilbat = 3m

���m�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û�]F]
Ýs� G x Q-ZNZNtNM�YTKmS�W�egPkUR[-ajYTK;KkbÄyÏacb-ZkUR^lacb YTK

seuilplat
�#?vbrO4acQTopK��-o�QTO4K;SlKmU&WXQ�ËÄYTKF�\�XUR^VegKkbdU4M

ZNacORO4KNZkU4KkegKkbdUgYTPkU4KNZkU4PNMÀZNace}egK�WN�dWXbdUÀZ4[\WXbTopP���J0WrZNacQTOR�8Kg�TSlKkQ-K<O4Kk]TO4PNM4KkbdU4K¿SlKgU&WXQ�Ë�YTK
�\�XUR^VegKkbdU4MFYTPkU4KNZkU4PNM+ZNace}egKgWN�dWXbdUFZ4[\WXbTopPÀ]\WXO+O&WX]T]8acORU+WXQ�b-aceF�TO4KÀU4acU&WXSvYTK;�\�XUR^VegKkbdU4M
Y-WXb-M:S�W}Z�WXORU4K��

seuilrens = 50
� KkU

seuilbat = 3m
�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û�]F]

Ýs� ] x Q-ZNZNtNMmYTK;S�W¿egPkUR[-ajYTK}Kkb�yÏacb-ZkUR^lacb YTK
seuilbat

�0?!b�O4acQTopK;�-o�QTO4KÀSlK;U&WXQ�Ë YTKÀ�\�XUR^VegKkbdU4M
ZNacORO4KNZkU4KkegKkbdUgYTPkU4KNZkU4PNMÀZNace}egK�WN�dWXbdUÀZ4[\WXbTopP���J0WrZNacQTOR�8Kg�TSlKkQ-K<O4Kk]TO4PNM4KkbdU4K¿SlKgU&WXQ�Ë�YTK
�\�XUR^VegKkbdU4MFYTPkU4KNZkU4PNM+ZNace}egKgWN�dWXbdUFZ4[\WXbTopPÀ]\WXO+O&WX]T]8acORU+WXQ�b-aceF�TO4KÀU4acU&WXSvYTK;�\�XUR^VegKkbdU4M
Y-WXb-M:S�W}Z�WXORU4K��

seuilrens = 65
� KkU

seuilplat = 1.5m
� �+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û�]pÝ

Ýs� Ý Ó:WXb-YTK+^Vb�y¡O&W�Å{O4acQTopK�³2ZNacQTSlKkQTO4MGO4PNKkSVSlKNM�|~�0��Ó � ³TKkU
NDV I

�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û�]�Ü
Ýs� � ?vMRUR^Ve�WXUR^lacbÄYTK�S�WFURO&WXb-MRS�WXUR^lacb?e�W�Ë�^Ve�WXSlK

µ1

KkU�e}^VbT^Ve�WXSlK
µ2

KkbjURO4K+SlK�M4Kko�egKkbdUGZ�WXORU4aco�O&W�Å
]T[T^lhdQ-K � ±wÓR	0KkU:SlKmM4Kko�egKkbjUzÅ{^Ve�WXopK � ±;��Ó�� 	É��m�m�+�m�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û�Ý��

Ýs��Ü ±:ZNZkQTe�QTS�WXU4KkQTOGYTKtWwacQTo�[��BEmY�^VegKkb-M4^lacb-M
(µx, µy)

�jJv��WcZNZkQTe�QTS�WXUR^lacb�KkbjURO4KIS�WmURO&WXb-MRS�WXUR^lacb
e}^VbT^Ve�WXSlK�KkU:e�W�Ë�^Ve�WXSlK�KNMRUGPkS�WXORo�^lK�Y�� QTb-K+�\WXb-YTKmYTK

l
]T^�Ë�KkSlM��
�m�+�m���+�m�+�m�+�m�m�+���+�+Û�Ý��

Ýs�VÛ�¸ ��PkU4KNZkUR^lacbÀYTK�Z4[\WXbTopKkegKkbjU4MvQTbT^V�pashdQ-KNM���JLKNM�Z&[\WXbTopKkegKkbdU4MvacbjU�PkU4P�YTPkU4KNZkU4PNM�]\WXO5S�WIZNace}]\W�Å
O&WX^lM4acb�WN�pKNZGS{� ^Ve�WXopKGuw�G��´£�cJLKNM��-o�QTO4KNM!^VSVSVQ-MRURO4KkbjUvSlKNM!ac��ÌRKkU4MvZ�WXORU4aco�O&WX]T[T^lhdQ-KNMnMRQT]8KkOR]Da�M4PNM
�;QTb-K+^Ve�WXopKmM&WXU4KkSVSV^VU&WX^VO4K�]TSVQ-M:O4PNZNKkbdU4K�� �m�+�m�m�+�m�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û�Ý �

Ýs�VÛ�ÛÍ��PkU4KNZkUR^lacb�YTK�Z&[\WXbTopKkegKkbdU�Kkb¿O&WX^lM&acb�Y�� QTb-K�yÏacORU4K��cWXOR^�WXUR^lacb�opPNacegPkUROR^lhjQ-K 7
Egeom = 0.54KkU

pNC = 0.30
�2JLK+Z4[\WXbTopKkegKkbjU�KNM4UGMR^Ve�QTSlP�� �m�+�m�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û�Ý �

Ýs�VÛ�E ��PkU4KNZkUR^lacb YTKFZ4[\WXbTopKkegKkbjUmKkbrO&WX^lM4acb�Y�� QTb-K;URO&WXb-MRS�WXUR^lacb
µHough

PkSlKk�pPNK��
sHough = 0.27

³
µHough = (−6,−26)

KkU
pNC = 0.00

�\J0KmZ4[\WXbTopKkegKkbjU�KNMRUGM4^Ve�QTSlP�� ���+�m�+�m�+�m�m�+���+�+Û�ÝcÜ
Ýs�VÛ � ��PkU4KNZkUR^lacbgYTKnb-acb�ÅÉZ&[\WXbTopKkegKkbdU:WN�pKNZ`QTb}ac��ÌRKkU�Z�WXORU4aco�O&WX]T[T^lhjQ-K:]\WXOzy{WX^VU!URO&WXb-MzyÏacORegPn]\WXOvM4^�Å
e}^VSV^VURQ-YTKnYTKv]\WXO&WXegtkURO4KNM

ξ0 = (s0 = 1, θ0 = 0.1, µx,0 = 1, µy,0 = 1)
��JLKib-acb�ÅÉZ4[\WXbTopKkegKkbdU

KNMRUGZNacb��-ORegPFW��pKNZ
sHough = 0.76

³
µHough = (1, 0)

³
Egeom = 0.1

KkU
pNC = 0.63

� �+���+�+Û���Û
Ýs�VÛk¹ ��PkU4KNZkUR^lacbÍYTK�b-acb�ÅÉZ4[\WXbTopKkegKkbdU�W��pKNZ�QTbÍac��ÌzKkU;Z�WXORU4aco�O&WX]T[T^lhdQ-K¿]\WXOzy{WX^VU�URO&WXb-MzyÏacORegPg]\WXO
MR^Ve}^VSV^VURQ-YTK�YTK ]\WXO&WXegtkURO4KNM

ξ0 = (s0 = 1.05, θ0 = 0.075, µx,0 = 4, µy,0 = −1)
�:JLK

b-acb�ÅÉZ4[\WXbTopKkegKkbjUFKNMRU�ZNacb��-ORegP}WN�pKNZ
sHough = 0.72

³
µHough = (1, 0)

³
Egeom = 0.08

KkU
pNC = 0.63

�<�m�+�m���+�m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û���Û
Ýs�VÛ�G ��PkU4KNZkUR^lacbÍYTK�b-acb�ÅÉZ4[\WXbTopKkegKkbdU�W��pKNZ�QTbÍac��ÌzKkU;Z�WXORU4aco�O&WX]T[T^lhdQ-K¿]\WXOzy{WX^VU�URO&WXb-MzyÏacORegPg]\WXO
MR^Ve}^VSV^VURQ-YTKgYTK}]\WXO&WXegtkURO4KNM

ξ0 = (s0 = 1.0, θ0 = −0.02, µx,0 = −2, µy,0 = 1)
�0JLK}b-acb�Å

Z4[\WXbTopKkegKkbjUÄKNMRU?ZNacb��-ORegP�WN�pKNZ
sHough = 0.81

³
µHough = (0, 0)

³
Egeom = 0.04

KkU
pNC = 0.76

�<�m�+�m���+�m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û��FE
Ýs�VÛ�] ��PkU4KNZkUR^lacbÍYTK�b-acb�ÅÉZ4[\WXbTopKkegKkbdU�W��pKNZ�QTbÍac��ÌzKkU;Z�WXORU4aco�O&WX]T[T^lhdQ-K¿]\WXOzy{WX^VU�URO&WXb-MzyÏacORegPg]\WXO
MR^Ve}^VSV^VURQ-YTK�YTK�]\WXO&WXegtkURO4KNM

ξ0 = (s0 = 1.0, θ0 = 0.0, µx,0 = 5, µy,0 = 5)
�:JLK�b-acb�Å

Z4[\WXbTopKkegKkbjU<KNMRU}ZNacb��-ORegPÄW��pKNZ
sHough = 0.84

³
µHough = (−1, 0)

³
Egeom = 0.01

KkU
pNC = 0.83

�<�m�+�m���+�m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û��FE
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Ýs�VÛ�Ý���PkU4KNZkUR^lacb�YTK�b-acb�ÅÉZ4[\WXbTopKkegKkbjU`W��pKNZ:QTb-K:KkORO4KkQTOvYTK`e}^lM4K`KkbgZNacORO4KNMR]8acb-Y-WXb-ZNK:egasYTPkSV^lM&WX�TSlK
]\WXOnQTb-KIURO&WXb-MzyÏacORe�WXUR^lacb¿o�Slac�\WXSlK��jJLKwb-acb�ÅÉZ4[\WXbTopKkegKkbjUGKNMRUnZNacb��-ORegP�WN�pKNZ

sHough = 0.86
³

µHough = (0,−1)
³
Egeom = 0.12

KkU
pNC = 0.68

�Ç�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+��Û����
Ýs�VÛ��Ç��PkU4KNZkUR^lacb�YTK�b-acb�ÅÉZ4[\WXbTopKkegKkbjU`W��pKNZ:QTb-K:KkORO4KkQTOvYTK`e}^lM4K`KkbgZNacORO4KNMR]8acb-Y-WXb-ZNK:egasYTPkSV^lM&WX�TSlK
]\WXOnQTb-KIURO&WXb-MzyÏacORe�WXUR^lacb¿o�Slac�\WXSlK��jJLKwb-acb�ÅÉZ4[\WXbTopKkegKkbjUGKNMRUnZNacb��-ORegP�WN�pKNZ

sHough = 0.88
³

µHough = (0, 0)
³
Egeom = 0.03

KkU
pNC = 0.83

���m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+��Û��X¹
Ýs�VÛ�ÜÇ��PkU4KNZkUR^lacbrYTKmb-acb�ÅÉZ4[\WXbTopKkegKkbdUmW��pKNZ�YTKNMIKkORO4KkQTO4MISlajZ�WXSlKNMwYTK�yÏacORegK��-JLKmb-acb�ÅÉZ&[\WXbTopKkegKkbdU
KNMRUGZNacb��-ORegP;WN�pKNZ

sHough = 0.62
³
µHough = (1, 0)

³
Egeom = 0.02

KkU
pNC = 0.66

�L�m�m�+��Û��X¹
Ýs� E�¸Ç��PkU4KNZkUR^lacbrYTKmb-acb�ÅÉZ4[\WXbTopKkegKkbdUmW��pKNZ�YTKNMIKkORO4KkQTO4MISlajZ�WXSlKNMwYTK�yÏacORegK��-JLKmb-acb�ÅÉZ&[\WXbTopKkegKkbdU
KNMRUGZNacb��-ORegP;WN�pKNZ

sHough = 0.73
³
µHough = (1, 0)

³
Egeom = 0.03

KkU
pNC = 0.71

�L�m�m�+��Û��FG
Ýs� E�Û���PkU4KNZkUR^lacbrYTKmb-acb�ÅÉZ4[\WXbTopKkegKkbdUmW��pKNZ�YTKNMIKkORO4KkQTO4MISlajZ�WXSlKNMwYTK�yÏacORegK��-JLKmb-acb�ÅÉZ&[\WXbTopKkegKkbdU
KNMRUGZNacb��-ORegP;WN�pKNZ

sHough = 0.75
³
µHough = (1, 0)

³
Egeom = 0.05

KkU
pNC = 0.71

�L�m�m�+��Û��FG
Ýs� EFEÇ��PkU4KNZkUR^lacb�WXe��T^Vo�Q���|~Z�WcMG^Vb-YTPkU4KkORe}^Vb-P � �

sHough = 0.45
³
µHough = (0, 0)

³
Egeom = 0.02KkU

pNC = 0.55
� �m�+�m�m�+�m�+���+�m�m�+�m�+�m�+���m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+��Û��F]

Ýs� E��Ç��PkU4KNZkUR^lacb YTKÒZ4[\WXbTopKkegKkbjU�KkORO4acb-PNKÒY�Q-K�WXQ�Ë�KkORO4KkQTO4M�SlajZ�WXSlKNM�YTK�yÏacORegKÒYTKÍS�W Z�WXORU4K��
sHough = 0.47

³
µHough = (−1,−1)

³
Egeom = 0.19

KkU
pNC = 0.39

�L�+�m�m�+�m�+���+�m�m�+��Û��pÝ
Ýs� EX¹ ´ SVSVQ-MRURO&WXUR^lacbrYTKNM�KkORO4KkQTO4M�YTK�YTPkSV^Vb-P�WXUR^lacb KkUwYTK+S{��K£Ô�KkUwYTK�opPkb-PkO&WXSV^lM&WXUR^lacb�Y-WXb-MGS�WgZ�WXORU4KFYTK
Û�Ü�ÜF]��-Ji��ac��ÌzKkUIZ�WXORU4aco�O&WX]T[T^lhjQ-K�KNM4UIMRQT]8KkOR]Da�M4P�MRQTOIS{� ^Ve�WXopKmM&WXU4KkSVSV^VU&WX^VO4KmYTKBE�¸�¸FE��!���+�m�m�+��Û��8�

±F�VÛ ´ e�WXopK�WcPkOR^lKkbTb-K+O4Kk]TO4PNM4KkbjU4PNK;� G �YTK+M&W;U&WX^VSVSlK�acOR^Vo�^Vb\WXSlK��-J0K�y¡QTURQTOI�j^VSVS�WXopKmacSV�se}]T^lhjQ-KmM4K
MR^VURQ-KmWXQÄb-acO4YsÅÉKNMRUIYTK+S{� ^Ve�WXopK��G���+�m�m�+�m�+�m�+���m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+��Û�Ü8�

±F� E ?�Ë�URO&WX^VUwYTKNMwYTacbTb-PNKNM x ´�/�Y���PNZ&[-KkSVSlK<Û 7VÛ�¸�³�¸�¸�¸�YTKmS�WÀ�s^VSVSlKmYTKFÆfPkÐs^VbL�\JLKm�\�XUR^fKNMRUIKkbÄO4a�M4K�³
SlK�O4PNM4K�WXQÄO4acQTUR^lKkOIKkb��s^lacSlKkU�³TSlKNM:OR^V�s^ltkO4KNMGKkUIZ�WXb\WXQ�Ë�Kkb?�TSlKkQL³TSlKNM:S�WcZNMwKkb?�pKkORU��¿�+���+�m�m�+�2E�¸�¸

Ó��VÛ MR^Ve}]TSlK£Ë�^VbT^VUR^�WXSfKkU:O4P � K£Ë�^lacb �+���+�m�m�+�m�+�m�+���m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+�2E�¸��
Ó�� E ?�Ë�]\WXb-MR^lacb �+���+�m�+�m�m�+�m�+���+�m�m�+�m�+�m�+���m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+�2E�¸X¹
Ó�� ����acbjURO&WcZkUR^lacb-MI]8a�M4MR^V�TSlKNM �+�m�+���+�m�m�+�m�+�m�+���m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+�2E�¸X¹
Ó�� ¹��wPkURO4PNZk^lM4M4KkegKkbdU �m�+�m�m�+�m�+���+�m�m�+�m�+�m�+���m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+�2E�¸X¹
���VÛ x Z&[-Pke�W}^VSVSVQ-MRURO&WXbjUIS�W;egasYTPkSV^lM&WXUR^lacb�^Vbd�pKkO4M&K��\JLKNM:O4Kk]8tkO4KNMGU4KkORO&WX^VbrKkUIZ�WXegPkO&W}M4acbjUIY�^VO4KNZkU4M��iE�¸F]
��� E x Z&[-Pke�W}^VSVSVQ-MRURO&WXbjUIS�W;egasYTPkSV^lM&WXUR^lacbÄY�^VO4KNZkU4K��\J0KNM:O4Kk]DtkO4KNMIU4KkORO&WX^VbÄKkUIZ�WXegPkO&W}M&acbdUIY�^VO4KNZkU4M�� E�¸8�
Ú��VÛ ��^lMRQ\WXSV^lM&WXUR^lacb �c��YTK+S�W;�s^VSVSlKmYTK+Æ5PkÐj^Vb�Å�WN�pKNZ+U4K£Ë�URQTO4KNMIKkUGMÃWXb-MGqru�Ñ+� �m�+�m�+���+�m�m�+�2E�Û��
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E��VÛ �nS�WcM4MR^��\Z�WXUR^lacb�YTKNMIWXORU4K£yÏWcZkU4MGQTOR�\WX^Vb-MIKkb?yÏacb-ZkUR^lacbÄYTKNMGY�^�Ô�PkO4KkbdU4MIQTbT^V�pKkO4M����+�m�+�m�m�+���+� �F]
E�� E �n[\WXbTopKkegKkbdU4Mw]Da�M&MR^V�TSlKNMGY�� QTb��\�XUR^VegKkbjUwY-WXb-M

Uobjectif
�+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+� �pÝ

���VÛ �IPNMRQTSVU&WXU4M�Kkb�]T^�Ë�KkSlM�YTK?S�W�hjQ\WXbdUR^��\Z�WXUR^lacb YTK�S�W ]TO4PNZk^lMR^lacb WX�-M4acSVQ-KÄYTKNMg]\WXO&WXegtkURO4KNM�YTK
]TOR^lM4KmYTK��sQ-K�]DacQTOISlKNM:URO4ac^lM:^Ve�WXopKNMwWcPkOR^lKkbTb-KNM��r�+�m�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+� GFG

��� E �IPNMRQTSVU&WXU4M�Kkb�]T^�Ë�KkSlM�YTK?S�W�hjQ\WXbdUR^��\Z�WXUR^lacb YTK�S�W ]TO4PNZk^lMR^lacb�O4KkS�WXUR^V�pKrYTKNMg]\WXO&WXegtkURO4KNM�YTK
]TOR^lM4KmYTK��sQ-K�]DacQTOwZ4[\WcZkQTb-K�YTKNMG]\WX^VO4KNMIY�� ^Ve�WXopKNMwWcPkOR^lKkbTb-KNM����+�m�+�m���+�m�+�m�+�m�m�+���+� GF]

��� � �IPNMRQTSVU&WXU4M}YTK�S{��ac]TUR^Ve}^lMÃWXUR^lacbÇYTKNM}]\WXO&WXegtkURO4KNMgYTK�]TOR^lM4K?YTK¿�sQ-K�WN�pKNZ�SlKNMÀ^Ve�WXopKNM���¸�� E�Û
e 	�]T^�Ë�KkSfYTK+O4PNM4acSVQTUR^lacbL� �+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+� ]�¸

��� ¹ �IPNMRQTSVU&WXU4M�YTK�S{��ac]TUR^Ve}^lM&WXUR^lacb�YTKNM�]\WXO&WXegtkURO4KNM?YTK�]TOR^lM4K YTK��jQ-K WN�pKNZ SlKNM¿^Ve�WXopKNM?M4acQ-MRÅ
PNZ4[\WXbjUR^VSVSlacbTb-PNKNMw]\WXOIQTb?yÏWcZkU4KkQTO:URO4ac^lM��T�+�m�+�m�m�+�m�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+� ]�¸

��� G ?!ORO4KkQTOwWX�-M4acSVQ-K�KkbdURO4K+SlKNM_/m��ÆiMGKkU:S�WÀO4KNZNacb-MRURORQ-ZkUR^lacb �c��Y�Q
MNS1

�
∆N

7TKkORO4KkQTOGY-WXb-M
S�W¿Y�^VO4KNZkUR^lacb�b-acO4Y�³

∆E
7DKkORO4KkQTO+Y-WXb-M�S�W¿Y�^VO4KNZkUR^lacb KNMRU�³

∆Z
KkORO4KkQTOmWXSVUR^VegPkUROR^lhjQ-K�³LKkORO4KkQTO

Y-WXb-M:SlK+]TS�WXb 7
∆P lan =

√
∆N2 + ∆E2

�T�+�m�m�+�m�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+� ]��
��� ] ?!ORO4KkQTOwWX�-M4acSVQ-K�KkbdURO4K+SlKNM_/m��ÆiMGKkU:S�WÀO4KNZNacb-MRURORQ-ZkUR^lacb �c��Y�Q

MNS2
�
∆N

7TKkORO4KkQTOGY-WXb-M
S�W¿Y�^VO4KNZkUR^lacb�b-acO4Y�³

∆E
7DKkORO4KkQTO+Y-WXb-M�S�W¿Y�^VO4KNZkUR^lacb KNMRU�³

∆Z
KkORO4KkQTOmWXSVUR^VegPkUROR^lhjQ-K�³LKkORO4KkQTO

Y-WXb-M:SlK+]TS�WXb 7
∆P lan =

√
∆N2 + ∆E2

�T�+�m�m�+�m�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+� ]��
G��VÛ ?!ORO4KkQTOwWX�-M4acSVQ-K�KkbjURO4K

ξ0
KkUGM&acb�KNM4UR^VegPNK

ξ̂0
]\WXO:S{��WXSVopacOR^VUR[TegKmYTK�YTKNM4ZNKkbjU4KmYTK�o�O&WcY�^lKkbdUIKkU

U4Kke}]-MIYTK+Z�WXSlZkQTS{���m���+�m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û�Û�Ý
G�� E ?!ORO4KkQTO}WX�-M4acSVQ-K<KkbjURO4K

ξ0
KkUFM4acbÍKNMRUR^VegPNK

ξ̂0
]\WXO;S{��WXSVopacOR^VUR[TegK�Y�Q�MR^Ve}]TSlK£Ë�KkUFU4Kke}]-MFYTK

Z�WXSlZkQTS{�$�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�m�+�m�m�+�m�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û�Û�Ý
G�� � �wWX]T]8acORU5KkbjURO4K�SlKNMfU4Kke}]-M!YTK�ZNacbd�pKkORopKkb-ZNKIM&WXb-MfKkUvW��pKNZiy~Q-MR^lacbÀYTKnq�u x 7

ratio =
tsans fusion
tavec fusion

�ÏÛ �X¹
G�� ¹ �wWX]T]8acORU¿KkbjURO4K�SlKNM�U4Kke}]-M�YTK�ZNacbd�pKkORopKkb-ZNK�M&WXb-M¿KkU�W��pKNZ ZNacbdURO&WX^VbdU4K�YTKÄyÏacORegKrMR]\WXUR^laXÅ
U4Kke}]DacO4KkSVSlK 7

ratio =
tcontrainte uniforme

tcontrainte spatio−temporelle

���+�m�+���+�m�m�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û ��Ü
Ýs�VÛ �wQ\WXbdUR^��\Z�WXUR^lacb�YTKNMGM4ZNacO4KNM:YTK+Z4[\WXbTopKkegKkbjU 	�b-acb�ÅÉZ4[\WXbTopKkegKkbjU��

pNC
KNMRU:S�WF]TO4ac�\WX�T^VSV^VU4PmYTK

b-acb�ÅÉZ4[\WXbTopKkegKkbjU��
sHough

KNMRU:SlK+M4ZNacO4KmYTKdW�acQTo�[�b-acORe�WXSV^lM4P��D�+�m�+�m���+�m�+�m�+�m�m�+���+�+Û��pÝ
Ýs� E �wQ\WXbdUR^��\Z�WXUR^lacb�YTKNMnO4PNMRQTSVU&WXU4M`YTKGS�WFYTPkU4KNZkUR^lacb?YTKIZ4[\WXbTopKkegKkbjUIWN�pKNZwS�W�Z�WXORU4K�YTKtE�¸�¸FE��sJLKNM
O4PNMRQTSVU&WXU4MIM&acbdUIK£Ë�]TOR^VegPNMGKkb�]8acQTOzÅÉZNKkbdU�MRQTO:QTb?U4acU&WXS0YTKFÝ�Ý;Z�WcM�� �+�m���+�m�+�m�+�m�m�+���+�+Û���Ü

Ýs� � �wQ\WXbdUR^��\Z�WXUR^lacb�YTKNMnO4PNMRQTSVU&WXU4M`YTKGS�WFYTPkU4KNZkUR^lacb?YTKIZ4[\WXbTopKkegKkbjUIWN�pKNZwS�W�Z�WXORU4K�YTK�Û�Ü�ÜF]��sJLKNM
O4PNMRQTSVU&WXU4MIM&acbdUIK£Ë�]TOR^VegPNMGKkb�]8acQTOzÅÉZNKkbdU�MRQTO:QTb?U4acU&WXS0YTKgÛ�¸FG}Z�WcM��f�+�m���+�m�+�m�+�m�m�+���+�+Û�Ü�¸

E��pÝ
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J�K&LNMPOQKSR
T�U)VWVXU?VXY6Z\[WU^]�_�`ba�cd`fe�g<U\h)VXikj�l�U?_�cX`b_�`f[WU)c"aIm6Uonqp)VXYI`Sl�`brs`btfiuU?vSiu[X]wm*V"x�]fm4]wrky6[WUzcArsU\[Ah{Y4]wmItbU)nqU\m*VX[|U\m*VWcXU}aIm6U?hN]~cWVXU?mSa6nqp)�
cXi��*a6U?l�Uoe4�wVXisnqU\m*VX[�U)Vdl6U\[|l6`fmIm6p\U\[|l6U"VXp\rspNl6pzVXU\h)VXis`bm�`b_�VXiu�Sa6U\[�Y4]wa6VXU"cXp\[W`brsa�VXiu`fm�_IrsaI[�cXp\h\U\m*VXU\[\�0��� i�l�p\U}h\U\m*VWc{]frsU}l6UomI`wVWcXU
]f_I_�cX`*hzY6UdU\[�V�l1� a6VXisrsis[WU)c�r�� ium�j�`wcXn�]wVXis`bm�tbp\`fnqp)VWcXiu�*aIU0U)V�[W_�p\h)is�4�*aIU|l6U\[�eI�wVXisnqU\m*VX[�[�y6n?e�`brsis[Wp\[�l6]fmI[	ru]}hN]~cWVXUA]~�4m�l6U�j�]wh\isruikVXU)c
ruU)a6c^cXU)h\`bm6m4]fis[W[X]wmIh\U2lI]fm6[?a6mIUqisn�]ftfUB[X]~VXU\rsrsisV{]wikcXU�_4]wmIh{Y6cX`bn�]~VXiu�Sa6U�U)V�l6U�[\� ]w��c{]fm6hzY6ikcql6U)[^l�is��h\aIrkVXp\[^l6aEnqisrsisU\aQa6cXeI]fismC�
T�U)VWVXUoh\`bm6m4]fis[W[X]wmIh\U��o�I�z���w�z�dU\[�V0ium6h\`fcX_�`wcXp\U}h\`bnqnqUAa6mIU"h\`fm*VWc{]fism*VXUol6UAj�`wcXnqU}lI]fm6[�aIm�nq`Sl�Z\rsU"vb]~cXi�]~VXis`bmIm6U\r!l�UAcXU\hN]wr�]wtbU
�4m�hN]~cWVXU)��iun�]wtbUo_4]~cdh)`bm*VX`ba�cX[d]wh)VXikj�[\�|�d`ba6[|_�cX`b_�`f[W`bmI[|l6U)[|[W`frua�VXis`bmI[dmI`ba6v&U\rsrsU\[0_�`ba6c|r�� ]fnqp\rsis`fc{]~VXiu`fm�l�Uor�]^cX`feIa6[�VXU\[W[WU^l�U\[
h\`bm*VX`ba�cX[A]wh)VXikj�[dh)`bm*VWc{]fism*VX[\��ru]�j�aI[Wis`fm�l6Uor�� isn�]wtbU?]~vbU\hoaIm��2`Sl�Z\rsU?�|aInqp)cXiu�*aIUol�U}��a6cWj�]fh\U����2�"�6��U)Vdru]qvf]wcXiu]wVXis`bm�[W_I]wVXis`f�
VXU\nq_�`fcXU\rsrsUol6Udr�]?h\`bm*VWc{]fism*VXUol6U|j�`fcXnqUd_�U)cXnqU)VWVXU\m*V�l�UA[Wa6cXnq`fmSVXUzc�rsU"_6cX`be6rsZ\nqU"l6U)[�nqium6isn�]}rs`*hN]wa6�����dmIUdmI`ba6v&U\rsrsUAp\m6U)cXtbisU
l6U�h\`bm*VWc{]wium*VXU�l�U�j'`fcXnqUb�brsium6pN]fikcXU0U)V��SaI]blSc{]wVXiu�*aIUb�b_�U)cXnqU)V�]fa��^h)`bm*VX`ba�cX[�]wh)VXikj�[�l�U�[\� ]w��c{]fm6hzY6ikc�rs`*hN]wruU)nqU\m*V�U)V	_4]~c{]frsrsZ\rsU\nqU\m*V
l6Uoru]qj'`fcXnqU��o�4�z���f�z�Al6Uoru]qhN]wcWVXUo_�`ba�cdnqisU\a���[WU\tbnqU\m*VXU)c|r�� `beSg�U)VAlI]fm6[|r�� isn�]ftfUb�0��� ]frsistbm6U\nqU\m*Vdl6U\[|l6`fmImIp)U\[|_I]wc|h\`bm*VX`fa6cX[
]fh)VXikj�[|cXp\[W`ba�VArsU?_�cX`be6ruZ)nqU?l�U\[dvf]wcXiu]weIisrsisVXp)[dU)��`btfZ\mIU)[AhN]wcWVXUz��isn�]wtbU}iumIl6p\_�U)m4lI]wm*VXU\[0l1� aIm�h{Y4]wmItbU)nqU\m*V|Uz��U\h)VXikj�UzV|cXU\mIl�]fismI[Wi
r�� ]wm4]frky�[WU�l�UohzYI]fmItfU\nqU\m*VX[�[WaIe6[WpN�*aIU\m*VXU"_Irsa6[0�4]feIrsUb�� dU\[|ismIl6ish\U\[dl6UohzYI]fm6tbU\nqU\m*V�[Wisnq_IrsU\nqU)mSV0hN]wrsh\aIrsp\[dx�_I]wcWVXikcdl6a��2�A�
U)V0l1� aIm6Udisn�]ftfUA[X]wVXU)rursikV{]fikcXUon^a6rkVXiu[W_�U)h)VWc{]frsUd[W`fm*V�j�aI[Wis`fmImIp)[�_�`ba6c�ru]?l6p)VXU\hzVXiu`fm�l�Udh{Y4]fm6tbU\nqU)mSVX[�aImIisv&`S�*a6U\[�l�aBeI�wVXi�a6cXeI]fismC�
¡ mEr�� ]fe6[WU\mIh)U�l6U�h{Y4]wmItbU)nqU\m*V"aIm6iuvb`S�Sa6Ub�1aIm6U�nqp)VXYI`Sl�U^eI]f[Wp\Uq[Wa�coruUqvb`fVXUql�U�¢d`faItbY��*a4]fm*VXik�4U?ru]BcXU\[W[WU\n?eIru]fm6h\UqU\m*VWcXU�rsU
_�`brky�tb`bm6U^hN]~cWVX`btwc{]f_IY6iu�Sa6U}cXU)hN]frsp^UzVAl�U\[d_�cXiunqikVXisv&U\[0[WU\tfnqU\m*VX[|U)�SVWc{]wisVXU)[Al6Uor�� isn�]ftbU?_4]wmIh{Y6cX`bn�]~VXiu�Sa6Ub�0�P]�j'aI[Wis`bmDl6a�[Wh)`fcXU
l6U^¢|`ba6tbY�]~vbU\h^ru]�vb]~cXi�]~VXis`bm�tfp\`bnqpzVWcXi��*a6U?U\m�cXU\tbis[�VWcXp\U^_4]wcAruU?cXU\hN]fru]wtbUql�U\[Ah\`fmSVX`fa6cX[o]wh)VXikj�["_�U)cXnqU)Vdru]�j'`fcXn^a6ru]wVXis`bm�l1� aIm6U
_6cX`beI]fe6iursikVXp}l6UAm6`bm���h{Y4]wmItfU\nqU\m*V�vSis[X]fm*V0x�]f[W[Wis[�VXU)c|aImB`b_�p)c{]~VXU\a6c|l6]fmI[�[X]?V{�whzY6Uol6UdcXp)v�is[Wis`bm�l�UAhN]~cWVXUb�
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ÈBÉ Lb¦�ÊNË�¨�¦XR
Ì YIis[�VXYIU\[Wis[�]wiunq[�]~V�_6cX`f_�`b[WismIt�]?nqU)VXY6`Sl6`brs`ftfyqVX`?]fm4]wrky6Í)UAhzYI]fm6tbU\[�e�U)V�Î�U\U)m�]}l6istbikV{]fr1n�]f_�`wj�eIa6iurul�ium6tb[�]wm4l�nq`fcXU0cXU\h\U\m*V
YIistbY�cXU\[W`brsa�VXiu`fm2`f_6VXishN]fr�cXU\nq`wVXUd[WU\m6[WismIt�l6]wV{]S� Ì YIUdÏbU)yqiul6UN]o`fjCVXYIU|_6cX`b_�`f[WUNl�]f_I_�cX`&]whzY�is[�VX`?a6[WU|VXYIU|[W_�U\h\ik�4h|tbU\`fnqU)VWcXishN]fr
ium�j�`wcXn�]wVXis`bm�l6U)cXisv&U\l�j�cX`bnÐVXYIU}eIaIisrul6ism6tb[A[�y�n^e�`frsiuÍ)UNl�ium�VXY6U?n�]w_Dism�`fc{l�U)cdVX`�UN]w[WU?VXYIU)iscdcXU\h\`btfmIikVXis`bm�iumD]�_4]wmIh{Y6cX`bn�]~VXish
[X]wVXU\rsrsikVXU"iun�]wtbUdÎ�Y6isruUd`wvbU)cXh\`bnqism6t?a�cXe4]fmBl6ik�qh)aIrkVXisU\[\� Ì YIis[�_6cXis`wc�Ï�m6`NÎ�ruU\l6tbUdiu[�U)n^e�UNl6l6UNl�ismB]fh)VXisv&UAh)`bm*VX`ba�cX[�nq`Sl6U\rs[�]w[�]
[WY4]f_�U|h\`bm6[�VWc{]fism*V�j�`wcXn^a6r�]~VXUNlqism2]ovb]~cXiu]wVXis`bmI]fr1]f_6_6cX`&]whzY1��ÑEU0_6cX`f_�`b[WUdm6U)Î,[W`frua�VXis`bmI[	VX`?isnq_6cX`~v&U�VXYIU�cX`be6aI[�VXm6U\[W[�`wj![WY4]w_�U
h\`bm6[�VWc{]fismIUNlQ]wh)VXisv&U�h\`bm*VX`fa6cX[\�}VXYIU�j�a6[Wis`bmQ`fj�VXY6Uqisn�]ftbUqÎ�ikVXYQ]�l�iutfikV{]fr�[Wa�cWj�]fh)U�nq`Sl�U\r0�� o�I���"]fmIl�VXYIUq[W_I]wVXis`f��VXU\nq_�`wc{]fr
vb]~cXi�]~VXis`bmq`fj�VXY6U�[WY4]w_�U�h\`bm6[�VWc{]fism*V�]wrsru`NÎFVX`"`~v&U)cXh\`fnqU�VXYIU�h)cXikVXishN]wrIis[W[WaIU�`fj4ru`*h\]fr4nqismIisn�]S��ÒÓm6U)ÎF[WY4]w_�U�h\`bm6[�VWc{]fism*V�U\m6U)cXtfyo�
ruism6UN]wc�]wm4l��*a4]fl�c{]wVXish���]frsrs`NÎ�[�rs`*hN]fr1]fmIlq_4]wc{]wrsruU)rCl�is[Wh)cXU\_4]wmIh\isU\[�`fj1VXYIU|]fh)VXisv&U0h\`bm*VX`fa6cX[�j�cX`bn@VXY6U|h\]wcWVX`btwc{]f_6YIishd[WYI]f_�Ud_�cXis`fc
VX`2e�U)VWVXU)cA[WU\tbnqU\m*VAVXY6U^`fe�g<U\h)V}ismDVXY6U^isn�]ftfUb� Ì Y6U?�4m6U^n�]w_6��VX`f��isn�]ftfU^n�]wVXh{YIism6tB]whzY6isU\v&UNl�e*yD]fh)VXisv&U�h)`bm*VX`ba�cX[A[W`brsv&U^VXY6U
iu[W[Wa6Ud`wjPU)��`ftbU\m6`baI[	vb]~cXiu]feIisrsikVXisU\[�e�U)V<Î�U\U\mqVXYIU�n�]w_�]fm4l�VXY6U0isn�]wtbU|]fm4l�VXY6U)cXU)j�`wcXUdn�]wÏ&U\[�VXYIU�[WaIe6[WUN�*aIU\m*V	hzYI]fmItfUdl�U)VXU\h)VXis`fm
l6U\h\is[Wis`bm�nq`fcXU^cXU\rsiu]fe6rsUb�BT�Y4]wmItbUqismIl6ishN]wVX`wcX[o[Wiunq_6rky�hN]frsh\a6r�]~VXUNl�j�cX`bnÔVXYIU^ o�I�Õ]wm4l�]2n^a6rsVXis[W_�U\hzVWc{]fr�[X]wVXU\rsrsikVXUqisn�]ftbU�]~cXU
nqU)cXtbUNlEVX`Dl6UzVXU\h)V�`feSv�is`faI[^h{Y4]wmItfU\[�`fj|eIa6isr�l�ismItb[\��Ñ,YIU)mFm6`�`beSvSiu`faI[?hzYI]fmItfU2is[ql�U)VXU\h)VXUNl���]DnqUzVXYI`SlEe4]w[WUNlQ`bmÄ¢d`faItfY
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