




Active contours and prior knowledge for
change analysis: application to digital

urban building map updating from optical
high resolution remote sensing images
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� 25>;> 6��M1 /3254 ¹ 4 �

λpara = 20
¹&1 /04�D 1!¹ 4 1

n0
� ¸���ºUL / 1;: � ? ¹�� > ¹&1 / � � 25>;> 6��M1 /3254��

λpara = 20
�
λquad = 8

¹ 4 �
a = 0.5

� �i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� � � �
�|� �A� E 6 A)B 6 4 1!¹&1 /3254 L / 1;: 1;:�6 Q :�¹ 4 ¹ 4 � � 6 D 6 B�2 �-6 . ¹ 4 � 1;:�6 D :�¹ + 6 � 254�D 1 > ¹ /04 1

¹ ? 1;: 25>;/0|</04-A 1;:�6 + ¹ > ¹ .0. 6 .(J ¹ >;/ ¹&1 /3254�D�� ¸H¹�ºtL / 1;: 25? 1 � ? ¹�� > ¹&1 / � � 25>;> 6��M1 /3254 ¹ 4 �
λpara = 50

¹&1 /04�D 1!¹ 4 1
n0
� ¸���ºxL / 1;: � ? ¹�� > ¹&1 / � � 25>;> 6��M1 /3254��

λpara = 50
�

λquad = 7
¹ 4 �

a = 0.5
� �5�i�5�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� � � i

�|� �-® � 6 +-> 6 D 6 4 1!¹&1 /3254l2 = 1;:�6 � ? ¹�� > ¹&1 / � = 25> �<6Y¹&1 /04�D 1!¹ 4 1
n0

� K :�6 � .0? 6 |�254 6 D � 25> m
> 6 D;+�254 ��1 2 ¹ +�2)D;/ 1 /0J 6@= 25> �<6+¸�� /0. ¹&1 /3254 6 	 6��M1�º � ¹ 4 �p1;:�6 A)> 6<6 4p|�254 6 Dj> 6 +-> 6 D 6 4 1
¹ 4 6 A ¹&1 /0J 6�= 25> �<6V¸�� 25Bo+-> 6 D7D;/3254 6 	 6��M1�º �4�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� � � i

�|� � � $ 8 + 6 >;/0B 6 4 1�L / 1;:h¹ > 6-¹ .�/0B ¹ A 6 � 1;:�6 +->;/325>@D :�¹ + 6 /3D 1;:�6 > 6 D;?-. 1 2 =�1;:�6 B ¹&1��v:
m
/04-A L / 1;:e1;:�6 � 254}J 6 4 1 /3254 ¹ . D :�¹ + 6 � 254�D 1 > ¹ /04 1 � K :�6 D 6 A)B 6 4 1!¹&1 /3254l/3D �-¹ >;>;/ 6��
25? 1�L / 1;:C1;:�6 Q :�¹ 4 ¹ 4 � � 6 D 6 B�2 �-6 . � 1;:�6 D :�¹ + 6 � 254�D 1 > ¹ /04 1�¹ ? 1;: 25>;/0|</04-A 1;:�6
+ ¹ > ¹ .0. 6 . J ¹ >;/ ¹&1 /3254�D ¹ 4 �aL / 1;: � ? ¹�� > ¹&1 / � � 25>;> 6��M1 /3254

λpara = 4
�
λquad = 0.5¹ 4 �

a = 0.5
� �i�5�O�5�i�i�5�i�5�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� � � s

i[� � T >725+�2)D 6�� �7:�¹ 4-A 6 �-6M176��M1 /3254bB 6M1;: 2 � 25.325A X � ¸ * º �-¹ . � ?-. ¹&1 /3254 ¹ 4 � = ?�D7/3254 2 =
�7:�¹ 4-A 6 /04 � / �<6 D-� ¸ �_º�¹&1;176 4�? ¹&1 /3254 2 = B ¹ + � /0B ¹ A 6�698 25A 6 4�25?�D�J ¹ >;/ ¹�� /0.0/ 1 / 6 D
¸ Q ºi¹ 4 ¹ . X D;/3DU2 = F�4 ¹ . �v:�¹ 4-A 6 D-� � 6 A 6 4 � ���uB ¹ 4 � �u+ ¹ > 6 > 6 D;+ 6��M1 /0J 6 . Xl1;:�6
B ?-. 1 /3D;+ 6��M1 > ¹ . ¹ 4 � + ¹ 4 �7: >725B ¹&1 / � D ¹&176 .0.0/ 176 /0B ¹ A 6 D-� �5�i�5�i�i�5�i�5�O�5�i�i� ��O|�

i[� ® � 6 A)/3D 1 > ¹&1 /3254�2 =�1;:�6 � ?-/0. � /04-A�B ¹ + ¸ D : 2 L 4 /04 X�6 .0.32 L\º�L / 1;:b1;:�6CW Egq ?�D m
/04-ACA 6 2 � 2 � /04-Ae/04 = 25>;B ¹&1 /3254k� K :�6 > 6���¹ >;>72 L +�25/04 1 D 1 2 ¹ �7:�¹ 4-A 6 � � ?-/0. � /04-A
> 6 +-. ¹��<6�� ��X�¹z176 >;> 6 +-. 6 /04k�;�5�i�5�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ��O �

i[� � � 6 D;?-. 1 2 = �7:�¹ 4-A 6(�-6M176��M1 /3254 ��6M1ILR6<6 4 1;:�6 B ¹ + ¹ 4 � 1;:�6 W Egq;� � 6 A 6 4 � �,> 6��
¸��7:�¹ 4-A 6%º � X�6 .0.32 L�¸H¹ B � /0A)?�25?�D º � � .0? 6\¸ ?-4 �-6�� / �w¹�� . 6%º � Ts¹ > ¹ B 6M176 >7D �

thresfilled
� ��w�� �

thresflat
� ��B��

thresbuild
� �zBh�³�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ��O)O

i[� � K :�6 B 6M1;: 2 � 
 D~D;? ���<6 D7D /04�> 6 . ¹&1 /3254 1 2
thresfilled

� K :�6 > ¹&176 2 =!� ?-/0. � /04-A�D
� 25>;> 6��M1 . X �-6M176��M176���¹ D :�¹ J�/04-A �7:�¹ 4-A 6�� /3D�D : 2 L 4 /04 > 6�� � K :�6 � .0? 6 � ?->;J 6
> 6 +-> 6 D 6 4 1 D 1;:�6 > ¹&176 2 = � ?-/0. � /04-A�D �-6M176��M176��l¹ D :�¹ J�/04-A �7:�¹ 4-A 6��zL / 1;: > 6 D;+ 6��M1�1 2
1;:�6 1 2 1!¹ .g4}?-B ��6 >S2 =�� ?-/0. � /04-A�D(/04 1;:�6 B ¹ +k�

thresflat = 1m
¹ 4 �

thresbuild =
3m

�|�5�i�5�i�i�5�i�5�O�5�i�i�5�i�5�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ��O)�
i[�PO K :�6 B 6M1;: 2 � 
 D D;? ���<6 D7Du/04n> 6 . ¹&1 /3254 1 2

thresflat
� K :�6 > ¹&176 2 = � ?-/0. � /04-A�D � 25> m

> 6��M1 . X �-6M176��M176��9¹ D :�¹ Jg/04-A �7:�¹ 4-A 6�� /3D@D : 2 L 4C/04�> 6�� � K :�6 � .0? 6 � ?->;J 6 > 6 +-> 69m
D 6 4 1 D 1;:�6 > ¹&176 2 = � ?-/0. � /04-A�D �-6M176��M176��+¹ D :�¹ Jg/04-A �7:�¹ 4-A 6�� /04 > 6 . ¹&1 /3254 1 2 1;:�6j1 2 m
1!¹ .�4}?-B ��6 >t2 = � ?-/0. � /04-A�Dj254 1;:�6 B ¹ +k�

thresfilled = 50
� ¹ 4 �

thresbuild = 3m
�^��O�i
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i[�P� K :�6 B 6M1;: 2 � 
 DCD;? ���<6 D7D�/04 > 6 . ¹&1 /3254 1 2
thresbuild

� K :�6 > ¹&176 2 = � ?-/0. � /04-A�D
� 25>;> 6��M1 . X �-6M176��M176���¹ D :�¹ J�/04-A �7:�¹ 4-A 6�� /3D�D : 2 L 4 /04 > 6�� � K :�6 � .0? 6 � ?->;J 6
> 6 +-> 6 D 6 4 1 D 1;:�6 > ¹&176 2 = � ?-/0. � /04-A�D �-6M176��M176���¹ D :�¹ Jg/04-A �7:�¹ 4-A 6�� /04 > 6 . ¹&1 /3254
1 2 1;:�6n1 2 1!¹ .�4}?-B ��6 >C2 = � ?-/0. � /04-A�D�254 1;:�6 B ¹ +k�

thresfilled = 65
� ¹ 4 �

thresflat = 1.5m
�4�O�5�i�i�5�i�5�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ��O�i

i[� i HI4 = > ¹ m > 6�� ��¹ 4 � �-> 6-¹ . � 25.325>7D ¸ ��� �.º � ¹ 4 �
NDV I

� �O�5�i�5�i�i�5�i�5�O�5�i�i� ���)w
i[�Ps $ D 1 /0B ¹&1 /3254�2 =R1;:�6 B ¹ 8 /0B ?-B

µ1

¹ 4 � Bo/04-/0B ?-B
µ2

1 > ¹ 4�D;. ¹&1 /3254 ��6M1ILR6<6 4 ¹
B ¹ +nD 6 A)B 6 4 1 � * � 
 ¹ 4 �9¹ 4�/0B ¹ A 6 D 6 A)B 6 4 1 � * 
 � 
 
=�¬�5�i�5�i�i�5�i�5�O�5�i�i� ��� �

i[�P� ® W � 25?-A :�¹���� ?-B ?-. ¹&1 25>
(µx, µy)

� * ��� ?-B ?-. ¹&1 /3254 ��6M1ILR6<6 4bBo/04-/0B ?-B ¹ 4 �
B ¹ 8 /0B ?-B 1 > ¹ 4�D;. ¹&1 /3254e/3D 6 4-. ¹ >;A 6�� /04 ¹ ��¹ 4 � 2 =

l
+-/ 8
6 .3D%� �i�i�5�i�5�O�5�i�i� ��� �

i[� ��w W�6M176��M1 /3254�2 = ?-4 6�� ?-/0J�2 �-¹ . �7:�¹ 4-A 6 D%� Q :�¹ 4-A 6 D Lj6 > 6 �-6M176��M176�� ��X � 25Bo+ ¹ > m
/3D7254 L / 1;:b1;:�6 % W � H /0B ¹ A 6 � K :�6 F�A)?-> 6 D�/0.0.0?�D 1 > ¹&176 �-¹ > 1 25A)> ¹ + : / � 2 � �;6��M1 D
D;?-+ 6 >;/0Bo+�2)D 6�� 254 ¹ B�25> 6 > 6��<6 4 1 D ¹&176 .0.0/ 176 /0B ¹ A 6 � �O�5�i�5�i�i�5�i�5�O�5�i�i� ���)�

i[� �A� Q :�¹ 4-A 6 �-6M176��M1 /3254 � ? 6�1 2�D 1 >7254-ApA 6 25B 6M1 >;/ �-¹ .�J ¹ >;/ ¹&1 /3254 �
Egeom = 0.54

¹ 4 �
pNC = 0.30

�jQ :�¹ 4-A 6 /3D�D;/0B ?-. ¹&176�� �z�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ���)�
i[� �-® Q :�¹ 4-A 6 �-6M176��M1 /3254 � ? 6 1 2 ¹ : /0A :

µHough

1 > ¹ 4�D;. ¹&1 /3254k�
sHough = 0.27

�
µHough = (−6,−26)

¹ 4 �
pNC = 0.00

�tQ :�¹ 4-A 6 /3D�D;/0B ?-. ¹&176�� � �i�5�O�5�i�i� ��i5w
i[� � � W�6M176��M1 /3254�2 = 4�254 m �v:�¹ 4-A 6�L / 1;:�¹ + 6 > = 6��M1!�-¹ > 1 25A)> ¹ + : / � 2 � �;6��M1�1 > ¹ 4�D = 25>;B 6��

�}X D7/0Bo/0. ¹ >;/ 1IX 2 = + ¹ > ¹ B 6M176 >7D
ξ0 = (s0 = 1, θ0 = 0.1, µx,0 = 1, µy,0 = 1)

�
%u254 m �v:�¹ 4-A 6 /3D � 254
F�>;B 6��lL / 1;:

sHough = 0.76
�
µHough = (1, 0)

�
Egeom =

0.1
¹ 4 �

pNC = 0.63
�}�i�i�5�i�5�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ��i[�

i[� � � W�6M176��M1 /3254�2 = 4�254 m �v:�¹ 4-A 6�L / 1;:�¹ + 6 > = 6��M1!�-¹ > 1 25A)> ¹ + : / � 2 � �;6��M1�1 > ¹ 4�D = 25>;B 6��
�}X D;/0Bo/0. ¹ >;/ 1IX 2 = + ¹ > ¹ B 6M176 >7D

ξ0 = (s0 = 1.05, θ0 = 0.075, µx,0 = 4, µy,0 =
−1)

� % 254 m �7:�¹ 4-A 6 /3D � 254
F�>;B 6�� L / 1;:
sHough = 0.72

�
µHough = (1, 0)

�
Egeom = 0.08

¹ 4 �
pNC = 0.63

�U�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ��iL®
i[� ��O W�6M176��M1 /3254�2 = 4�254 m �v:�¹ 4-A 6�L / 1;:�¹ + 6 > = 6��M1!�-¹ > 1 25A)> ¹ + : / � 2 � �;6��M1�1 > ¹ 4�D = 25>;B 6��

�}X D;/0Bo/0. ¹ >;/ 1 X 2 = + ¹ > ¹ B 6M176 >7D
ξ0 = (s0 = 1.0, θ0 = −0.02, µx,0 = −2, µy,0 =

1)
� % 254 m �7:�¹ 4-A 6 /3D � 254
F�>;B 6�� L / 1;:

sHough = 0.81
�
µHough = (0, 0)

�
Egeom = 0.04

¹ 4 �
pNC = 0.76

�U�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ��iL®
i[� ��� W�6M176��M1 /3254�2 = 4�254 m �v:�¹ 4-A 6�L / 1;:�¹ + 6 > = 6��M1!�-¹ > 1 25A)> ¹ + : / � 2 � �;6��M1�1 > ¹ 4�D = 25>;B 6��

�}X D;/0Bo/0. ¹ >;/ 1IX 2 = + ¹ > ¹ B 6M176 >7D
ξ0 = (s0 = 1.0, θ0 = 0.0, µx,0 = 5, µy,0 = 5)

�
%u254 m �v:�¹ 4-A 6 /3D � 254
F�>;B 6��eL / 1;:

sHough = 0.84
�
µHough = (−1, 0)

�
Egeom =

0.01
¹ 4 �

pNC = 0.83
�&�i�i�5�i�5�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ��i��

i[� ��i W�6M176��M1 /3254 2 = 4�254 m �v:�¹ 4-A 6�L / 1;:	¹ B ¹&1��v: /04-A 6 >;>725> 1;:�¹&1!�-¹ 4 ��6 B�2 �-6 . 6����}X
¹ A).32 ��¹ . 1 > ¹ 4�D = 25>;B ¹&1 /3254k� % 254 m �7:�¹ 4-A 6 /3D � 254
F�>;B 6�� L / 1;:

sHough = 0.86
�

µHough = (0,−1)
�
Egeom = 0.12

¹ 4 �
pNC = 0.68

���5�i�5�i�i�5�i�5�O�5�i�i� ��i �
i[� ��s W�6M176��M1 /3254 2 = 4�254 m �v:�¹ 4-A 6�L / 1;:	¹ B ¹&1��v: /04-A 6 >;>725> 1;:�¹&1!�-¹ 4 ��6 B�2 �-6 . 6����}X

¹ A).32 ��¹ . 1 > ¹ 4�D = 25>;B ¹&1 /3254k� % 254 m �7:�¹ 4-A 6 /3D � 254
F�>;B 6�� L / 1;:
sHough = 0.88

�
µHough = (0, 0)

�
Egeom = 0.03

¹ 4 �
pNC = 0.83

�D�O�5�i�5�i�i�5�i�5�O�5�i�i� ��i5O
i[� ��� W�6M176��M1 /3254p2 = 4�254 m �v:�¹ 4-A 6�L / 1;: .32 �-¹ .�D :�¹ + 6t6 >;>725>7D-� % 254 m �7:�¹ 4-A 6 /3D � 254
F�>;B 6��

L / 1;:
sHough = 0.62

�
µHough = (1, 0)

�
Egeom = 0.02

¹ 4 �
pNC = 0.66

�c�i�i� ��i5O
i[� ®)w W�6M176��M1 /3254p2 = 4�254 m �v:�¹ 4-A 6�L / 1;: .32 �-¹ .�D :�¹ + 6t6 >;>725>7D-� % 254 m �7:�¹ 4-A 6 /3D � 254
F�>;B 6��

L / 1;:
sHough = 0.73

�
µHough = (1, 0)

�
Egeom = 0.03

¹ 4 �
pNC = 0.71

�c�i�i� ��i5�
i[� ®|� W�6M176��M1 /3254 2 = 4�254 m �7:�¹ 4-A 6xL / 1;: .32 �-¹ . 6 >;>725>7D 2 = D :�¹ + 6 � %u254 m �v:�¹ 4-A 6 /3D � 254 m

F�>;B 6��CL / 1;:
sHough = 0.75

�
µHough = (1, 0)

�
Egeom = 0.05

¹ 4 �
pNC = 0.71

�K��i5�



� � 
 � ������� � 	�� � 
 8 /0/0/

i[� ®A® *,B � /0A)?�25?�D �-6M176��M1 /3254 ¸ /04 �-6M176 >;Bo/04 ¹&176 �-¹ D 6%º �
sHough = 0.45

�
µHough =

(0, 0)
�
Egeom = 0.02

¹ 4 �
pNC = 0.55

�p�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ��i)i
i[� ® � $V>;>7254 6 25?�D �7:�¹ 4-A 6 �-6M176��M1 /3254 � ? 6V1 2@.32 �-¹ .�D :�¹ + 6V6 >;>725>7D�254 1;:�6 B ¹ +k�

sHough =
0.47

�
µHough = (−1,−1)

�
Egeom = 0.19

¹ 4 �
pNC = 0.39

�{�i�5�i�5�O�5�i�i� ��i5s
i[� ® � HI.0.0?�D 1 > ¹&1 /3254 2 = �-6 .0/04 6-¹&1 /3254 6 >;>725>7D ¹ 4 � 2 = A 6 4 6 > ¹ .0/0| ¹&1 /3254 6 	 6��M1 /04 1;:�6 B ¹ +

2 = ���)�)�|� K :�6 �-¹ > 1 25A)> ¹ + : / � 2 � � 6��M1 /3D�D;?-+ 6 >;/0Bo+�2)D 6�� 254 1;:�6 D ¹&176 .0.0/ 176 /0B ¹ A 6
2 = ®)w)wA®|�¬�i�i�5�i�5�O�5�i�i�5�i�5�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ��s)w

*+� � * 6 >;/ ¹ .!/0B ¹ A 6 D : 2 L 4 ¹&1 O � 2 = / 1 DR25>;/0A)/04 ¹ .^D7/0| 6 � K :�6,= ? 1 ?-> 6 yu. X Bo+-/ � Jg/0.0. ¹ A 6
L /0.0. ��6 D;/ 1 ? ¹&176�� /04 1;:�6 4�25> 1;:
mI6-¹ D 1 2 =(1;:�6 /0B ¹ A 6 � �O�5�i�5�i�i�5�i�5�O�5�i�i� ���)w

*+� ® �t6 / � /04-A � / 1IX � 698
1 > ¹��M1 = >725B 1;:�6 ��H;E �w¹&1!¹O¹&1P¹ � � ��w��Pw)w)wUD �-¹ . 6 � K :�6 � 254�D 1 >;? �9m
1 /3254�D ¹ > 6 /04 +-/04-N � 1;:�6 >72 ¹�� 4 6M1 L 25>;N /04 +-?->;+-. 6 � 1;:�6 >;/0J 6 >7D ¹ 4 � �-¹ 4 ¹ .3Do/04
� .0? 6 � 1;:�6 . ¹ N 6 D,/04�A)> 6<6 4k� �5�i�5�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ��� �

� � � HI4-/ 1 / ¹ .�D;/0Bo+-. 698�¹ 4 � > 6 �
6��M1 /3254k� �i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ���)�
� � ® $ 8 + ¹ 4�D;/3254��i�5�i�5�O�5�i�i�5�i�5�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ���)�
� � � T 2)DvD;/ � . 6 � 254 1 > ¹��M1 /3254�D �i�5�i�5�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ����i
� � � E : >;/04-N�/04-A �i�5�i�5�O�5�i�i�5�i�5�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ����i
Q�� � W / ¹ A)> ¹ B /0.0.0?�D 1 > ¹&1 /04-A /04}J 6 >7D 6 B�2 �-6 .0/04-Aw� K :�6@176 >;> ¹ /04 ¹ 4 � �-¹ B 6 > ¹ > 69= 6 > 6 4 �<6 D
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687:9<; W 7 T>=:?5@BA3@DCFT>E 9GF @ ; ? 7 @ 9 EH=:A5IKJL@BEM@ F ?NI>OP? 7 @NA5IRQ:S ; ? F @ ;5; I>O ;T7 T>=U@ W I FV; ?TAVT 9GF @2S T W ? 9 JL@
W I F ?5IRS:A ;PWP7:9 W 7 T>A5@ 9GF ?5@ F S:@2SX?5I T W 7:9 @BJL@4TZY F @[E T>? W 7:9GF:\ QU@B? W @]@ F ? 7 @ W T>AT?5I \ AVT>= 7:9 W Q:S 9G^ S`_9GF:\L; T F Sa? 7 @ 9 E T \ @ R 687 @ \ I T ^ I>O ; S W 7 TbE T>? W 7:9GF:\c9<; ?5I 9GF W A5@�T ; @�? 7 @�E T>=-d 9 E T \ @ W I FV;T9<; ?5@ F WBe?5Ia@ F T>Q ^ @LT$A5@ ^G9 T>Q ^ @ ; S:Q ; @]fgSV@ F ?�h F I>_ W 7 T F:\ @Di S:@B?5@ W ? 9 I F R�j @P=:A5IR=UI ; @P?5I 9 EH=:A5IkJL@+? 7 @LT W ? 9 JL@
W I F ?5IRS:AMEMI�S:@ ^<; =:A5IR=/I ; @2S 9GF ? 7 @X=:A5@BJ 9 IRS ; W 7 T>=:?5@BA 9GF IRA S:@BAH?5I 9GF W A5@�T ; @X? 7 @ 9 AME T>? W 7:9GF:\=UI W @BA R 687 @NYVA ; ? W I F ?TA 9 Q:S:? 9 I F W I FV;59<; ? ; I>OP=:A5IR=UI ;T9GF:\ T S 9ml @BA5@ F ?NIR=:? 9 E 9Gn T>? 9 I F T ^G\ IRA 9 ? 7 EOoIRAP@ ; ? 9 E T>? 9GF:\ ? 7 @[=/I ; @[= T>AVT>EM@B?5@BA ; E T>p 9GF:\ ? 7 @ ;T7 T>=U@ W I FV; ?TAVT 9GF ? 9GF J�T>A 9 T F ?qOrA5IRE T \s^ IRQ T ^?TAVT FV; OoIRATE T>? 9 I F R 687 @ ; @ W I F StI F @ W I F W @BA FV; ? 7 @ 9GFV; @BAT? 9 I F I>Ou? 7 @wv 9G\s9 ?VT ^[x S:AyO T W @{z{I*S:@ ^| v x z�} 9GF ? 7 @ T W ? 9 JL@ W I F ?5IRS:A ;K~ T>?T?VT W 7 EM@ F ?u?5I SFT>?VT�?5@BATE R 687:9<; ? e =U@ZI>O�A5@B=:A5@ ; @ F ?VT>? 9 I F�9<;
W IREH= ^ @BEM@ F ?VT>A e ?5I{? 7 @ ; T>?5@ ^G^G9 ?5@ 9 E T \ @ T F S�@ F T>Q ^ @ ; TwQU@B?T?5@BA�S 9<; W A 9 E 9GF T>? 9 I F I>O+? 7 @ W I F _; ?TATS W ? 9 I FV; OrA5IRE�? 7 @qA5@ ; ?�I>OU? 7 @ ; W @ F @ R 687 @q? 7:9 A S 9GF:F IKJ�T>? 9 I F W I F W @BA FV; ? 7 @ 9GF W IRAT=UIRAVT>? 9 I F I>O;T7 T>=U@ W I FV; ?TAVT 9GF ?�J�T>A e 9GF:\ T W2W IRA S 9GF:\ ?5I ; = T W @ T F S�? 9 EM@ R 687:9<;�9<;�9GF ?5@ F S:@2S�?5I W I F O�@BA \ A5@�T>?5@BA� @DC 9 Q 9G^G9 ? e I F ? 7 @4T W ? 9 JL@ W I F ?5IRS:A ; ?5INE T>pL@u? 7 @BE ^ @ ;5;q; @ FV;T9 ? 9 JL@u?5IN? 7 @ ^ I W T ^ E 9GF:9 E THI>O�? 7 @E 9GF:9 E 9Gn @2S�@ F @BA \ e R 687 @+@DC`=U@BA 9 EM@ F ?VT ^ A5@ ; S ^ ? ; A5@B=UIRAT?5@2S T>?�? 7 @P@ F SMI>OU? 7 @ W 7 T>=:?5@BAb@ F T>Q ^ @P?5I
T ;5; @ ;5; ? 7 @ ;T9G\sF:9 Y W T F W @�T F S W I F ?TA 9 Q:S:? 9 I F I>O�? 7 @ ; @Z? 7 A5@]@ ; I ^ S:? 9 I FV;[9GF ?5@BATE ; I>O�A5IRQ:S ; ? F @ ;�;K�@D� W 9 @ F WBe T F S W IREH=:S:?VT>? 9 I F T ^ ? 9 EM@ � I>O�? 7 @$E T>=)_�?5I>_ 9 E T \ @ZE T>? W 7:9GF:\ R

"$#y� ��.P� 01� *�� � *-4����8*-4�.q( . � *-�1�
Tsim � �P,U�+����*-��, � �$��*-�1� � 4����

�N� ����� �5  .P,U4y*-�N�
¡ ;�W @8EM@ F ? 9 I F @2S 9GFH; @ W ? 9 I F QFR£¢�R£¢ �s9 ? 9<; =/I ;�;T9 Q ^ @b? 7 T>?�? 7 @�E 9GF:9 E3S:E¤I>O¥? 7 @ ;57 T>=/@ W I FV; ?TAVT 9GF ?@ F @BA \ e S:@ ; W A 9 Q/@2S 9GFX\ @ F @BAVT ^ ?5@BATE ;89GF @]f¦S T>? 9 I F |o§�RG¨ }�E T e F IR? 7 T]JL@XT F T F T ^ e ? 9 W T ^©; I ^ S:? 9 I FI>O�? 7 @u= T>AVT>EM@B?5@BA ;

ξi∈(1,...,N)
I>O�? 7 @ \s^ IRQ T ^ ?TAVT FV; O�IRATE T>? 9 I F

T ª
Jshape (φ, ψ) =

∫

Ω
D (φ (x) , ψ0 (Tx)) dx
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« ¢
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WP7 @BA5@ D A5@B=:A5@ ; @ F ? ;�*,+)9<; ? *>F.- @uEM@ *R; S:A 9GF:\ ? 7 @ ;T9 E 9G^/* A 9 ? e Q/@B? W @]@ F ? 7 @ ;T70* =U@uI>O�? 7 @ *1- ? 9 JL@- I F ?5IRS:A
φ
*>F.+ ? 7 @
A5@DO�@BA5@ F.- @ ;T70* =/@

ψ0 2 687:9<;M9<; ? 7 @ -3*R; @wI>Ou? 7 @w@ F @BA \ e OoIRATEZS ^/* ?5@ +t9GF@]f¦S * ? 9 I F |54 2 §64 } WP7 @BA5@ D (φ (x) , ψ0 (Tx)) = (H (φ (x)) −H (ψ0 (Tx)))2
*>F.+

T = Tsim|
N = 4

} 2�7 F ? 7 @ * Q ; @ F.- @[I>O * OoIRATE *>^ @DC`=:A5@ ;5;59 I F I>O©? 7 @c= * A * EM@B?5@BA ; ? 70* ? W IRS ^8+�70* JL@cE *1+ @? 7 @ * =:=:A5I *1-�7�9GF ?TA 9GFV;T98-s�g9 ? 9<;�F @ - @ ;5;9* A e ?5Ia@ ; ? 9 E * ?5@q? 7 @BE�Q e F S:EM@BA 98-3*>^ IR=:? 9 E 9Gn&* ? 9 I F:*R; ? 7 @
*1- ? 9 JL@ - I F ?5IRS:AP@BJLI ^ JL@ ; 2�7 F<;>= ¨ ��= ¢ � ¨3?s§ �@= 41A � ? 7 @ * S:? 7 IRA ; =:A5IR=UI ; @q?5I -3*>^8- S ^/* ?5@ F S:EM@BA 98-3*>^G^ e? 7 @Z= * A * EM@B?5@BA ; I>O *�;T9 E 9G^/* A 9 ? e ?TA *>FV; OoIRATE * ? 9 I F E 9GF:9 E 9Gn]9GF:\ ? 7 @3@ F @BA \ e I>O�@]fgS * ? 9 I F |54 2 §64 }Q e \ A *1+)9 @ F ? + @ ;B- @ F ? 2 j @�? 7 @ FZ70* JL@�OoIRS:A @]f¦S * ? 9 I FV; A5@ ^/* ? 9 JL@�?5I+@ *1-�7 I>OV? 7 @ Tsim = * A * EM@B?5@BA ;k�? 70* ? 9<; ?5I ;9* e ? 7 @ ;B-3*>^G9GF:\

s
� A5IR? * ? 9 I F

θ
*>F.+ ?TA *>FV;T^/* ? 9 I F

µ ª




sn+1 = sn + ∆tsF
(
φ, ψ0, s

n, θn, µnx, µ
n
y

)

θn+1 = θn + ∆tθG
(
φ, ψ0, s

n, θn, µnx, µ
n
y

)

µn+1
x = µnx + ∆tµxM

(
φ, ψ0, s

n, θn, µnx, µ
n
y

)

µn+1
y = µny + ∆tµyN

(
φ, ψ0, s

n, θn, µnx , µ
n
y

)
|o§ 2 = }

WP7 @BA5@
n
9<; ? 7 @ 9 ?5@BA * ? 9 I F A *>F p �

φ
*>F.+

ψ0
* A5@Z? 7 @ ^ @BJL@ ^�; @B? ; A5@ ; =U@ - ? 9 JL@ ^ e A5@B=:A5@ ; @ F ? 9GF:\ ? 7 @

*1- ? 9 JL@ - I F ?5IRS:A *>F.+ ? 7 @$=:A 9 IRA ;T70* =U@ 2 ∆ts
�
∆tθ
�
∆tµx

*>F.+
∆tµy

* A5@$? 7 @$? 9 EM@ ; ?5@B= ;C*R;5; I -B9 _
* ?5@ + WP9 ? 7 @ *1-57 I>O�? 7 @ \ A *1+)9 @ F ? + @ ;B- @ F ? ; @ ; ? 9 E * ? 9GF:\ ? 7 @

Tsim
= * A * EM@B?5@BA ; 2 687 @ + @B? *>9G^ I>O? 7 @a@DC)=:A5@ ;5;T9 I FV; I>O�? 7 @[O�S F.- ? 9 I FV; F ,G,M *>F.+ N 9<;P\s9 JL@ F
9GFD;>= ¨EA 2

687 @X@ ; ? 9 E * ? 9 I F I>O[? 7 @ = * A * EM@B?5@BA ; S ;T9GF:\ ? 7 @�O�IRS:A + @ ;B- @ F ? ; I>O ; e ; ?5@BE |o§ 2 = }3E * e QU@OoIRS F.+ ?5I
Q/@�@DC`?TA5@BEM@ ^ e =/@BA 9G^ IRS ; 2 687 @ + @ ^G98-3* ?5@�=UI 9GF ? 9<; ? 7 @�?TS F:9GF:\ I>Oq? 7 @�? 9 EM@ ; ?5@B= ; I>O? 7 @MO�IRS:A + @ ;B- @ F ? ; A5@ ^/* ? 9 JL@�?5I
@ *1-57 I>Oq? 7 @M= * A * EM@B?5@BA ; 2 j 7 @BA5@ *R; @ *1-�7F+ @ ;B- @ F ?1@ ; ? 9 E * ?5@ ;* = * A * EM@B?5@BA WP9 ? 7�*<+)9ml @BA5@ F ? \ @]IREM@B?TA 98-3*>^ EM@ *>F:9GF:\ | ?TA *>FV;T^/* ? 9 I F©� A5IR? * ? 9 I F©��;B-3*>^G9GF:\ } 9 ? 9<;7:9G\s7:^ e ^G9 pL@ ^ e ? 70* ?M? 7 @ ; =U@]@ + I>O$@ *1-�7G+ @ ;B- @ F ? WP9G^G^qF IR?MQU@X? 7 @ ;9* EM@ 2�H IRA�@DC * EH= ^ @ � ? 7 @+ @ ;B- @ F ?H@ ; ? 9 E * ? 9GF:\ ? 7 @�A5IR? * ? 9 I F ;57 IRS ^8+ QU@�EZS -57 ;5^ I W @BAH? 70*>F ? 7 @ ?TA *>FV;T^/* ? 9 I F�+ @ ;B- @ F ? ; 2I I W @BJL@BA � ? 7 @BA5@ 9<;ZF Iw? 7 @]IRA5@B? 98-3*>^ OrA * EM@ W IRATp E * p 9GF:\ 9 ?a=UI ;5;T9 Q ^ @�?5I -B^/* A 9 O e ? 7:9<; f¦SV@ ; ? 9 I FWP7:98-�7 \s9 JL@ ; A 9<; @+?5I3@BEH= 9 A 98-3*>^ ; @B?T? 9GF:\L; ? 70* ? * A5@ +)9 � - S ^ ? � S FV; ? * Q ^ @ *>F.+�WP7:98-57X9GF � SV@ F.- @[? 7 @@ ; ? 9 E * ? 9 I F I>O©? 7 @c= * A * EM@B?5@BA ; 2
J *R; ? ^ e � ? 7 @ 9GF ?5@BAy_ + @B=U@ F.+ @ F.- @aI>O©? 7 @+O�IRS:A \ A *1+)9 @ F ? + @ ;B- @ F ? ;EM@ *>FV; ? 70* ? * =UI¦IRA1@ ; ? 9 E * ? 9 I F I>O+I F @�= * A * EM@B?5@BA 9GF�*K+ @ ;9- @ F ? WP9G^G^L* l @ - ? *>^G^ ? 7 @ IR? 7 @BA ;?5I ; S -57F*>F @DC`?5@ F ?Z? 70* ? 9 ? WP9G^G^ A * = 98+)^ e E * pL@�? 7 @MIR=:? 9 E 9Gn&* ? 9 I FF+)9 JL@BA \ @ 2 v *>F:9 @ ^�M A5@BEM@BA ;EM@ F ? 9 I FV; ? 7 @ 9<;5; SV@uI>O�?TS F:9GF:\ ? 7 @ \ A *1+)9 @ F ? + @ ;9- @ F ? ;q9GFN; ¢O?PA 2
¡ EMIRA5@�O * JLIRA * Q ^ @ *>^ ?5@BA F0* ? 9 JL@X? 70* ? W @ 70* JL@ -57 I ; @ F!9<; ?5I{S ; @�? 7 @ ;T9 EH= ^ @DC *>^G\ IRA 9 ? 7 E| * A5@BE 9GF.+ @BAcI>O�? 7 @ + @B? *>9G^ I>O�? 7:9<;�*>^G\ IRA 9 ? 7 E *>F.+w; IREM@ 9G^G^ S ; ?TA * ? 9 I FV;�* A5@ \s9 JL@ F{9GFK* =:=/@ F.+)9 C

Q } 2 j @[? 7 @ F E 9GF:9 E 9Gn @$? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ?+@ F @BA \ e + @B? *>9G^ @ +w9GF @]f¦S * ? 9 I F |o§ 2 ¨ }�Q e Y F.+)9GF:\*�; @B?$I>O
N
IR=:? 9 EZS:E = * A * EM@B?5@BA ; @ ; ? 9 E * ?5@ +�;T9 E3S ^ ? *>F @]IRS ;T^ e 2 687 @NIR=:? 9 E 9Gn&* ? 9 I F�9<;�-3* ATA 9 @ +IRS:?PQ e A5@ � @ - ? 9 I F©� @DC`= *>FV;T9 I FK*>F.+:- I F ?TA *1- ? 9 I F I>O * =/I ^ e 7 @ + A5I F WP9 ? 7

N + 1
JL@BAT? 98- @ ;P9GF ? 7 @= * A * EM@B?5@BA ;K~�; = *1- @ 2 687 @ *1+ J *>F ? *>\ @MI>O�? 7 @ ;T9 EH= ^ @DC 9<; ? 7 @ * Q ; @ F.- @MI>O ; @B?T? 9GF:\ = * A * EM@B?5@BA ;? 70* ?uE * e 9 EH= *1- ?u? 7 @NA5@ ; S ^ ?uI>O�? 7 @NIR=:? 9 E 9Gn&* ? 9 I F 2 687:9<;�* =:=:A5I *1-57©� WP7:98-57�9<;$^ @ ;�;[; @ FV;T9 ? 9 JL@?5IN? 7 @u@ F @BA \ e ^ I -3*>^ E 9GF:9 E *)�:9<; EMIRA5@uA5IRQ:S ; ?P? 70*>F ? 7 @ \ A *1+)9 @ F ? + @ ;B- @ F ? 2
7 ? 9<;C*1n @BA5IMIRA + @BAEM@B? 7 I + | 9 ? + I`@ ;�F IR?�A5@]f¦S 9 A5@q? 7 @ -3*>^8- S ^/* ? 9 I F I>O ? 7 @ - I ; ?�OrS F.- ? 9 I F©~ ;�\ A *1+)9 @ F ?&}�? 70* ? 9<; QU@B?T?5@BA= ^/*1- @ + ?5IaY F.+R* E 9GF:9 E3S:E I>O * O�S F.- ? 9 I F0*>^ ? 70* ? 9<;�F IR? ; ?TA 98- ? ^ e - I F JL@DC 2�J *R; ? ^ e � ? 7 @ ;T9 EH= ^ @DC9<;�* Q ^ @q?5IuE 9GF:9 E 9Gn @qEMIRA5@ - IREH= ^ @DC ;570* =/@ - I FV; ?TA *>9GF ?�@ F @BA \s9 @ ;k�LWP9 ? 7 EMIRA5@q= * A * EM@B?5@BA ; ?5IuQU@@ ; ? 9 E * ?5@ + �`WP9 ? 7 IRS:?bA5@]fgS 9 A 9GF:\ ? 7 @q? 7 @]IRA5@B? 98-3*>^�-3*>^8- S ^/* ? 9 I F I>O©? 7 @q= * AT? 9/*>^S+ @BA 9 J * ? 9 JL@ ; ∂Jshape

∂ξi9GF:7 @BA5@ F ?+?5IN? 7 @ \ A *1+)9 @ F ? + @ ;B- @ F ? ; 2
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I I W @BJL@BA�? 7 @ ;T9 EH= ^ @DC 9<; EMIRA5@ - IREH= ^ @DCN?5I -3*>^8- S ^/* ?5@P? 70*>F ? 7 @ \ A *1+)9 @ F ? + @ ;B- @ F ? 2�7 F.+ @]@ + �? 7 @ 9 ?5@BA * ? 9 JL@ - I FV; ?TATS - ? 9 I F I>O¥? 7 @�JL@BAT? 98- @ ; I>O¥? 7 @ ;T9 EH= ^ @DC3A5@]f¦S 9 A5@ ; ? 7 @b@BJ *>^ S * ? 9 I F I>O¥? 7 @ - I ; ?O�S F.- ? 9 I F

Jshape
WP7:98-57�9<; ? 7 @BA5@DO�IRA5@�=/@BAyOoIRATEM@ + E *>F e ? 9 EM@ ;�+ S:A 9GF:\ ? 7 @ - I F JL@BA \ @ F.- @X=:A5I>_

- @ ;5; 2 Jshape 9<;C*>F 9GF ?5@ \ A *>^ IKJL@BAP? 7 @ WP7 I ^ @ 9 E *>\ @ + IRE *>9GFK*>F.+X9GF JLI ^ JL@ ;�*1\ A5@ * ? -3*>^8- S ^/* ? 9 I F- IREH= ^ @DC 9 ? e �¦WP7:98-57 WP9G^G^¥;T9G\sF:9 Y -3*>F ? ^ e 9GF.- A5@ *R; @q? 7 @ - IREH=:S:? * ? 9 I F0*>^ ? 9 EM@ ;�WP9 ? 7 A5@ ; =/@ - ?�?5Iu? 7 @\ A *1+)9 @ F ? + @ ;9- @ F ? 2 7 ? 9<;1F @BJL@BAT? 7 @ ^ @ ;5; =/I ;5;59 Q ^ @�?5I ^G9 E 9 ?3? 7 @ 9GF ?5@ \ A *>^�-3*>^8- S ^/* ? 9 I F I>O JshapeWP9 ? 7:9GF<*HF0* ATA5I W Q *>F.+
9GF IRA + @BA+?5I ^ I W @BAc? 7 @ - IREH=:S:? * ? 9 I F0*>^ W IRATp ^ I *1+ 2 687 @a@DC)=:A5@ ;5;T9 I F I>O? 7 @a@ F @BA \ e I>O�@]fgS * ? 9 I F |54 2 §64 }P? 7 @ F QU@ - IREM@ ; ª
Jshape (φ, ψ) =

∫

Ω
N (φ (x) , εb) (H (φ (x)) −H (ψ (x)))2 dx

|o§ 2 ¢ }
WP7 @BA5@X? 7 @�O�S F.- ? 9 I F

N (φ (x) , εb)
9<; @]f¦S *>^ ?5I ¨ 9 O |φ (x)| ≤ εb

� IR? 7 @BA WP9<; @ 9 ? 9<; @]f¦S *>^ ?5I
? 2 687 @wJ *>^ SV@wI>O εb WP7:98-�7t9<; -57 I ; @ F * ATQ 9 ?TA * A 9G^ e 9<; * ?TA *1+ @D_ I l QU@B? W @]@ F ? 7 @ -3*>^8- S ^/* ? 9 I F- IREH= ^ @DC 9 ? e *>F.+ ? 7 @ + @ ;T9 A5@ + =:A5@ -B9<;T9 I F I>OU? 7 @+= * A * EM@B?5@BAb@ ; ? 9 E * ? 9 I F 2
7 F.+ @]@ + �@* Q:A5I *1+ Q *>F.+W IRS ^8+ @ F0* Q ^ @ *H\ I`I +<+)9ml @BA5@ F ? 9/* ? 9 I F I>O ;T70* =/@ ;

φ
*>F.+

ψ
�VWP7:98-�7 WP9G^G^ @ FV; S:A5@ * =:A5@ -B9<; @ *>F.+A5IRQ:S ; ? *R;5; @ ;�; EM@ F ?8I>O©? 7 @+= * A * EM@B?5@BA ;k� Q:S:?�OoIRA *Z7:9G\s7R-3*>^8- S ^/* ? 9 I F:- I ; ? 2 ¡ Q *>F.+ ? 70* ? 9<; ?5I`IF0* ATA5I Wa� I F ? 7 @ - I F ?TA * A e �:WP9G^G^U^ @ *1+ ?5I * A * = 98+:- I F JL@BA \ @ F.- @aI F *>F 9 EH=:A5@ -B9<; @u@ ; ? 9 E * ? 9 I F©� IRA@BJL@ F *M^ I -3*>^ E 9GF:9 EZS:E I>O�? 7 @1@ F @BA \ e O�S F.- ? 9 I F0*>^ 2 ¡ 70*>^ Or_�Q *>F.+ I>O�? 7 A5@]@1= 9 C)@ ^<; εb = 3

70*R;QU@]@ F OoIRS F.+ ?5IMQU@ *�;9* ? 9<; O *1- ?5IRA e - IREH=:A5IRE 9<; @ 2 687 @ZI F:^ e = * A * EM@B?5@BA 9Gn&* ? 9 I F I>O�? 7 @ ;T9 EH= ^ @DC*>^G\ IRA 9 ? 7 E 9<; A5@ ^/* ? 9 JL@H?5I ? 7 @ - I FV; ?TATS - ? 9 I F I>O8? 7 @ 9GF:9 ? 9/*>^�;T9 EH= ^ @DC 2 687 @NYVA ; ?uJL@BAT?5@DC I>O8? 7 @;T9 EH= ^ @DC 9<;(-3*>^8- S ^/* ?5@ + O�A5IRE *�; @B?MI>O 9GF:9 ? 9/*>^ = * A * EM@B?5@BA ;
ξini
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I I W @BJL@BAZ? 7 @Mv 9G\s9 ? *>^Px S:AyO *1- @Mz I + @ ^ | v x z�}[? 70* ? W @ 70* JL@�=:A5@BJ 9 IRS ;5^ e \ @ F @BA * ?5@ + | ; @]@
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IclippedDSM (x) =

1

2
max

x∈IDSM
(IDSM (x))

[
1 +

2

π
arctan

(
IDSM (x) −m+ s

ζ

)] |o§ 2 4 }
WP7 @BA5@

m
9<; ? 7 @8EM@ *>F *>^ ? 9 ?TS + @qI>O-? 7 @Pv x z WP9 ? 7:9GF ? 7 @ -3* AT?5I \ A * = 7:98- =UI ^ e \ I FH; S:=U@BA 9 EH=/I ; @ +

WP9 ? 7 ? 7 @Hv x z��
s = ζ tan

(
π(2ratio−1)

2

) \ S * A *>F ?5@]@ ; ? 70* ?u? 7 @N= 9 C:@ ^<; I>O�? 7 @Hv x z I>O�J *>^ SV@
� WP9G^G^+70* JL@ *>F *R;�;T9G\sF @ + J *>^ SV@
@]f¦S *>^ ?5I max (IDSM (x)) × ratio 2 687 @wJ *>^ SV@
I>O ratio70*R; Q/@]@ Ft; @B? * ?

0.95
9GF IRS:A�@DC)=/@BA 9 EM@ F ? ; 2 687 @wJ * A 9/* Q ^ @ ζ @ F0* Q ^ @ ; ?5I ; @B?M? 7 @ ;T^ IR=U@wI>O? 7 @��
	���
��
� O�S F.- ? 9 I F©� ? 7 @ ^ I W @BAN? 7 @ J *>^ SV@�I>O

ζ
WP9 ? 7 A5@ ; =/@ - ?1?5I ¨ � ? 7 @ ; ?5@]@B=U@BA3? 7 @ ;T^ IR=U@WP9G^G^ Q/@ WP7 @ F

IDSM (x) = m − s
� ? 7 S ; 9GF.- A5@ *R;T9GF:\ ? 7 @ - I F ?TA *R; ?XQ/@B? W @]@ F ? 7 @{Q:S 9G^8+)9GF:\

- I FV;T98+ @BA5@ + *>F.+ ? 7 @aIRQ��T@ - ? ; ? 70* ? * A5@ F IR? ; IH? *>^G^ 2�� F ? 7 @ - I F ?TA * A e � ? 7 @aQ:S 9G^8+)9GF:\�WP9G^G^©70* JL@*>F 9GF ?5@ FV;T9 ? e ? 70* ? 9<; I F:^ e JL@BA e ;T^G9G\s7 ? ^ e +)9ml @BA5@ F ? OrA5IRE ? *>^G^ @BA IRQ��T@ - ? ; 2 j @ 70* JL@ -�7 I ; @ F
ζ = 0.5 2
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Q @ ;T98+ @ ; ? 7 @ ; @ - I 7 @BA5@ F.- @wA5@]fgS 9 A5@BEM@ F ? ;K��*>F!9 EH= ^G98-B9 ? *R;5; S:EH=:? 9 I F I>O 9GF.+ @B=/@ F.+ @ F.- @wI>O[? 7 @
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p (Isat, IDSM |φ) = p (Isat|φ) p (IDSM |φ)WP7 @BA5@
Isat
9<; ? 7 @ ;9* ?5@ ^G^G9 ?5@ 9 E *>\ @ �

IDSM
9<; ? 7 @ 9 E *>\ @$I>O�? 7 @[v x z 2 ¡ ;5; S:E 9GF:\ ? 70* ?8? 7 @c? W I- I FV;T9<; ?5@ F.- e - I F.+)9 ? 9 I FV;L*R;�W @ ^G^ *R; ? 7 @ 9GF.+ @B=/@ F.+ @ F.- @[I>O/? 7 @ +.* ? *$* A5@PJL@BA 9 Y¥@ + �¦W @PEM@BA \ @+? 7 @;9* ?5@ ^G^G9 ?5@ 9 E *>\ @ *>F.+ ? 7 @Hv x z 9GF ? 7 @ M�70*>F *>F.+�� @ ; @ ~ ; A5@ \s9 I F _�Q *R; @ +N* ?T? *1-57 EM@ F ?3?5I +.* ? *@ F @BA \ e O�S F.- ? 9 I F0*>^©9GF ? 7 @[OoI ^G^ I WP9GF:\�WL* e ª

Jfusion,CV (φ) = JCV (φ)

+λDSM

[∫

Ω
|IDSM (x, y) − cDSM,in|2H (φ (x, y)) dxdy

+

∫

Ω
|IDSM (x, y) − cDSM,out|2 (1 −H (φ (x, y))) dxdy

] |o§ 2 § }
WP7 @BA5@

JCV
9<;�+ @DY F @ +�9GF @]f¦S * ? 9 I F |54 2 ¢)¨ } 2 687 @ ; ? * ? 9<; ? 98-3*>^ fgS *>F ? 9 ? 9 @ ;89GF.+ @DC)@ + Q e DSM* A5@ + @DY F @ +�*R;19GF |54 2 ¢ = _ 4 2 ¢s¢ }3Q:S:? WP7:9G^ @ A5@DO�@BATA 9GF:\ ?5I ? 7 @ v x z 2 687 @ ?5@BATE ? 70* ? W @ 70* JL@�yS ; ? *1+ + @ + ?5IN? 7 @

JCV
OrS F.- ? 9 I F0*>^�9<; ? 7 @ M�70*>F<*>F.+ � @ ; @ * ?T? *1-57 EM@ F ?c?5I +.* ? * @ F @BA \ e ?5@BATEA5@ ^/* ? 9 JL@u?5IM? 7 @av x z @DC:I \ @ F IRS ; +.* ? * 2

687 @Z@DC`?5@ FV;T9 I F I>O�? 7 @ Q�* e @ ;59/*>F EMI + @ ^ I>O�@]f¦S * ? 9 I F |54 2 4O4 } 9<;+;T9 E 9G^/* A ª
Jfusion,Bayes (φ) = JBayes (φ)

+λDSM

[∫

Ω

(
|IDSM (x, y) − cDSM,in|2

2σ2
DSM,in

+ ln
(
2πσ2

DSM,in

)
)
H (φ (x, y)) dxdy

+

∫

Ω

(
|IDSM (x, y) − cDSM,out|2

2σ2
DSM,out

+ ln
(
2πσ2

DSM,out

)
)

(1 −H (φ (x, y))) dxdy

] |o§ 2 �L}
7 ? 9<;�*>^<; I - I F.- @ 9 J * Q ^ @Z?5I�EM@BA \ @Z? 7 @3v x z +.* ? * ?5@BATE WP9 ? 7 ? 7 @ * ?T? *1-57 EM@ F ?u?5I +.* ? * EMI + @ ^Q *R; @ + I F ? 7 @+QUIRS F.+.* A e 9GF OoIRATE * ? 9 I F |�� � H } | ; @ - ? 9 I F 4 2 ¢ 2 = 2 = } 2 j @ -�7 I¦I ; @c?5I 9GF ?5@ \ A * ?5@[? 7 @v x z 9GF ? 7 @�OoIRATE I>O * A5@ \s9 I F _�Q *R; @ + ?5@BATE 2)7 F.+ @]@ + � ? 7 @�v x z¤QU@B?T?5@BA©EM@]@B? ; ? 7 @ -570* A *1- ?5@BA 9<; ? 98-I>O * = 9 @ - @ WP9<; @ - I FV; ? *>F ?MIRA 7 IREMI \ @ F @]IRS ;H9 E *>\ @ 2 7 ? W IRS ^8+ ? 7 @BA5@DOoIRA5@ ; @]@BE ?5I{QU@�QU@B?T?5@BA�yS ; ? 9 Y¥@ + S ;T9GF:\ * EMI + @ ^ Q *R; @ + I F ? 7 @uA5@ \s9 I F
9GF OoIRATE * ? 9 I F A * ? 7 @BA+? 70*>F I F ? 7 @aQUIRS F.+.* A 9 @ ; 2687 @ 9GF ?5@ \ A * ? 9 I F�9GF ? 7 @ � � H EMI + @ ^ I>O�? 7 @3v x z *1- - IRA +)9GF:\ ?5IM? 7 @ M�70*>F *>F.+ � @ ; @aEMI + @ ^9<; @]f¦S 9 J *>^ @ F ?q?5IH? 7 @[OoI ^G^ I WP9GF:\ @]fgS * ? 9 I F ª

φ (x, t)t = −〈(u,v),∇φ (x, t)〉 −
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λDSMδa (φ (x, t))
{
− [IDSM (x) − cDSM,out (φ (x, t))]2 + [IDSM (x) − cDSM,in (φ (x, t))]2

}
|o§ 2 �s}¡ - - IRA +)9GF:\ ?5I{? 7 @ EMI + @ ^<; I>O[@]f¦S * ? 9 I FV; |o§ 2 § }3?5I |o§ 2 �s} � ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A WP9G^G^ EMIkJL@9GF = * A *>^G^ @ ^ I F ? W I 9 E *>\ @ ; ª ? 7 @wv x z *>F.+ ? 7 @ ;9* ?5@ ^G^G9 ?5@ 9 E *>\ @ ��*>F.+ WP9G^G^ QU@ * ?TA *1+ @D_ I lQU@B? W @]@ F ? 7 @ 9GF O�IRATE * ? 9 I F + @BA 9 JL@ + O�A5IRE ? 7 @ ; @�? W I
A5@B=:A5@ ; @ F ? * ? 9 I FV; *>F.+ ? 70* ?1I>O8? 7 @�=:A 9 IRA;T70* =U@ - I FV; ?TA *>9GF ? 2
7 ? ;57 IRS ^8+ Q/@ F IR?5@ + ? 70* ?�? 7 @P=:A5@ -B9<;T9 I F I>O/? 7 @qv x z \ @]I - I +)9GF:\ | ' 1m
} 9<;^ I W @BAq? 70*>F ? 70* ?qI>O�? 7 @cA5@ - ? 9 Y¥@ + ]cS 98- p`Q 9 A + 9 E *>\ @ WP7:98-57 WP9G^G^ QU@[S ; @ +:*R; ? 7 @$EMI ; ?8A5@ ^G9/* Q ^ @; IRS:A - @�I>O 9GF O�IRATE * ? 9 I F | ' 0.2m

} 2 j @�? 7 @BA5@DO�IRA5@ -3*>F.- @ ^ ? 7 @ W @ 9G\s7 ? λDSM * ?Z? 7 @ @ F.+ I>O? 7 @ - I F JL@BA \ @ F.- @�=:A5I - @ ;5;u; IX? 70* ?u? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 9<; EMIRA5@1O *>9 ? 7 O�S ^ ?5IX? 7 @ 9 E *>\ @ 2 687 @=:A5@ ^G9 E 9GF0* A e = 70*R; @ - I FV;T9<; ? 9GF:\ I>O \s9 J 9GF:\ EMIRA5@ - A5@ +)9 ?u?5I ? 7 @1v x z 9<;c9GF ?5@ F.+ @ + ?5I Q:A 9GF:\ S ;
-B^ I ; @$?5IM? 7 @$Y F0*>^�; I ^ S:? 9 I F A * = 98+)^ e WP9 ? 7 IRS:?+? 7 @a=:A5IRQ ^ @BE ; I>O ^ I -3*>^ E 9GF:9 E * 2

7 F ; 4 � A �:6 2 � SVI1EMIKJL@ ; *N;TF0* pL@D_�? e =U@ *1- ? 9 JL@ - I F ?5IRS:A+I FK*>F IRAT? 7 I ;B- IR= 98- A5@BEMIR?5@ ; @ FV;T9GF:\9 E *>\ @ *>F.+ * v x z�? * pL@ F Q e J 7 v ¡�� 2 ¡ F IR? * Q ^ @ +)9ml @BA5@ F.- @ WP9 ? 7 A5@ ; =/@ - ?�?5IaIRS:A * =:=:A5I *1-57�9<;? 7 @$S:? 9G^G9Gn&* ? 9 I F I>O *>F * ?T? *1-57 EM@ F ?[?5I +.* ? * ?5@BATE Q *R; @ + I F ? 7 @$QUIRS F.+.* A 9 @ ;P9GF ? 7 @ *>^ ? 9 EM@B?TA 98-
*>F.+!;9* ?5@ ^G^G9 ?5@ 9 E *>\ @ ��WP7:98-57 A5@]f¦S 9 A5@ + ? 7 @�S ; @ I>O * AT? 9 Y -B9/*>^P9GF � * ? 9 I F O�IRA - @ ; 2<H S:AT? 7 @BATEMIRA5@ �F I ;T70* =/@ - I FV; ?TA *>9GF ? WL*R; S ; @ + *>F.+ * v x z I>O 7:9G\s7 @BA[f¦S *>^G9 ? e � ? * pL@ F O�A5IRE * EM@ *R; S:A5@BEM@ F ?A * ? 7 @BAPO�A5IRE * A5@ - I FV; ?TATS - ? 9 I F©�¥W�*R; S ; @ + 2
687 @ - I F ?TA 9 Q:S:? 9 I F I>O�? 7 @Zv x z O�IRA *N^ I W @BA ; @ FV;59 ? 9 J 9 ? e ?5I ^ I -3*>^ E 9GF:9 E *M9<; =:A5@ ; @ F ?5@ +
9GF; @ - ? 9 I F § 2 § 2 § 2 ¨ 2

"$#�� � .P,U���N���u45� � ��45( 2 .P, � .q,/�8*/45.q(�. � */�3� � ,U45.P, � �1� � ��� � � �P*-45.b�*-��� � .P,/� � �1���a4T�N4 � 4y*`� . � λ
x ? 9G^G^©WP9 ? 7K* J 9 @ W ?5IHE * p 9GF:\ ? 7 @uE * =)_�?5I>_ 9 E *>\ @aE * ? -�7:9GF:\ EMIRA5@$A5IRQ:S ; ? �VW @ +)9<;B- S ;�;89GF ? 7:9<;; @ - ? 9 I F ? 7 @ 9GF � SV@ F.- @PI>O¥? 7 @ W @ 9G\s7 ?

λ
WP7:98-57 Q *>^/*>F.- @ ; ? 7 @ 9 E *>\ @ 9GF O�IRATE * ? 9 I F *>F.+ ? 7 @ ;T70* =U@

- I FV; ?TA *>9GF ? 9GF @]f¦S * ? 9 I FV; |54 2 4 �L} *>F.+ |54 2 � 4 } 2 687 @ ; @B?T? 9GF:\ I>O8? 7:9<;$- I FV; ? *>F ? ��WP7:98-57�W @ 9G\s7 ? ;? 7 @ 9GF � SV@ F.- @ZI>O�? 7 @ ;570* =/@ - I FV; ?TA *>9GF ? �V9<;PF IR?+?TA 9 J 9/*>^ OoIRAq? 7 @[OoI ^G^ I WP9GF:\ A5@ *R; I FV; ª¨ 2 6 I`I W @ * p * - I FV; ?TA *>9GF ? W IRS ^8+{F IR? *>^G^ I W ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A[?5I�QU@uA5@ \ S ^/* A 9Gn @ +�; S)�H_-B9 @ F ? ^ e *>F.+ 9 ? W IRS ^8+ ? 7 S ; QU@ ; @ FV;T9 ? 9 JL@u?5IM? 7 @ *>^ ?5@BA * ? 9 I FV; I>O�? 7 @ 9 E *>\ @ 2 687:9<;qW IRS ^8+^ @ *1+ ?5I *>F @BATA5I F @]IRS ;P; @ \ EM@ F ? * ? 9 I F I>O�? 7 @[IRQ��T@ - ? WP7:98-�7:- IRATA5@ ; =/I F.+:; ?5I *Z^ I -3*>^ E 9GF _9 EZS:E�I>O©? 7 @cOrS F.- ? 9 I F0*>^
J
I>O�@]fgS * ? 9 I F |54 2 4 �L} 2
7 F ? 7:9<;�-3*R; @ � ? 7 @ ^ I -3*>^ E 9GF:9 E *)�)WP7:98-�7W @ WP9G^G^ -3*>^G^ @ + h E 9GF:9 E * I>O�? 7 @[YVA ; ?qp 9GF.+ i �.* A5@ F S:EM@BA5IRS ; 2= 2 � F ? 7 @ - I F ?TA * A e �C*>F @DC - @ ;5;T9 JL@X=:A5@B=UI F.+ @BA *>F.- @
I>O$? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ? ^G9 E 9 ? ; ? 7 @*1- ? 9 JL@ - I F ?5IRS:A ~ ; =/I ;5;59 Q 9G^G9 ? 9 @ ; OoIRA[@ ;9-3* = 9GF:\ O�A5IRE�? 7 @ ^ I -3*>^ E 9GF:9 E * I>O�? 7 @uO�S F.- ? 9 I F0*>^

J
?5IaQ/@8E 9GF:9 E 9Gn @ + 2�7 F ? 7:9<; ? e =U@qI>O ;T9 ?TS * ? 9 I F©�g9 ? WP9G^G^0- I ; ?�? 7 @ *1- ? 9 JL@ - I F ?5IRS:A�EMIRA5@q?5I+ @DO�IRATE 9 ? ; @ ^ O¥?5IcA5@ *1-57 ? 7 @b? * A \ @B? 9GF ? 7 @ 9 E *>\ @b? 70*>F ?5IcA5@ ; ? EMIR? 9 I F:^ @ ;5;
*>F.+ O *>9 ? 7 OrS ^ ?5I? 7 @ ;T70* =U@ 9 EH=UI ; @ + Q e ? 7 @ - I FV; ?TA *>9GF ? 2 687 @ -�7 I ; @ F�; I ^ S:? 9 I FH9<; ? 7 @BA5@DOoIRA5@ *[^ I -3*>^ E 9GF:9 _EZS:E | I>OV? 7 @ ; @ - I F.+ p 9GF.+ } WP7:98-57 - IRATA5@ ; =UI F.+:;�*>^<; I+?5I * =/I`IRA ; @ \ EM@ F ? * ? 9 I F d E * ? -57:9GF:\I>O�? 7 @aIRQ��T@ - ? 9GF ? 7 @ 9 E *>\ @ 2v$@B?5@BATE 9GF:9GF:\ QU@DOoIRA5@ 70*>F.+<*>F IR=:? 9 E *>^ J *>^ SV@

λopt
I>O�? 7 @ - I FV; ?TA *>9GF ? W @ 9G\s7 ? * =:=U@ * A ; ?5IHQU@ *

+ @ ^G98-3* ?5@N? *R; p ;T9GF.- @ 9 ? W IRS ^8+ + @B=U@ F.+ Q/IR? 7 I F ? 7 @ 9 E *>\ @ *>F.+ I F ? 7 @ + @ \ A5@]@HI>O *>^ ?5@BA * ? 9 I F
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? 70* ? 9 ? - IREH=:A 9<; @ ; �-? 7 @ ; @ -570* A *1- ?5@BA 9<; ? 98-];�* A5@ F IR? �/F @BJL@BAT? 7 @ ^ @ ;5;K� p F I WPF{9GF *1+ J *>F.- @ 2C7 F ? 7 @- I F ?5@DC`?NI>OPEM@ +)98-3*>^b9 E *>\s9GF:\V� � 2 M�7 @ F =:A5IR=/I ; @ ; ?5Iw?TA e ; @BJL@BA *>^ J *>^ SV@ ; I>Oq? 7 @ ;T70* =/@ - I F _; ?TA *>9GF ? W @ 9G\s7 ? *>F.+ ?5I *1+ IR=:?�? 7 @qJ *>^ SV@ - IRATA5@ ; =UI F.+)9GF:\ ?5Iu? 7 @+Q/@ ; ? ; I ^ S:? 9 I FR*R;5; @ ;5; @ + ? 70*>F p ;?5IZA *1+)9 IREM@B?TA 98- =:A5I>Y ^ @ ;�;>=O= A 2 687:9<;�; I ^ S:? 9 I F�W IRS ^8+ ; @]@BE ?5IZQ/@ ; S:Q)_ IR=:? 9 E *>^/;T9GF.- @ λopt 9<;�F IR?@ ; ? 9 E * ?5@ +{WP9 ? 7 - @BAT? *>9GF ? e *>F.+ � O�S:AT? 7 @BATEMIRA5@ � ? 7 @ ; @ \ EM@ F ? * ? 9 I F =:A5I - @ ;5; EZS ; ?cQU@aA5@B=U@ * ?5@ +; @BJL@BA *>^ ? 9 EM@ ; 2 J *R; ? ^ e � ? 7 @ + @ ^G98-3* ?5@ ; @B?T? 9GF:\ I>O λ 9<;�*>^G^ ? 7 @ZEMIRA5@ +)9 � - S ^ ? WP7 @ F ? 7 @aIRQ��y@ - ? ;9GF ? 7 @H=:A5I - @ ;5; @ +�9 E *>\ @ ;,* A5@ F IR? W @ ^G^�+)9ml @BA5@ F ? 9/* ?5@ + OrA5IRE ? 7 @NQ *1- p \ A5IRS F.+ 2 7 F ? 7:9<;$-3*R; @ �? 7 @ 9GF OoIRATE * ? 9 I F A5@ ^/* ? 9 JL@N?5I ? 7 @ 9 E *>\ @ 9<;[W @ * pL@ F @ + - IREH= * A5@ +�WP9 ? 7 ? 7 @ ;T70* =/@ - I FV; ?TA *>9GF ?WP7:98-�7 Q/@ - IREM@ ; =:A5@ + IRE 9GF0*>F ? �VWP7:98-�7 9GF.- A5@ *R; @ ; ? 7 @$I - - S:ATA5@ F.- @ZI>O ^ I -3*>^ E 9GF:9 E * I>O�? 7 @ ; @ - _I F.+ p 9GF.+ 2 687:9<; @ l @ - ? 9<;�*>^G^ ? 7 @+EMIRA5@ ;T9G\sF:9 Y -3*>F ? WP7 @ F ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 9<;�9GF:9 ? 9/*>^G9Gn @ + ?5I`IO * A8OrA5IRE ? 7 @ZIRQ��y@ - ?q?5INQU@[OoIRS F.+ 9GF ? 7 @ 9 E *>\ @ 2
6 I ; I ^ JL@w? 7 @ =:A5IRQ ^ @BE I>O ^ I -3*>^ E 9GF:9 E *�9GF:7 @BA5@ F ?�?5I *>F S F.+ @BA�IRA�IKJL@BAy_ @ ; ? 9 E * ? 9 I F I>O? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ? ��W @H=:A5IR=/I ; @N?5I - I F JL@BAT?a? 7 @ - I FV; ? *>F ? W @ 9G\s7 ?

λ
I>OP@]fgS * ? 9 I FV; |54 2 4 �L}*>F.+ |54 2 � 4 } 9GF ?5I *!; = *1- @ OrS F.- ? 9 I F 2 687 @ \ I *>^ I>O1? 7:9<; ? e =/@�I>O3OrS F.- ? 9 I F 9<; ?5I!A5@ ^/* C ? 7 @9GF � SV@ F.- @{I>O[? 7 @ - I FV; ?TA *>9GF ? 9GF ? 7 @wJ 98-B9GF:9 ? e I>O ^ @BJL@ ^ ? I>O$? 7 @ ^ @BJL@ ^+; @B?
ψ
��WP7:9G^ @ pL@]@B= 9GF:\

*�; ?TA5I F:\ *>F.+ S F:9 O�IRATE - I FV; ?TA *>9GF ? O * A O�A5IRE�? 7 @�=:A 9 IRA ;T70* =U@ 2 687:9<; =:A5IkJ 98+ @ ; *!\ A5@ * ?5@BAO�A5@]@ + IRE *>F.+ � @DC 9 Q 9G^G9 ? e O�IRAN? 7 @ *1- ? 9 JL@ - I F ?5IRS:A WP7:98-57 F @BJL@BAT? 7 @ ^ @ ;�; A5@BE *>9GFV; QUIRS F.+ @ +�9GF; = *1- @ 2 M I FV; @]f¦SV@ F ? ^ e � ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A WP9G^G^ Q/@ * Q ^ @q?5I \s^ IRQ *>^G^ e A5@ ; @BEZQ ^ @+? 7 @P=:A 9 IRA ;T70* =U@WP7:9G^ @ *>^G^ I WP9GF:\ ^ I -3*>^ J * A 9/* ? 9 I FV; 2 687:9<; � @DC 9 Q 9G^G9 ? e 9<;�* + @B?5@BATE 9GF:9GF:\ O *1- ?5IRA+OoIRA * JLI 98+)9GF:\ ? 7 @^ I -3*>^ E 9GF:9 E * I>O-? 7 @ ; @ - I F.+ p 9GF.+ 2 j @�=:A5IR=UI ; @b?5IcO�IRATE *>^G9Gn @b? 7 @ ; = * ? 9/*>^ =:A5I>Y ^ @8I>O¥A5@ ^/* C * ? 9 I F*R; *N; e EHEM@B?TA 98-3*>^ O�S F.- ? 9 I F I>O�? 7 @ +)9<; ? *>F.- @u?5IM? 7 @$=:A 9 IRA ;T70* =U@ ª

λspace (ψ (x)) = λ

(
1 − e

−
“

ψ(x)
d

”2) |o§ 2 �L}

687 @ ; = * ? 9/*>^ A5@ ^/* C * ? 9 I F OrS F.- ? 9 I F I>O8@]f¦S * ? 9 I F |o§ 2 �L} 9<;aF S ^G^ I F ? 7 @ ^ I -B9 I>O8? 7 @H=:A 9 IRA ;T70* =U@A5@B=:A5@ ; @ F ?5@ + Q e
ψ
*>F.+F*R; e EH=:?5IR? 98-3*>^G^ e ?5@ F.+:; ?5I WL* A +:; ? 7 @ - I FV; ? *>F ?

λ 2 687 @M= * A * EM@B?5@BA d- I F ?TA5I ^<; ? 7 @ ;T9Gn @[I>O©? 7 @cA5@ ^/* C * ? 9 I F ; = *1- @ 2 687:9<; OoIRATEZS ^/* ? 9 I F:+ I¦@ ;bF IR? 70* JL@ *>F e ? 7 @]IRA5@B? 98-3*>^�yS ; ? 9 Y -3* ? 9 I F *>F.+ IR? 7 @BA ;T9 EH= ^ @BAa@DC`=:A5@ ;�;T9 I FV;�- IRS ^8+�;9* ? 9<; O e ? 7 @3A5@ ^/* C * ? 9 I FD- A 9 ?5@BA 9/* 2$7 F�; @ - _? 9 I F § 2 § 2 § 2 =XW @ WP9G^G^ JL@BA 9 O e @DC)=/@BA 9 EM@ F ? *>^G^ e ? 70* ?u? 7 @ + @BA 9 J * Q 9G^G9 ? e *>F.+ ? 7 @ ; ?5@ *1+ e =UI 9GF ?ZI>O
λspace

9GF
ψ (x) = 0

9 EH=:A5IKJL@Z? 7 @ 9GFV; @ FV;T9 ? 9 J 9 ? e ?5IH? 7 @ ^ I -3*>^ E 9GF:9 E * 2
687 @Z@DC 9<; ?5@ F.- @ZI>O�? 7 @uA5@ ^/* C * ? 9 I F
; = *1- @a= * A * EM@B?5@BA 9Gn @ + Q e

d
9<;P9GF ?5@ F.+ @ + ?5IH=:A5@BJL@ F ?c? 7 @

*1- ? 9 JL@ - I F ?5IRS:AqOrA5IRE Q/@ 9GF:\H; S:Q��T@ - ?8?5I1? 7 @ ^ I -3*>^ E 9GF:9 E * I>O�? 7 @ ; @ - I F.+ p 9GF.+ 2 I I W @BJL@BA � ? 7 @O�A5@]@ + IRE \ A *>F ?5@ + ?5I[? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 9GF ? 7 @8A5@ ^/* C * ? 9 I FM; = *1- @ WP9G^G^)F IR?�@ F0* Q ^ @8?5I * JLI 98+ ? 7 @E 9GF:9 E * I>O�? 7 @3YVA ; ?[p 9GF.+ 2 6 I A5@ ; I ^ JL@3? 7:9<; =:A5IRQ ^ @BE �UW @3=:A5IR=/I ; @3?5I�A5@ + S - @3? 7 @3A5@ ^/* C * ? 9 I F; = *1- @ * ? *�^/* ?5@BA[? 9 EM@ | O�A5IRE
t1
} 2 j 7 @ F ? 7:9<;[; = *1- @ + @ - A5@ *R; @ ;K� ? 7 @N@D� -B9 @ F.- e I>O�? 7 @ ;T70* =U@- I FV; ?TA *>9GF ? 9<; A5@ ; ?5IRA5@ + S F:9 OoIRATE ^ e IKJL@BAb? 7 @ 9 E *>\ @ + IRE *>9GF 2 687 @ 98+ @ *39<; ? 7 @BA5@DOoIRA5@c?5I *1-�7:9 @BJL@* - I * A ; @ ; @ \ EM@ F ? * ? 9 I F I>O8? 7 @ 9 E *>\ @ ~ ; IRQ��T@ - ? WP9 ? 7 ; = * ? 9/*>^ A5@ ^/* C * ? 9 I F |

t < t1
} ��*>F.+ ? 7 @ F?5I�A5@D_ @ ; ? * Q ^G9<;T7 ? 7 @aS F:9 OoIRATE�=:A 9 IRA ;T70* =/@ ; S:Q ; @]f¦SV@ F ? ^ e ?5I�IKJL@BA - IREM@3? 7 @ *>^ ?5@BA * ? 9 I FV; I>O�? 7 @9 E *>\ @ |

t ≥ t1
} 2 687 @ W @ 9G\s7 ?NI>OP? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ?3? 7 S ; QU@ - IREM@ ;,* OrS F.- ? 9 I F I>O ; = *1- @*>F.+ I>Oq? 7 @ 9 ?5@BA * ? 9 JL@�=:A5I - @ ;5;K~ ; * AT? 9 Y -B9/*>^ ? 9 EM@ 2 687 @�A5@ + S - ? 9 I F I>Oq? 7 @�A5@ ^/* C * ? 9 I F ; = *1- @ 9<;*1-�7:9 @BJL@ + Q e A5@B= ^/*1-B9GF:\ ? 7 @ - I FV; ? *>F ?

d
WP9 ? 7<* = 9 @ - @ WP9<; @ ^G9GF @ * APO�S F.- ? 9 I F<*>F.+ + @ - A5@ *R;T9GF:\ *R;
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 ¨3?)¨
* O�S F.- ? 9 I F I>O�? 9 EM@ ª

d (t) =





d0 if t < t1
(ε− d0)

t−t1
t2−t1

+ d0 if t1 ≤ t < t2
ε if t2 ≤ t

|o§ 2 «L}

WP7 @BA5@
(d0, ε, t1, t2) ∈ R

∗+ WP9 ? 7 d0 > ε
*>F.+

ε � 1 2 d0
9<;(* - I FV; ? *>F ?H? 70* ? + @B?5@BATE 9GF @ ;? 7 @ 9GF:9 ? 9/*>^�;59Gn @3I>O�? 7 @3A5@ ^/* C * ? 9 I F�; = *1- @ *>F.+

t2
; @B? ; ? 7 @ ; =U@]@ + I>O�? 7 @ + @ - A5@ *R; @ 2�7 F ; @ - ? 9 I F§ 2 § 2 § 2 =ZW @ WP9G^G^-; @]@+? 70* ? *a;59 EH= ^ @BA�? 9 EM@ + @ - A5@ *R; @+I>O©? 7 @ I @ * J 9<;T98+ @ ; ?5@B=�? e =U@ 9<;�^ @ ;5; @D� -B9 @ F ?QU@ -3* S ; @uI>O�? 7 @ 9GF @BAT? 9/*(+ SV@u?5IH? 7 @u@ ; ? 9 E * ? 9 I F I>O�? 7 @$= * A * EM@B?5@BA ; I>O

Tsim 2
H 9GF0*>^G^ e �)W @ ; ?TA5@ F:\ ? 7 @ F ? 7 @ ; = * ? 9/*>^ A5@ ^/* C * ? 9 I FK*>F.+ ? 7 @+A5@ ; ?5IRA * ? 9 I F I>O ? 7 @cS F:9 OoIRATE - I F _; ?TA *>9GF ?+Q e A5@B= ^/*1-B9GF:\ ? 7 @$O *1- ?5IRA

λ
I>O�@]fgS * ? 9 I F |o§ 2 �L}PQ e *>F
9GF.- A5@ *R;T9GF:\ ? 9 EM@uO�S F.- ? 9 I F λa (t)WP7:98-�7 WP9G^G^L- I F ?TA5I ^ ? 7 @XIKJL@BA *>^G^C* EH= ^G9 ?TS + @wI>O+? 7 @ ; = * ? 9 I>_�?5@BEH=UIRA *>^ OrS F.- ? 9 I F I>O+? 7 @ ;T70* =U@

- I FV; ?TA *>9GF ? W @ 9G\s7 ? 2 v[S:A 9GF:\ ? 7 @cA5@ ^/* C * ? 9 I F = 70*R; @ | t < t1
} � ? 7 @[J *>^ SV@ 9<; E 9GF:9 E *>^ ?5I3=:A5IKJ 98+ @\ A5@ * ?5@BA � @DC 9 Q 9G^G9 ? e ?5Ic? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 2�H A5IRE t1 � ? 7 @ * EH= ^G9 ?TS + @ 9GF.- A5@ *R; @ ; ?5I+A5@ *1-�7 * E * C`_9 E3S:E WP7:98-57wWP9G^G^©; ?TA5@ F:\ ? 7 @ F ? 7 @[A5@D_ @ ; ? * Q ^G9<;57 EM@ F ?cI>O�? 7 @ - I FV; ?TA *>9GF ? 9GF IRA + @BAP?5IHIkJL@BA - IREM@? 7 @ *>^ ?5@BA * ? 9 I FV; I>O[? 7 @ 9 E *>\ @ 2 687 @ ; = * ? 9 I>_�?5@BEH=UIRA *>^ O�S F.- ? 9 I F I>O$? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ? ~ ;W @ 9G\s7 ? 9<; Y F0*>^G^ e ª

λflex (ψ (x) , t) = λa (t)

(
1 − e

−
“

ψ(x)
d(t)

”2) |o§ 2 ¨3? }
WP7 @BA5@

λa (t)
J * A 9 @ ; QU@B? W @]@ F

λmin
*>F.+

λmax
WP9 ? 7N* =:A5I>Y ^ @�IR=:=/I ; @ + ?5IX? 70* ?3I>O8@]f¦S * ? 9 I F|o§ 2 «L} 2�H 9G\ S:A5@ § 2 =39G^G^ S ; ?TA * ?5@ ; ? 7 @ ; = * ? 9 I>_�?5@BEH=/IRA *>^ O�S F.- ? 9 I F λflex (ψ (x) , t)

9GF ? 7 A5@]@ +)9 EM@ F _;T9 I FV; 2

H 9G\ S:A5@ § 2 = ª x = * ? 9 I>_�?5@BEH=UIRA *>^ J * A 9/* ? 9 I F I>Oc? 7 @�O�S F.- ? 9 I F�W @ 9G\s7 ? 9GF:\ ? 7 @ ;T70* =/@ - I FV; ?TA *>9GF ? 2
d0 = 3

�
t1 = 100

�
t2 = 400

�
λmin = 1.25

*>F.+
λmax = 2 2
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"$#y" � �3�N� 4 2 �8*-4�.q(��q( � �q(1� � � � 4 � . � *-�3� ��� � ��,U4�����(c*-� � ,U� �¥0 � * �
687:9<;�; @ - ? 9 I F =:A5@ ; @ F ? ; ? 7 @8A5@ ; S ^ ? ; IRQ:? *>9GF @ +HWP9 ? 7 ? 7 @8? 7 A5@]@ 9GF:F IkJ * ? 9 I FV; =:A5IR=/I ; @ + � ? 70* ? 9<; ?5I;9* e ? 7 @a@ ; ? 9 E * ? 9 I F I>O�? 7 @ \s^ IRQ *>^ ?TA *>FV; OoIRATE * ? 9 I F©~ ; = * A * EM@B?5@BA ; Q e ? 7 @ ;T9 EH= ^ @DC *>^G\ IRA 9 ? 7 E �O�S ;T9 I F I>O/@DC:I \ @ F IRS ;�+.* ? *+9GF ? 7 @ * ?T? *1-57 EM@ F ?�?5I +.* ? * ?5@BATE I>O¥? 7 @ *1- ? 9 JL@ - I F ?5IRS:A ;�*>F.+1^/*R; ? ^ e? 7 @ ; = * ? 9 I>_�?5@BEH=/IRA *>^ J * A 9/* ? 9 I F I>OV? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ? 2 j @ WP9G^G^@- IREH= * A5@�? 7 @ ; @�A5@ ; S ^ ? ; WP9 ? 7? 7 @�EMI ; ? - I F JL@ F ? 9 I F0*>^ EMI + @ ^<;�*>F.+ZWP9G^G^ @DC * E 9GF @�?5I WP70* ?�@DC)?5@ F ?�? 7 @ ; I ^ S:? 9 I FV; ? 70* ? W @ 70* JL@=:A5IR=UI ; @ + E * pL@ 9 ?8=/I ;5;59 Q ^ @+?5INIKJL@BA - IREM@a? 7 @c=:A5IRQ ^ @BE�I>O ^ I -3*>^ E 9GF:9 E * 2
J *R; ? ^ e �)W @ WP9G^G^UF IR?A5@ ; ?TA 98- ?uIRS:A ; @ ^ JL@ ; ?5I ? 7 @1A5@BEMIR?5@ ; @ FV;T9GF:\ + IRE *>9GF *>F.+ WP9G^G^�9G^G^ S ; ?TA * ?5@N? 7 @1A5@ ; S ^ ? ; IRQ:? *>9GF @ +WP9 ? 7{9 E *>\ @ ; S ; @ +
9GF M IREH=:S:?5@BA �c9<;T9 I F *>F.+w9GF EM@ +)98-3*>^�9 E *>\s9GF:\ 2 687 @ ; @ 9 E *>\ @ ;c;T70* A5@Z? 7 @;9* EM@ -�70* A *1- ?5@BA 9<; ? 98-];,*R; ? 7 @ ;9* ?5@ ^G^G9 ?5@ 9 E *>\ @ ;u9GF *>F S:ATQ *>F @ F J 9 A5I F EM@ F ? ª * ^/*1- p�I>ObIkJL@BA *>^G^+)9<;B- A 9 E 9GF0* ? 9 I F I>O�? 7 @ZIRQ��y@ - ?P?5IHQU@u@DC)?TA *1- ?5@ + WP9 ? 7 A5@ ; =U@ - ?q?5IN? 7 @ 9 E *>\ @ ~ ; Q *1- p \ A5IRS F.+ 2
��������� �	��

������������������
���� ����!"���

7 F *>^G^ ? 7 @$@DC)=/@BA 9 EM@ F ? ;C+ @ ;B- A 9 QU@ + Q/@ ^ I Wa� ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A *>F.+ ? 7 @$=:A 9 IRA ;T70* =U@ 70* JL@$? 7 @OoI ^G^ I WP9GF:\R-570* A *1- ?5@BA 9<; ? 98-]; ª
¨ 2 687 @{=:A 9 IRA ;570* =/@{A5@B=:A5@ ; @ F ?5@ + Q e ? 7 @ ^ @BJL@ ^u; @B? ψ0(x)

- IRATA5@ ; =UI F.+:;$#&% � � 
('*) ?5I�? 7 @Q/IRS F.+.* A 9 @ ; I>O�? 7 @aIRQ��T@ - ?q?5INQU@ ; @ \ EM@ F ?5@ + d E * ? -�7 @ + 9GF ? 7 @ 9 E *>\ @ 2
= 2 687 @ 9GF:9 ? 9/*>^)*1- ? 9 JL@ - I F ?5IRS:A+A5@B=:A5@ ; @ F ?5@ + Q e ? 7 @ ^ @BJL@ ^�; @B? φ(x, t = 0)

9<;+;T9 E 9G^/* Aq?5IN? 7 @=:A 9 IRA ;570* =/@
ψ0(x) 2 7 ? 9<; ? 7 @ F ?TA *>FV; OoIRATEM@ + Q e * ;T9 E 9G^/* A 9 ? e Tsim WP7 I ; @Z= * A * EM@B?5@BA ;* A5@

ξ0 = (s0, θ0, µx,0, µy,0) 2 687 @ \ I *>^ I>O+? 7:9<; ? e =U@�I>O+?TA *>FV; O�IRATE * ? 9 I F�9<; ?5I - A5@ * ?5@*
\ @]IREM@B?TA 98-K+ @BJ 9/* ? 9 I F QU@B? W @]@ F ? 7 @ 9GF:9 ? 9/*>^ *1- ? 9 JL@ - I F ?5IRS:A *>F.+ ? 7 @ 9 E *>\ @ ~ ; ? * A \ @B?IRQ��y@ - ? 9GF IRA + @BA+?5IM@DC * E 9GF @a? 7 @uEM@B? 7 I + ~ ; E * ? -57:9GF:\ -3* = * Q 9G^G9 ? e 2

7 F ; IREM@ -3*R; @ ;k�-W @ WP9G^G^ 9G^G^ S ; ?TA * ?5@1? 7 @ *1- ? 9 JL@ - I F ?5IRS:A ~ ; @BJLI ^ S:? 9 I F O�A5IRE�? 7 @ 9GF:9 ? 9/*>^�; ? * ?5@3?5I? 7 @1Y F0*>^�- I F JL@BA \ @ F.- @ 9GF ? 7 @1OoIRATE I>O *X; @]fgSV@ F.- @H@ 9 ? 7 @BA \ I 9GF:\ O�A5IRE ^ @DO�?u?5IXA 9G\s7 ?ZIRA$O�A5IRE?5IR=w?5INQUIR?T?5IRE 2
�������,+ -�����
.�/�0�2143�� 56�7� 8��/�9�6�:84�93;!"�9�6�<!"���=
>������3;�6�@?A�B�<��3C���D���9�7�D�45

Tsim
����7� ���0������3

7 F IRA + @BA�?5I - IREH= * A5@8? 7 @8=U@BAyO�IRATE *>F.- @ ; I>O/? 7 @b? W I *>^G\ IRA 9 ? 7 E ;k�L^ @B?�S ;'- I FV;T98+ @BA�? 7 @�O�I ^G^ I WP9GF:\@DC)=/@BA 9 EM@ F ? ª * =:A 9 IRA ;570* =/@ ψ0
9<;C-�7 I ; @ F O�A5IRE�? 7 @u? W IM@DC * EH= ^ @ ;q9GF Y \ S:A5@ § 2 ¢ 2 687 @ *1- ? 9 JL@- I F ?5IRS:AaA5@B=:A5@ ; @ F ?5@ + Q e

φ
*>F.+ ?TA *>FV; OoIRATEM@ + Q e

Tsim
| WP7 I ; @N= * A * EM@B?5@BA ;$* A5@

ξ0
} WP9G^G^�F IR?EMIkJL@uIKJL@BA8? 9 EM@ | F I1@DC)?5@BA F0*>^ O�IRA - @ + SV@[?5I3? 7 @ 9 E *>\ @ 9<; S ; @ + �`W @[I F:^ e W IRATp 9GF ? 7 @ ;T70* =U@ ;K~; = *1- @k} 2

687 @ \ I *>^�9<; ?5I + @B?5@BATE 9GF @ WP7 @B? 7 @BA[? 7 @Z? W I�EM@B? 7 I +:; E *>F0*>\ @3?5I�@ ; ? 9 E * ?5@
ξ0
Q e E 9GF:9 _E 9Gn]9GF:\ ? 7 @Z@ F @BA \ e \s9 JL@ F
9GF @]fgS * ? 9 I F |o§ 2 ¢ } 2
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H 9G\ S:A5@ § 2 ¢ ª�� A 9 IRA ;T70* =/@ ; | 9GF WP7:9 ?5@ � {x/ψ0 (x) = 0} } *>F.+ ? 7 @ 9 A *R;5; I -B9/* ?5@ +�^ @BJL@ ^ ; @B? ; | \ A * e^ @BJL@ ^<;K� |ψ0 (x)| } 2 | * }b?5I e | Q-} J _ ;T70* =U@ + Q:S 9G^8+)9GF:\ 2
687 @ F S:EZQU@BAZI>O 9 ?5@BA * ? 9 I FV; A5@]fgS 9 A5@ + ?5I *1-�7:9 @BJL@ - I F JL@BA \ @ F.- @ *>F.+ ? 7 @ -3*>^8- S ^/* ? 9 I F ? 9 EM@WP9G^G^ QU@ - IREH= * A5@ + 2 j @ -3* ATA e IRS:?a? 7 @ ; * EM@M@DC`=U@BA 9 EM@ F ? ; @BJL@BA *>^ ? 9 EM@ ;aWP9 ? 7N+)9ml @BA5@ F ? 9GF:9 _? 9/*>^G9Gn&* ? 9 I FV;

(s0, θ0, µx,0, µy,0) ª
¨ 2 6 A *>FV;T^/* ? 9 I F I F:^ e ª ξ0,1 = (1, 0, 10,−5) 2
= 2 � IR? * ? 9 I F I F:^ e ª ξ0,2 = (1, π/3, 0, 0) 2¢ 2 x�-3*>^G9GF:\ I F:^ e ª ξ0,3 = (1.2, 0, 0, 0) 2
4 2 v 9 A5@ - ?+= ^/*>F @ ;T9 E 9G^/* A 9 ? e ª ξ0,4 = (1.2, π/3, 10,−5) 2

7 F ? 7 @[@DC)=U@BA 9 EM@ F ? ;C-3* ATA 9 @ + IRS:? �`W @$= ^/*1- @ + ? 7 @ *1- - @ F ?+I F ? 7 @[A5IRQ:S ; ? F @ ;5; I>O�? 7 @$IR=:? 9 E 9Gn&* _? 9 I FV; Q e W IRATp 9GF:\uWP9 ? 7 *+F0* ATA5I W Q *>F.+ I>O ¨s¨ = 9 C:@ ^<; 2 687 @ -3*>^8- S ^/* ? 9 I F ? 9 EM@ ;�WP9G^G^ QU@ 7:9G\s7©� Q:S:?? 7 @ \ I *>^ I>O�? 7 @ ; @3@DC`=U@BA 9 EM@ F ? ;[9<; ?5I - IREH= * A5@Z? 7 @Z? W I *>^G\ IRA 9 ? 7 E ; A * ? 7 @BAc? 70*>F ? 7 @ 9 A * Q ; I>_^ S:?5@P=U@BAyOoIRATE *>F.- @ ; 2 687 @ ;T9 EH= ^ @DC *>F.+ ? 7 @ \ A *1+)9 @ F ? + @ ;B- @ F ? WP9G^G^V70* JL@ - I F JL@BA \ @ +�WP7 @ F ? 7 @ eJL@BA 9 O e ? 7 @ - A 9 ?5@BA 9 I F ª ∣∣∣Jn+1
shape − Jnshape

∣∣∣ < 10−4 2 687 @N? W I *>^G\ IRA 9 ? 7 E ;ZW @BA5@H= * A * EM@B?5@BA 9Gn @ +*R; OoI ^G^ I Wq; ª
¨ 2 � A *1+)9 @ F ? + @ ;B- @ F ? ; ª ∆ts = 5.10−7 � ∆tθ = 2, 5.10−7 � ∆tµx = 2, 5.10−3 *>F.+ ∆tµy =

2, 5.10−3

= 2 x¦9 EH= ^ @DC ª δs = 0.25
�
δθ = π

�
δµx = 10

*>F.+
δµy = 10

6�* Q ^ @ ; § 2 ¨ *>F.+ § 2 = A5@ ; =U@ - ? 9 JL@ ^ e \s9 JL@Z? 7 @ZA5@ ; S ^ ? ; IRQ:? *>9GF @ +{WP9 ? 7 ? 7 @ \ A *1+)9 @ F ? + @ ;B- @ F ? *>F.+? 7 @ ;T9 EH= ^ @DC 2 687 @cYVA ; ?�? 7:9GF:\NW @ F IR?5@ 9<; ? 7 @[A5IRQ:S ; ? F @ ;5; I>O�? 7 @ ;T9 EH= ^ @DC WP7:98-57 @ ; ? 9 E * ?5@ ; ξ0- IRATA5@ - ? ^ e 9GF @BJL@BA e ;T9 ?TS * ? 9 I F 2 687 @ \ A *1+)9 @ F ? 9<; EMIRA5@ ; @ FV;T9 ? 9 JL@N?5IX? 7 @ ^ I -3*>^ E 9GF:9 E * I>Ob? 7 @@ F @BA \ e O�S F.- ? 9 I F0*>^
Jshape

*>F.+ ? 7 @BA5@DOoIRA5@PO *>9G^<;�9GF ? 7 A5@]@ -3*R; @ ; ?5Iu=:A5IkJ 98+ @ * - IRATA5@ - ?�@ ; ? 9 E * ? 9 I FI>OZ? 7 @ = * A * EM@B?5@BA ; 2 687 @ ; @ - I F.+ A5@BE * ATp - I F.- @BA FV; ? 7 @ -3*>^8- S ^/* ? 9 I F ? 9 EM@ 2 687 @ ;T9 EH= ^ @DC70*R;3;T7 I WPF�9 ? ; @ ^ Oq?5I QU@HEZS -�7 EMIRA5@�@D� -B9 @ F ?1? 70*>F ? 7 @ \ A *1+)9 @ F ? + @ ;9- @ F ? 2 687 @ F S:EZQU@BA1I>O9 ?5@BA * ? 9 I FV; A5@]f¦S 9 A5@ + ?5I *1-57:9 @BJL@ - I F JL@BA \ @ F.- @ 9<;c^ I W @BA WP9 ? 7©�/9GF ? 7 @ ; @3@DC`=U@BA 9 EM@ F ? ;k�S*M7:9G\s7 @BA
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; =U@]@ + J * A e 9GF:\ QU@B? W @]@ FK* A * ? 9 I § ?5I ��� 2 687 @[E *>9GF A5@ *R; I F O�IRAb? 7 @ ;T^ I WPF @ ;5; I>O©? 7 @ \ A *1+)9 @ F ?+ @ ;B- @ F ? 9<; ? 7 @ F S:EM@BA 98-3*>^�; ? * Q 9G^G9 ? e 2 ¡ ; E *>^G^ ? 9 EM@ ; ?5@B=�E3S ; ?uQ/@1S ; @ + OoIRAu@ *1-57D+ @ ;B- @ F ? 9GFIRA + @BA3?5IwEM@]@B?1? 7 @ ; ? * Q 9G^G9 ? e - I F.+)9 ? 9 I FV;K��WP9 ? 7 ? 7 @�A 9<; p�I>Oq? 7 @ ; e ; ?5@BE QU@ - IRE 9GF:\ S FV; ? * Q ^ @IRA +)9 JL@BA \ @ F ? 2L7 ? 9<;+F @BJL@BAT? 7 @ ^ @ ;5;+9 EH=UIRAT? *>F ?c?5I F IR?5@u? 70* ? *H;T^G9G\s7 ? ^ e +)9ml @BA5@ F ? ; @B?T? 9GF:\ I>O�? 7 @? 9 EM@ ; ?5@B= ;�- IRS ^8+ =:A5IKJ 98+ @ ;T^G9G\s7 ? ^ e O *R; ?5@BAaIRA ;T^G9G\s7 ? ^ e ^ I F:\ @BA - I F JL@BA \ @ F.- @ ; 2 687 @HA5@ ; S ^ ? ;u9GF? * Q ^ @ § 2 ¨ EZS ; ?8? 7 @BA5@DOoIRA5@[Q/@[fgS *>^G9 Y¥@ + Q:S:?8? 7 @ e + I \s9 JL@ *>F IRA + @BA8I>O E *>\sF:9 ?TS + @ - I F.- @BA F:9GF:\? 7 @ - I F JL@BA \ @ F.- @a? 9 EM@ ; 2
� U8HCS g\FXAC= =6I7I�S I� <>@fK"= ���
K"=LI7[\DR=LMNA ∆θ � � 	���� ∆s ∆µ � �	� � %�# '�
 7 ?5@BA * ? 9 I FV; 689 EM@ | ; }

ξ0,1
? ? � 4O4 ? ¨K§6 I e

ξ0,2
? 2 � ¨ 2 ?s§ (−14.3,−3.17)

¨ ��� ? § �
ξ0,3

? ? � §s§O? = ¨
ξ0,4

? 2 � ¨ 2 ?s§ (−14.3,−3.17)
= � � ? «��

ξ0,1
? ? � 4 = ? ¨s¨

J _ ;T70* =U@ + ξ0,2
? ? � = � §O? ���Q:S 9G^8+)9GF:\

ξ0,3
? ? � ¢s¢O? �

ξ0,4
? 2 ¢ ¨ 2 §)¨ (16.47, 12.54)

¨s¨ � ? ¢O?

6�* Q ^ @ § 2 ¨ ª ¡ Q ; I ^ S:?5@3@BATA5IRA$QU@B? W @]@ F ξ0 *>F.+
9 ? ; @ ; ? 9 E * ?5@ ξ̂0 Q e ? 7 @ \ A *1+)9 @ F ? + @ ;9- @ F ? *>^G\ I>_A 9 ? 7 E *>F.+K-3*>^8- S ^/* ? 9 I F ? 9 EM@ 2
� U>HCSNg\F
AC= =6I7I�S I� <X@fK"= �
�
K"=6I�[\Dd=LMNA ∆θ � � 	 ��� ∆s ∆µ � �	� � %�# '�
 7 ?5@BA * ? 9 I FV; 689 EM@ | ; }

ξ0,1
? ? � ¢s¢ � ¢6 I e

ξ0,2
? ? � = §)¨ ¢

ξ0,3
? ? � = ?64 ¢

ξ0,4
? ? � ¢ « ? ¢

ξ0,1
? ? � = ?)¨ �a¨

J _ ;570* =/@ + ξ0,2
? ? � ¢)¨ = ¨Q:S 9G^8+)9GF:\

ξ0,3
? ? � = ¨ � ¨

ξ0,4
? ? � = �
� ¨

6�* Q ^ @ § 2 = ª ¡ Q ; I ^ S:?5@Z@BATA5IRA+QU@B? W @]@ F ξ0 *>F.+w9 ? ; @ ; ? 9 E * ?5@ ξ̂0 Q e ? 7 @ ;T9 EH= ^ @DC *>^G\ IRA 9 ? 7 E *>F.+
-3*>^8- S ^/* ? 9 I F ? 9 EM@ 2
��������� � �6�������������7�/�6� �B? ����� 
>���/�6� 3��4��

�����4��� �/�9845B� ?A�B� 3;��5��=�9�6��� �7�/�6�

7 F ? 7:9<;Z; @ - ? 9 I F©��W @ - IREH= * A5@�? 7 @H=/@BAyOoIRATE *>F.- @ ; I>O8? 7 @ *1- ? 9 JL@ - I F ?5IRS:A ;,-�7 I ; @ F�9GF�; @ - ? 9 I F4 2 ¢ 2 =XWP9 ? 7 *>F.+�WP9 ? 7 IRS:? 9GF.- IRAT=UIRA * ? 9 I F I>OP=:A 9 IRA ;570* =/@ 9GF OoIRATE * ? 9 I F 2 687 @ \ I *>^�9<; ?5I 9G^G^ S ; _?TA * ?5@$? 7 @ F @]@ + OoIRAbS ;59GF:\N;570* =/@[p F I WP^ @ +)\ @ 9GF IRA + @BA8?5I - IRATA5@ - ? ^ e ; @ \ EM@ F ? *>F IRQ��T@ - ? WP7 I ; @A5@B=:A5@ ; @ F ? * ? 9 I F{9<;C*>^ ?5@BA5@ +
9GFK*>Fw9 E *>\ @ 2
H 9G\ S:A5@ § 2 4 ;T7 I Wq; ? 7 @�A5@ ; S ^ ? ; IRQ:? *>9GF @ +aWP9 ? 7 ? 7 @ M�70*>F�*>F.+ � @ ; @�EMI + @ ^@*>F.+ ? 7 @ Q�* e @ ;59/*>F
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} *>F.+�9<; ? 7 @BA5@DOoIRA5@M@DC *1- ? ^ e ; S:=/@BA 9 EH=UI ; @ + IKJL@BA3? 7 @��q_ ;570* =/@ + Q:S 9G^8+)9GF:\
9GF? 7 @ 9 E *>\ @ 2 v[@ ; = 9 ?5@ *>F 9GF:9 ? 9/*>^G9Gn&* ? 9 I F I>O1? 7 @ *1- ? 9 JL@ - I F ?5IRS:Aw? 70* ?XE * ? -57 @ ; ? 7 @ + @ ;T9 A5@ +; I ^ S:? 9 I F©��9 ?$O *>9G^ @ + ?5I ; @ \ EM@ F ?Z? 7 @ - I FV;598+ @BA5@ + Q:S 9G^8+)9GF:\ 2 7 ? -3*>F Q/@ ; @]@ F�9GF ? 7:9<;$-3*R; @N? 70* ?? 7 @$QU@ 70* J 9 IRAqI>O ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 9<;C*R; @DC)=/@ - ?5@ + I F ? 7 @ 9 E *>\ @ ~ ;P^ I W _ - I F ?TA *R; ? * A5@ *R; ª ? 7 @- I F ?5IRS:A�h ^ @ * p ; i *>F.+ ? 7 @ F =:A5IR= *>\ * ?5@ ;�9 ? ; @ ^ O¥? 7 A5IRS \s7 IRS:?�? 7 @ 9 E *>\ @ � @ F.- IREH= *R;5;T9GF:\ ? 7 @ n I F @ ;? 70* ? 70* JL@N? 7 @ ;9* EM@ ; ? * ? 9<; ? 98-3*>^ =:A5IR=/@BAT? 9 @ ; 2 687 @ ; @1A5@ ; S ^ ? ;�*>^<; I 9G^G^ S ; ?TA * ?5@ * EMIRA5@ ; @ ^ @ - ? 9 JL@; @ \ EM@ F ? * ? 9 I F I>OP? 7 @ M�70*>FF*>F.+�� @ ; @HEMI + @ ^ + SV@H?5I 9 ? ; A5@ ; ?TA 98- ? 9 I F ?5I ? 7 @H= * AT? 9 ? 9 I F:9GF:\ I>O? 7 @ 9 E *>\ @ ~ ;�- I FV; ? *>F ? n I F @ ; 2 687 @ Q�* e @ ;59/*>F EMI + @ ^��VWP7:98-57
9<; EMIRA5@u=/@BATE 9<;�;T9 JL@ �:; @ \ EM@ F ? ;�*7 IREMI \ @ F @]IRS ;�*>F.+ EMIRA5@a@DC)?5@ FV;T9 JL@ n I F @aI>O�? 7 @ 9 E *>\ @ 2
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H 9G\ S:A5@ § 2 4 ª x @ \ EM@ F ? * ? 9 I F WP9 ? 7 IRS:? 9GFV; @BAT? 9 I F I>O
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W IRS ^8+ ? 7 @BA5@DOoIRA5@ ^ I`I ; @ 9GF � @DC 9 Q 9G^G9 ? e *>F.+MW IRS ^8+ QU@8EMIRA5@ 9GF.-B^G9GF @ + ?5IuA5@ *1-57 ? 7 @ ^ I -3*>^ E 9GF:9 E *I>OV? 7 @�OrS F.- ? 9 I F0*>^ ?5I+QU@�E 9GF:9 E 9Gn @ + | W @ WP9G^G^ @DC * E 9GF @�? 7:9<; =UI 9GF ? 9GF3; @ - ? 9 I F § 2 § 2 4 } 2�7 O *+W @ 9G\s7 ?
λ = 1

9<;P; S 9 ? * Q ^ @[O�IRAP? 7 @ M�70*>F<*>F.+ � @ ; @cEMI + @ ^��)9 ? 9<;89GFV; S)� -B9 @ F ?PO�IRAP? 7 @ Q�* e @ ;59/*>F EMI + @ ^ 2
7 F.+ @]@ + � ? 7:9<;�^/* ?T?5@BAbEMI + @ ^S+)9ml @BA ; OrA5IRE ? 70* ?�I>O M�70*>F:*>F.+ � @ ; @qQ e ? 7 @ F IRATE *>^G9Gn&* ? 9 I F I>O©? 7 @9 E *>\ @c?5@BATE ; Q e ? 7 @cJ * A 9/*>F.- @ 9GFV;T98+ @ *>F.+ IRS:? ;T98+ @[? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 2 j 7 @BA5@ *R; ? 7 @[IRS:? ;T98+ @I>O�? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 9GF ? 7 @ 9 E *>\ @ 9<; EMIRA5@uh +)9<; IRA + @BA5@ + ia? 70*>F ? 7 @ 7 IREMI \ @ F @]IRS ; Q:S 9G^8+)9GF:\? 70* ? W @ * A5@ ; @]@Bp 9GF:\ ?5I ; @ \ EM@ F ? �/W @ 70* JL@ 9GF *H\ @ F @BA *>^�WL* e ª σ2

in (t) < σ2
out (t) 2 j 7 @ F ? 7 @- I F ?5IRS:A - I F JL@BA \ @ ; I F ? 7 @ 7 IREMI \ @ F @]IRS ; ? * A \ @B? W @ 70* JL@

σ2
in (t) � 1 ª ? 7 @ +)9 J 9<;T9 I F Q e ? 7:9<;?5@BATE ? 7 @ FF+ A *R; ? 98-3*>^G^ e 9GF.- A5@ *R; @ ; ? 7 @ * ?T? *1-�7 EM@ F ?M?5I +.* ? * ?5@BATE 9GFV;T98+ @

C (t) 2 6 I - IRS F ?5@BA? 7:9<; @ l @ - ? �:W @ -57 I`I ; @ *17:9G\s7 @BAqJ *>^ SV@aI>O
λ
|
λ = 10

} 2

| * }
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H 9G\ S:A5@ § 2 § ª x @ \ EM@ F ? * ? 9 I F{WP9 ? 7w9GFV; @BAT? 9 I F I>O�=:A 9 IRA ;T70* =/@ 9GF OoIRATE * ? 9 I F ª | * } M�70*>F *>F.+ � @ ; @EMI + @ ^)*>F.+
λ = 1

| Q-} Q�* e @ ;T9/*>F EMI + @ ^)*>F.+
λ = 10 2

687 @ F @]@ + ?5I S ; @H=:A 9 IRA ;T70* =U@Mp F I WP^ @ +)\ @ 9<; I F.- @ *>\ *>9GF�9G^G^ S ; ?TA * ?5@ +�9GF Y \ S:A5@ § 2 � WP9 ? 7? 7 @ *1- ? 9 JL@ - I F ?5IRS:A ; Q *R; @ + I F ? 7 @ +)9ml S ; @ + 9 E *>\ @ \ A *1+)9 @ F ? 9GF OoIRATE * ? 9 I F |�� � H } 2 � F:^G9 pL@? 7 @�@DC`=U@BA 9 EM@ F ? ;39GF Y \ S:A5@ ; § 2 4 *>F.+ § 2 § � ? 7 @ 9GF:9 ? 9/*>^�*1- ? 9 JL@ - I F ?5IRS:A 9<;aF IR?1@DC *1- ? ^ e ; S:=U@BAy_9 EH=UI ; @ + IkJL@BAq? 7 @aIRQ��T@ - ?q?5IHQU@$E * ? -57 @ +w9GF ? 7 @ 9 E *>\ @ ª ? 7 @ 9GF:9 ? 9/*>^ - I F ?5IRS:A 70*R; S F.+ @BA \ I F @* = * A * EM@B?5@BA3?TA *>FV; O�IRATE * ? 9 I F
ξ0 = (s0 = 1.1, θ0 = 0.1, µx,0 = −4, µy,0 = 1) 2(H 9G\ S:A5@ § 2 � 2 *;T7 I Wq; ? 70* ?$? 7 @ ; @ \ EM@ F ? * ? 9 I F I>O�? 7 @3Q:S 9G^8+)9GF:\ O *>9G^<;[9GF ? 7 @ * Q ; @ F.- @NI>O * ;T70* =/@ - I FV; ?TA *>9GF ? 2¡ ;PW @ 70* JL@ *>^ A5@ *1+ e F IR?5@ +wWP9 ? 7 ? 7 @aA5@ \s9 I F _�Q *R; @ + *1- ? 9 JL@ - I F ?5IRS:A ;K� ? 7 @ + @DOoIRATE * Q ^ @aEMI + @ ^WP9 ? 7 IRS:? - I FV; ?TA *>9GF ? ;a9<; ?5I`I�OrA5@]@ *>F.+ QU@ - IREM@ ;a; @ FV;59 ? 9 JL@N?5IX? 7 @ * AT? 9 O *1- ? ; I>O8? 7 @NS:ATQ *>F�9 EN_

*>\ @ ; 2$7 F ? 7 @ -3*R; @NI>O�Y \ S:A5@ § 2 � 2 *)� ? 7 @ \ A5@ * ? F S:EZQU@BAaI>O + @B? *>9G^<; =:A5I + S - @ ;$F S:EM@BA5IRS ;an I F @ ;I>O 7:9G\s7�\ A *1+)9 @ F ? ;$WP7:98-�7D* ?T?TA *1- ?[? 7 @ *1- ? 9 JL@ - I F ?5IRS:A *>F.+ +)9<; ? *>F.- @ 9 ?+O�A5IRE�? 7 @3QUIRS F.+.* A 9 @ ;I>O�? 7 @1Q:S 9G^8+)9GF:\ 2,H 9G\ S:A5@ § 2 � 2 Q ;T7 I Wq; ? 7 @ 9 EH=:A5IkJL@BEM@ F ?aQ:A5IRS \s7 ?aQ e ? 7 @ ;570* =/@ - I FV; ?TA *>9GF ? ª? 7 @+Q:S 9G^8+)9GF:\Z9GF ? 7 @ 9 E *>\ @ 9<; - IRATA5@ - ? ^ e ; @ \ EM@ F ?5@ +R+ @ ; = 9 ?5@ *>FM9GF:9 ? 9/*>^G9Gn&* ? 9 I F ? 70* ? 9<; O * A�O�A5IRE
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? 7 @ + e F0* E 98- @ ; ? 9 E * ? 9 I F I>Oq? 7 @

Tsim= * A * EM@B?5@BA ; 2

| * }

| Q-}

H 9G\ S:A5@ § 2 � ª x @ \ EM@ F ? * ? 9 I F{WP9 ? 7 *>F @ +)\ @D_�Q *R; @ +<*1- ? 9 JL@ - I F ?5IRS:A |�� � H } *>F.+
ξ0 = (s0 = 1.1, θ0 = 0.1, µx,0 = −4, µy,0 = 1) ª | * }3A5@ ; S ^ ? WP9 ? 7 IRS:? *>F e =:A 9 IRA ;T70* =U@ - I F _; ?TA *>9GF ? 2 | Q-}bA5@ ; S ^ ? WP9 ? 7 =:A 9 IRA ;T70* =U@ - I FV; ?TA *>9GF ? | λ = 5

} 2
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- I F JL@BA \ @3I Fw9 ? 2 x I � *NF I F _ F S ^G^ IkJL@BA ^/* =
QU@B? W @]@ F ? 7 @ 9GF:9 ? 9/*>^�- I F ?5IRS:A *>F.+ ? 7 @u? * A \ @B? 9GF ? 7 @9 E *>\ @ 9<; @ ;5; @ F ? 9/*>^ 2�7 F ? 7:9<;$; @ - ? 9 I F©�UW @N@DC * E 9GF @1? 7 @ ; @ FV;T9 ? 9 J 9 ? e I>O�? 7 @ ;T70* =U@ - I FV; ?TA *>9GF @ +*1- ? 9 JL@ - I F ?5IRS:A ;qWP9 ? 7 A5@ ; =/@ - ?b?5I1? 7 @ 9GF:9 ? 9/*>^G9Gn&* ? 9 I Fw9GF IRA + @BAP?5I *R;5; @ ;5; ? 7 @[A5IRQ:S ; ? F @ ;�; I>O�? 7 @
*>^G\ IRA 9 ? 7 E ;$*>F.+ ? 7 @ 9 A -3* = *1-B9 ? e OoIRA ; I ^ J 9GF:\ ? 7 @1E * =)_�?5I>_ 9 E *>\ @HE * ? -�7:9GF:\ =:A5IRQ ^ @BE 2�� @BJL@BAy_? 7 @ ^ @ ;5;k� W @XI F:^ e @DC * E 9GF @ *
;59GF:\s^ @ -B^/*R;5; I>O 9GF:9 ? 9/*>^ E * ? -57:9GF:\ @BATA5IRA ª ? 7 @ I F @�? 70* ? -3*>F QU@EMI + @ ^ @ + Q e +)9 A5@ - ?q= ^/*>F @ ;T9 E 9G^/* A 9 ? e 2
�
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H 9G\ S:A5@ ; § 2 �N?5I § 2 ¨ =N9G^G^ S ; ?TA * ?5@a? 7 @ ; @ FV;T9 ? 9 J 9 ? e I>O�? 7 @ M�70*>F *>F.+ � @ ; @ *>F.+ Q�* e @ ;T9/*>F EMI + @ ^<;WP9 ? 7 A5@ ; =/@ - ?q?5IN? 7 @ 9GF:9 ? 9/*>^G9Gn&* ? 9 I F I>O�? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 2 H 9G\ S:A5@ § 2 � ;57 I Wq; ? 70* ?+? 7 @ M�70*>F*>F.+ � @ ; @[EMI + @ ^U9<;8F IR? ; @ FV;T9 ? 9 JL@$?5I *3W @ * p ?TA *>FV;T^/* ? 9 I F I F ? 7 @$? 7 A5@]@u@DC * EH= ^ @ ;89G^G^ S ; ?TA * ?5@ + 2
H 9G\ S:A5@ ; § 2 � 2 * *>F.+ § 2 � 2 -3;T7 I W ? 70* ? 9 O�? 7 @uE * ? -�7:9GF:\ I>O�? 7 @ZA5@ - ? *>F:\ S ^/* AcQ:S 9G^8+)9GF:\L;�+ I¦@ ;+F IR?; @]@BE�?5IH=/I ; @ *>F e =:A5IRQ ^ @BE WP9 ? 7 *>Fw9GF:9 ? 9/*>^ A5IR? * ? 9 I F I>O ? 2 ¢ A *1+ �VW @ -3*>F{; @]@ �:7 I W @BJL@BA � ? 70* ?? 70* ?+I>O�? 7 @ �+_ ;T70* =/@ + Q:S 9G^8+)9GF:\M70*R; O *>9G^ @ + | Y \ S:A5@ § 2 � 2 Q-} 2 687 @BA5@ * A5@$? W I�A5@ *R; I FV; OoIRAP? 7:9<; ª



¨3? � �����������
	���
�	�������������������������������	��� !���
"#�$���� &%'�������(�����)	��

✽
687 @cYVA ; ?PI F @ 9<; A5@ ^/* ? 9 JL@[?5I1? 7 @ 9 E *>\ @ ; ? 70* ? W @[S ; @ 2�7 F *,+ @ FV; @[S:ATQ *>F @ F J 9 A5I F EM@ F ? �* Q:S 9G^8+)9GF:\(- I FV;T98+ @BA5@ +R+ I¦@ ;�F IR? ; ? *>F.+ IRS:? ;59GF:\ S ^/* A ^ e OrA5IRE 9 ? ; @ F J 9 A5I F EM@ F ? 2 687 S ;k�¦9 O? 7 @ 9GF:9 ? 9/*>^G9Gn&* ? 9 I FX9<; ?5I¦I +)9<; ? *>F ? � *�- I F JL@BA \ @ F.- @uI F ? 7 @ + @ ;T9 A5@ + IRQ��y@ - ?�E * e QU@ 7:9G\s7:^ e
+ @ ^G98-3* ?5@ 2 687:9<;�- I F JL@BA \ @ F.- @ 9<; E *1+ @�@BJL@ F EMIRA5@ 70*>n&* A + IRS ; O�IRAu? 7 @ M�70*>FF*>F.+�� @ ; @EMI + @ ^VWP7 @BA5@q? 7 @qI F:^ e ; ? * ? 9<; ? 98-3*>^ f¦S *>F ? 9 ? e @DC * E 9GF @ +H9<; ? 7 @qEM@ *>F 2�7 ? 9<; JL@BA e =UI ;5;T9 Q ^ @? 70* ? + S:A 9GF:\ ? 7 @ 9 ?5@BA * ? 9 JL@1=:A5I - @ ;5;k�

cin (φ (x, t)) ' cout (φ (x, t))
WP7:98-�7�W IRS ^8+ A5@ ; S ^ ?9GF ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A�QU@ 9GF:\+9 EHEMIRQ 9G^G9Gn @ + � =:A5@BJL@ F ? 9GF:\ ? 7 @�E * ? -57:9GF:\ | ^ I -3*>^ E 9GF:9 EZS:E�} 2

✽
687 @ ; @ - I F.+ A5@ *R; I FX9<;b9GF:7 @BA5@ F ?8?5I1? 7 @ ;570* =/@ - I FV; ?TA *>9GF ?P?5@BATE 2�7 ? 9<; =UI ;5;T9 Q ^ @c? 70* ?b? 7 @* ?T? *1-57 EM@ F ?c?5I +.* ? * ?5@BATE E * pL@ ; ? 7 @ *1- ? 9 JL@ - I F ?5IRS:Aq?5@ F.+ ?5I W�* A +:;�*1; ? * ?5@[? 70* ? + I`@ ;F IR?cQU@ ^ I F:\ ?5I�? 7 @ ; = *1- @1I>O ;T70* =U@ ;�* S:? 7 IRA 9Gn @ + Q e ? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ?[@ F @BA \ e 2 x I �@BJL@ F{9 O�? 7 @1IRQ��T@ - ?cA5@B=:A5@ ; @ F ?5@ + 9GF ? 7 @ 9 E *>\ @ 9<; ? 7 @ ; I ^ S:? 9 I F E 9GF:9 E 9Gn]9GF:\ ? 7 @3@ F @BA \ eOrS F.- ? 9 I F0*>^���9 ? 9<; =:A5IRQ * Q ^ @�? 70* ? 9 ? WP9G^G^�- I ; ?aEMIRA5@NOoIRAa? 7 @ ;570* =/@ - I FV; ?TA *>9GF ?1?5@BATE ?5I
- IREM@ -B^ I ; @Z?5I 9 ?$? 70*>F ? 7 @ \ *>9GF E *1+ @3Q e ? 7 @ * ?T? *1-57 EM@ F ?a?5I +.* ? * @ F @BA \ e 2 j @3? 7 @ FA5@ *1-57 * 
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������[Q/@B? W @]@ F ? 7 @ ; @�? W I *>F ? *>\ I F:9<; ? 98- OoIRA - @ ;K� E * p 9GF:\ ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A
- I F JL@BA \ @ZI F *1^ I -3*>^ E 9GF:9 E3S:E�I>O�? 7 @a@ F @BA \ e OrS F.- ? 9 I F0*>^ 2

687 @ M�70*>F *>F.+ � @ ; @1EMI + @ ^�; @]@BE ; ?5I QU@ZJL@BA e ; @ FV;T9 ? 9 JL@1?5I * J * A 9/* ? 9 I F I>O�? 7 @ ;B-3*>^G9GF:\ O *1- _?5IRA 2 687:9<;c9<;�* - I F J 9GF.-B9GF:\ E *>F:9 Oo@ ; ? * ? 9 I F I>O�? 7 @ ^/*1- p
I>O�A *1+)9 IREM@B?TA 98- +)9<;B- A 9 E 9GF0* ? 9 I F I>O�? 7 @Q:S 9G^8+)9GF:\ ?5IMQ/@$E * ? -�7 @ +w9GF ? 7 @ 9 E *>\ @ 9GF ? 7 @ ; @ FV; @uI>O�? 7 @$EM@ *>F | Y \ S:A5@ ; § 2 « 2 * *>F.+ § 2 « 2 Q-} 2
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H 9G\ S:A5@ § 2 � ª x @ FV;T9 ? 9 J 9 ? e ?5I�?TA *>FV;T^/* ? 9 I F ª ; @ \ EM@ F ? * ? 9 I F WP9 ? 7 ? 7 @ M�70*>F *>F.+ � @ ; @
EMI + @ ^9GF.- IRAT=UIRA * ? 9GF:\ * ;T70* =/@ - I FV; ?TA *>9GF ? 2 687 @ 9GF:9 ? 9/*>^ *1- ? 9 JL@ - I F ?5IRS:A I>O @DC`=U@BA 9 EM@ F ? ; | * } �| Q-} *>F.+ | - } 70*R; Q/@]@ F ?TA *>FV; OoIRATEM@ + Q e * +)9 A5@ - ? = ^/*>F @ ;T9 E 9G^/* A 9 ? e I>OM= * A * EM@B?5@BA ;
ξ0 =

(s0 = 1.0, θ0 = 0.0, µx,0 = 5, µy,0 = 5) 2



¨s¨3? �����������
	���
�	�������������������������������	��� !���
"#�$���� &%'�������(�����)	��

�	��
 ���3
 ����


H 9G\ S:A5@ § 2 � ª x @ FV;T9 ? 9 J 9 ? e ?5I A5IR? * ? 9 I F ª ; @ \ EM@ F ? * ? 9 I F WP9 ? 7 ? 7 @ M�70*>F *>F.+ � @ ; @ EMI + @ ^9GF.- IRAT=UIRA * ? 9GF:\ * ;T70* =/@ - I FV; ?TA *>9GF ? 2 687 @ 9GF:9 ? 9/*>^ *1- ? 9 JL@ - I F ?5IRS:A I>O @DC`=U@BA 9 EM@ F ? ; | * } �| Q-} *>F.+ | - } 70*R; Q/@]@ F ?TA *>FV; OoIRATEM@ + Q e * +)9 A5@ - ? = ^/*>F @ ;T9 E 9G^/* A 9 ? e I>OM= * A * EM@B?5@BA ;
ξ0 =

(s0 = 1.0, θ0 = 0.3, µx,0 = 0, µy,0 = 0) 2
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H 9G\ S:A5@ § 2 « ª x @ FV;T9 ? 9 J 9 ? e ?5Ic? 7 @ ;B-3*>^G9GF:\ O *1- ?5IRA ª ; @ \ EM@ F ? * ? 9 I FHWP9 ? 7 ? 7 @ M�70*>F(*>F.+ � @ ; @�EMI + @ ^9GF.- IRAT=UIRA * ? 9GF:\R*N;T70* =U@ - I FV; ?TA *>9GF ? 2| * }
ξ0 = (s0 = 1.5, θ0 = 0.0, µx,0 = 0, µy,0 = 0)

�| Q-}
ξ0 = (s0 = 0.8, θ0 = 0.0, µx,0 = 0, µy,0 = 0)

�| - }
ξ0 = (s0 = 1.5, θ0 = 0.0, µx,0 = 0, µy,0 = 0) 2
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687 @+A5@ ; S ^ ? ; IRQ:? *>9GF @ +�WP9 ? 7 ? 7 @ QL* e @ ;T9/*>F EMI + @ ^¥9GF Y \ S:A5@ ; § 2 ¨3? 2 Q *>F.+ § 2 ¨3? 2 -�* A5@ ;T9 E 9G^/* A?5IZ? 7 I ; @+IRQ:? *>9GF @ +�WP9 ? 7 ? 7 @ M�70*>F *>F.+ � @ ; @qEMI + @ ^ - I F.- @BA F:9GF:\ ? 7 @ ; @ FV;59 ? 9 J 9 ? e WP9 ? 7 A5@ ; =U@ - ??5I3?TA *>FV;T^/* ? 9 I F 2 I I W @BJL@BA �:W @ F IR?5@[? 70* ?�? 7 @ ; @ \ EM@ F ? * ? 9 I F I>O�? 7 @cYVA ; ?bA5@ - ? *>F:\ S ^/* APQ:S 9G^8+)9GF:\O *>9G^<; | Y \ S:A5@ § 2 ¨3? 2 * } 2 687:9<;Z9<;Z9GF:7 @BA5@ F ?1?5I ? 7 @ Q�* e @ ;59/*>F EMI + @ ^�WP7:98-�7�9<; EMIRA5@�=/@BATE 9<;�;T9 JL@*>F.+ * S:? 7 IRA 9Gn @ ; ? 7 @ ; @ \ EM@ F ? * ? 9 I F I>O�IRQ��y@ - ? ; I>O F I F _�S F:9 OoIRATE 9GF ?5@ FV;T9 ? e 2 687:9<; � @DC 9 Q 9G^G9 ? e I>O? 7 @8EMI + @ ^0*R;5; I -B9/* ?5@ +NWP9 ? 7 *[;T70* =/@ - I FV; ?TA *>9GF ?�? 70* ? 9<; ?5I`I \ A5@ * ? |
λ = 10

} E * pL@ ;�9 ?�=/I ;5;59 Q ^ @?5I{@DC`= ^/*>9GF ? 7 @�@BATA5I F @]IRS ; A5@ ; S ^ ?NIRQ:? *>9GF @ + 2 j @ WP9G^G^b; @]@ 9GF!; @ - ? 9 I F § 2 4 7 I W ?5I ; I ^ JL@�? 7:9<;=:A5IRQ ^ @BE WP9 ? 7 * J * A 9/* Q ^ @ W @ 9G\s7 ?
λ 2 ¡ ; OoIRAq? 7 @aA5IR? * ? 9 I F | Y \ S:A5@ § 2 ¨s¨ } �¥9 ? -3*>F QU@ ; @]@ F ? 70* ?? 7 @[E * ? -57:9GF:\ I>O ? 7 @ �q_ ;570* =/@ + Q:S 9G^8+)9GF:\H70*R;P; S - - @]@ + @ + | Y \ S:A5@ § 2 ¨s¨ 2 Q-} � �yS ; ? *R; ? 70* ?qI>O�? 7 @A5@ - ? *>F:\ S ^/* A3Q:S 9G^8+)9GF:\L;Z70*R;K��WP7 @BA5@ *R; ? 7 @ M�70*>FN*>F.+ � @ ; @HEMI + @ ^�70*R; O *>9G^ @ + | Y \ S:A5@ § 2 � 2 Q-} 2¡ ;�W @ 70* JL@[EM@ F ? 9 I F @ + @ * A ^G9 @BA � ? 7 @ F IRATE *>^G9Gn&* ? 9 I F Q e ? 7 @cJ * A 9/*>F.- @[I>O ? 7 @ 9 E *>\ @ 9GFV;T98+ @c? 7 @

*1- ? 9 JL@ - I F ?5IRS:A8E * pL@ ;b9 ?b=/I ;5;59 Q ^ @q?5I3A5@ F.+ @BAb? 7 @ * ?T? *1-57 EM@ F ?q?5I +.* ? * ?5@BATE =:A5@B=/I F.+ @BA *>F ? 9GFIRA + @BAc?5I�IKJL@BA - IREM@3? 7 @ ;570* =/@ - I FV; ?TA *>9GF ?[?5@BATE WP7:98-57 70*1+ ?5@ F.+ @ + ?5I - A5@ * ?5@ ^ I -3*>^ E 9GF:9 E * 2
J 9 pL@ WP9 ? 7 ? 7 @ M�70*>F *>F.+ � @ ; @bEMI + @ ^�� ? 7 @ ; @ FV;T9 ? 9 J 9 ? e ?5@ ; ? WP9 ? 7 A5@ ; =U@ - ?�?5Ic? 7 @ ;B-3*>^G9GF:\ O *1- ?5IRAO *>9G^<; O�IRA�? 7 @[@DC)=U@BA 9 EM@ F ? ;89GF Y \ S:A5@ ; § 2 ¨ = 2 *�*>F.+ § 2 ¨ = 2 Q 2 687:9<;b9<;L+ SV@+?5I * =/I`IRA 9GF:9 ? 9/*>^G9Gn&* ? 9 I F*>F.+F* ^/*1- p�I>O +)9<;B- A 9 E 9GF0* ? 9 I F I>Oq? 7 @�Q:S 9G^8+)9GF:\�9GF ? 7 @ 9 E *>\ @ 2�� F ? 7 @ - I F ?TA * A e ��;T9GF.- @�? 7 @^G9G\s7 ?y_ - I ^ IRA5@ + Q:S 9G^8+)9GF:\H9GF ? 7 @$? 7:9 A + @DC`=U@BA 9 EM@ F ? 9<;P;59GF:\ S ^/* A ^ e +)9ml @BA5@ F ?PO�A5IRE ? 7 @cA5@ ; ?8I>O�? 7 @;B- @ F @ � ? 7 @ ; @ \ EM@ F ? * ? 9 I F�; S - - @]@ +:;PWP70* ?5@BJL@BAc? 7 @uEMI + @ ^ S ; @ + | Y \ S:A5@ § 2 ¨ = 2 - } 2
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H 9G\ S:A5@ § 2 ¨3? ª x @ FV;59 ? 9 J 9 ? e ?5Ic?TA *>FV;T^/* ? 9 I F ª ; @ \ EM@ F ? * ? 9 I FMWP9 ? 7 ? 7 @ Q�* e @ ;T9/*>F EMI + @ ^ *>F.+N;T70* =U@- I FV; ?TA *>9GF ? 2 687 @ 9GF:9 ? 9/*>^L*1- ? 9 JL@ - I F ?5IRS:AHI>Oq@DC`=U@BA 9 EM@ F ? ; | * } � | Q-} *>F.+ | - } 70*R; Q/@]@ F ?TA *>FV; _OoIRATEM@ + Q e *(+)9 A5@ - ?q= ^/*>F @ ;T9 E 9G^/* A 9 ? e I>O�= * A * EM@B?5@BA ;
ξ0 = (s0 = 1.0, θ0 = 0.0, µx,0 = 5, µy,0 = 5) 2
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H 9G\ S:A5@ § 2 ¨s¨ ª x @ FV;59 ? 9 J 9 ? e ?5I�A5IR? * ? 9 I F ª ; @ \ EM@ F ? * ? 9 I F�WP9 ? 7 ? 7 @ QL* e @ ;T9/*>F EMI + @ ^�*>F.+�;T70* =U@- I FV; ?TA *>9GF ? 2 687 @ 9GF:9 ? 9/*>^L*1- ? 9 JL@ - I F ?5IRS:AHI>Oq@DC`=U@BA 9 EM@ F ? ; | * } � | Q-} *>F.+ | - } 70*R; Q/@]@ F ?TA *>FV; _OoIRATEM@ + Q e *(+)9 A5@ - ?q= ^/*>F @ ;T9 E 9G^/* A 9 ? e I>O�= * A * EM@B?5@BA ;
ξ0 = (s0 = 1.0, θ0 = 0.3, µx,0 = 5, µy,0 = 5) 2
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H 9G\ S:A5@ § 2 ¨ = ª x @ FV;59 ? 9 J 9 ? e ?5I ? 7 @ ;9-3*>^G9GF:\ O *1- ?5IRA ª ; @ \ EM@ F ? * ? 9 I F WP9 ? 7 ? 7 @ Q�* e @ ;T9/*>F EMI + @ ^*>F.+ ? 7 @ ;570* =/@ - I FV; ?TA *>9GF ? 2| * }
ξ0 = (s0 = 1.5, θ0 = 0.0, µx,0 = 0, µy,0 = 0)| Q-}
ξ0 = (s0 = 0.8, θ0 = 0.0, µx,0 = 0, µy,0 = 0)| - }
ξ0 = (s0 = 1.5, θ0 = 0.0, µx,0 = 0, µy,0 = 0) 2
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H 9G\ S:A5@ § 2 ¨K¢ ;T7 I Wq; ? 7 @�E * ? -57:9GF:\ A5@ ; S ^ ? WP9 ? 7 ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A�Q *R; @ + I F ? 7 @ 9 E *>\ @ ~ ; � � HL2687 @ 9G^G^ S ; ?TA * ?5@ + E * ? -57:9GF:\L;M9GF ? 7:9<; Y \ S:A5@ * A5@ ;9* ? 9<; O *1- ?5IRA e 2F7 ? ;T7 IRS ^8+�7 I W @BJL@BA�QU@ F IR?5@ +? 70* ?P? 7 @ 9GF:9 ? 9/*>^G9Gn&* ? 9 I F @BATA5IRA 9<;P; E *>^G^ 2 j 9 ? 7 * EMIRA5@ +)9<; ? *>F ? 9GF:9 ? 9/*>^G9Gn&* ? 9 I F©� ? 7 @ - I FV; ?TA *>9GF @ +; @ \ EM@ F ? * ? 9 I F O *>9G^<; | Y \ S:A5@ § 2 ¨E4 } 2 687 @ ; @{@DC`=U@BA 9 EM@ F ? ;:+ @BEMI FV; ?TA * ?5@{? 70* ?X@BJL@ F WP9 ? 7 ? 7 @; = * ? 9/*>^�+)9ml S ;T9 I F I>O�? 7 @ \ A *1+)9 @ F ? 9GF O�IRATE * ? 9 I F©� ? 7 @ *1- ? 9 JL@ - I F ?5IRS:APA5@BE *>9GFV;q; @ FV;T9 ? 9 JL@[?5I1? 7 @9GF:9 ? 9/*>^G9Gn&* ? 9 I F 2 687 @wA5@ *R; I F 9<; ? 7 @
=:A5I>OrS ;T9 I F I>O + @B? *>9G^<;�; S:ATA5IRS F.+)9GF:\ ? 7 @
Q:S 9G^8+)9GF:\�WP7:98-�7@ *R;T9G^ e ?TA * =w? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 9GFK*H^ I -3*>^ E 9GF:9 E3S:E�I>O�? 7 @a@ F @BA \ e OrS F.- ? 9 I F0*>^ 2
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H 9G\ S:A5@ § 2 ¨K¢ ª x @ FV;T9 ? 9 J 9 ? e ?5I 9GF:9 ? 9/*>^G9Gn&* ? 9 I F ª ; @ \ EM@ F ? * ? 9 I F3WP9 ? 7 *>F @ +)\ @D_�Q *R; @ + *1- ? 9 JL@ - I F ?5IRS:A|�� � H } *>F.+ WP9 ? 7 ? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ? 2| * }
ξ0 = (s0 = 1.1, θ0 = 0.1, µx,0 = −4, µy,0 = 1)| Q-}
ξ0 = (s0 = 1.0, θ0 = −0.1, µx,0 = −1, µy,0 = −2)| - }
ξ0 = (s0 = 1.0, θ0 = 0.1, µx,0 = 0, µy,0 = 2) 2
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H 9G\ S:A5@ § 2 ¨E4 ª x @ FV;T9 ? 9 J 9 ? e ?5I *D+)9<; ? *>F ? 9GF:9 ? 9/*>^G9Gn&* ? 9 I F ª ; @ \ EM@ F ? * ? 9 I F�WP9 ? 7 *>F @ +)\ @D_�Q *R; @ +*1- ? 9 JL@ - I F ?5IRS:A |�� � H } *>F.+ WP9 ? 7 ? 7 @ ;570* =/@ - I FV; ?TA *>9GF ? 2| * }
ξ0 = (s0 = 1.1, θ0 = 0.25, µx,0 = −4, µy,0 = 1)| Q-}
ξ0 = (s0 = 1.0, θ0 = −0.25, µx,0 = −2, µy,0 = −3)| - }
ξ0 = (s0 = 1.0, θ0 = 0.1, µx,0 = −2, µy,0 = 2) 2
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687 @u@DC)=/@BA 9 EM@ F ? ;P9GF ? 7 @$=:A5@BJ 9 IRS ;q; @ - ? 9 I F 70* JL@ ;T7 I WPF ? 70* ?P? 7 @ *1- ? 9 JL@ - I F ?5IRS:A ; S ; @ + W @BA5@; @ FV;59 ? 9 JL@�?5I *<+)9<; ? *>F ? 9GF:9 ? 9/*>^G9Gn&* ? 9 I F WP9 ? 7 A5@ ; =U@ - ?3?5I{? 7 @XIRQ��y@ - ?1?5I
QU@ ; @ \ EM@ F ?5@ +�9GF ? 7 @9 E *>\ @ 2 j @$@DC)= ^/*>9GF ? 7:9<;P; @ FV;T9 ? 9 J 9 ? e Q e ? 7 @ ^/*1- p�I>O +)9<;B- A 9 E 9GF0* ? 9 I F I>O ? 7 @$IRQ��T@ - ?qI>O 9GF ?5@BA5@ ; ?WP9 ? 7 A5@ ; =U@ - ?8?5IN? 7 @$A5@ ; ?PI>O ? 7 @ 9 E *>\ @ *>F.+ Q e ? 7 @$=:A5@ ; @ F.- @uI>O�? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ? WP7:98-�79<;89GF.-B^G9GF @ + ?5I1E * pL@$? 7 @ - I F ?5IRS:Aq?TA * =:=U@ + 9GFX^ I -3*>^ E 9GF:9 E * 2
7 F ? 7:9<;P; @ - ? 9 I F©�)W @$=:A5@ ; @ F ?P? 7 @A5@ ; S ^ ? ;)- I F.- @BA F:9GF:\ ? 7 @�O�S ;T9 I F I>OV? 7 @�v x z WP9 ? 7 ? 7 @ ;9* ?5@ ^G^G9 ?5@ 9 E *>\ @ *>F.+ ? 7 @ ; = * ? 9 I>_�?5@BEH=UIRA *>^;T70* =U@ - I FV; ?TA *>9GF ? 2 j @ WP9G^G^ @DC * E 9GF @�@DC`=U@BA 9 EM@ F ? *>^G^ e ?5I WP70* ?3@DC)?5@ F ?1? 7 @ ; @H? W I ; I ^ S:? 9 I FV;A5@ ; I ^ JL@a? 7 @$=:A5IRQ ^ @BE�I>O�? 7 @ ^ I -3*>^ E 9GF:9 E *MWP7:98-57 =:A5@BJL@ F ?qO�A5IRE *>F @D� -B9 @ F ?cE * ? -57:9GF:\ 2
�
	��
	 � 	�� � =LHPF8g ACH�� [*AP< Z9F>HP[iS M S Z =��
S � =LM>S F>H,?>@BAC@b[\MNACSbAP<X= @BA&AC@fY�<>DR=LMNA`ACS�?8@BAC@

AC=6I�D
H 9G\ S:A5@ § 2 ¨K§ 9G^G^ S ; ?TA * ?5@ ; ? 7 @aA5@ ; S ^ ? ; IRQ:? *>9GF @ +{WP9 ? 7 ? 7 @ �q_ ;570* =/@ + Q:S 9G^8+)9GF:\ *>F.+ ? 7 @ZEMI + @ ^<;=:A5IR=UI ; @ +�9GF @]fgS * ? 9 I FV; |o§ 2 § } *>F.+ |o§ 2 �L} 2 v$@ ; = 9 ?5@ ? 7 @ 9GF:9 ? 9/*>^G9Gn&* ? 9 I F 9GF ?5@ F ? 9 I F0*>^G^ e E *1+ @O * A$OrA5IRE ? 7 @HQ:S 9G^8+)9GF:\
9GF ? 7 @ 9 E *>\ @ � ? 7 @HE * ? -�7:9GF:\{; S - - @]@ +:; 2 687:9<;Z;57 I Wq; ? 70* ?Z? 7 @ \ I¦I ++)9<;B- A 9 E 9GF0* ? 9 I F I>O+? 7 @�Q:S 9G^8+)9GF:\ 9GF ? 7 @ v x z�E *>F0*>\ @ ; ?5I ^ @ *1+ ? 7 @ *1- ? 9 JL@ - I F ?5IRS:AN?5I{? 7 @? * A \ @B? 9GF ? 7 @ 9 E *>\ @ 2 ¡ ?�? 7 @b@ F.+ I>O - I F JL@BA \ @ F.- @ � ? 7 @ - I F ?TA 9 Q:S:? 9 I F I>O¥? 7 @bv x z 9<; A5@ ^/* C:@ + ?5I\s9 JL@8EMIRA5@ W @ 9G\s7 ?�?5I[? 7 @ 9 E *>\ @ 9GFHWP7:98-57 ? 7 @8QUIRS F.+.* A 9 @ ; I>O¥? 7 @8Q:S 9G^8+)9GF:\$* A5@8QU@B?T?5@BA + @DY F @ + 2
H 9G\ S:A5@ § 2 ¨ � 9G^G^ S ; ?TA * ?5@ ; ? 7 @ ;9* EM@+@DC)=/@BA 9 EM@ F ? *R; Y \ S:A5@ § 2 ¨K§ Q:S:? WP9 ? 7 IRS:? 9GF ?5@ \ A * ? 9 I F I>O©? 7 @v x z 2 7 ? -3*>F QU@ ; @]@ F ? 70* ? 9GF ? 7:9<;$-3*R; @1? 7 @ *1- ? 9 JL@ - I F ?5IRS:A + I`@ ;$F IR?uE *>F0*>\ @H?5I ; @ \ EM@ F ?? 7 @uQ:S 9G^8+)9GF:\ 2

| * }

| Q-}

H 9G\ S:A5@ § 2 ¨K§ ª x S - - @ ;5; OrS ^ E * ? -�7:9GF:\�WP9 ? 7F*:+)9<; ? *>F ? 9GF:9 ? 9/*>^G9Gn&* ? 9 I F�*>F.+ 9GFV; @BAT? 9 I F I>OP? 7 @�@DC`_I \ @ F IRS ; v x z 9GF ? 7 @u@ F @BA \ e O�S F.- ? 9 I F0*>^ 2 | * } M�70*>F<*>F.+ � @ ; @$EMI + @ ^�� | Q-} QL* e @ ;T9/*>F EMI + @ ^ 2
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H 9G\ S:A5@ § 2 ¨ � ª H *>9G^ @ + E * ? -57:9GF:\HWP9 ? 7 *$+)9<; ? *>F ? 9GF:9 ? 9/*>^G9Gn&* ? 9 I FK*>F.+ ? 7 @ M�70*>F *>F.+ � @ ; @+EMI + @ ^| F I 9GF.- IRAT=UIRA * ? 9 I F I>O�? 7 @uv x z�} 2

687 @ - IREH= * A 9<; I F I>O[Y \ S:A5@ ; § 2 ¨ � *>F.+ § 2 ¨ � 9G^G^ S ; ?TA * ?5@ ; ? 7 @w@D� -B9 @ F.- e I>O$? 7 @ =:A5IR=UI ; @ +EM@B? 7 I + 2 7 F ? 7 @
@DC)=/@BA 9 EM@ F ? 9GF Y \ S:A5@ § 2 ¨ � WP7 @BA5@{I F:^ e ? 7 @ ;9* ?5@ ^G^G9 ?5@ 9 E *>\ @ +)9 A5@ - ? ; ? 7 @*1- ? 9 JL@ - I F ?5IRS:A | Q�* e @ ;T9/*>F EMI + @ ^ } � ? 7 @ZE * ? -57:9GF:\ O *>9G^<; 2 687 @ +)9<; ? *>F ? 9GF:9 ? 9/*>^G9Gn&* ? 9 I F *>F.+ ? 7 @=:A5@ ; @ F.- @[I>O ;T70*1+ I W @DC)= ^/*>9GF ? 7 @+A5@ ; S ^ ?�IRQ:? *>9GF @ + 2 687 @ ;T70*1+ I W�9<;L*>FR* AT? 9 O *1- ?�? 70* ? 9<;�* Q ; @ F ?O�A5IRE ? 7 @av x z WP7:98-�7 ? 7 @ F E *>F0*>\ @ ; ?5I +)9 A5@ - ?q? 7 @ - I F ?5IRS:Ac?5IH? 7 @ - IRATA5@ - ? ; I ^ S:? 9 I F | Y \ S:A5@§ 2 ¨ �L} 2
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-3*>^8- S ^/* ? 9 I F I>O[? 7 @ 9 A1A * ? 9 I 2 687 @X@DC`=U@BA 9 EM@ F ? ; =U@BAyO�IRATEM@ + ?5I�@ ; ? * Q ^G9<;57 ? 7 @ ; @ - IREH= * A 9<; I FV;W @BA5@ -3* ATA 9 @ + IRS:? WP9 ? 7 Q:S 9G^8+)9GF:\L; I>O8Y \ S:A5@ ; § 2 � 2 * *>F.+ § 2 � 2 Q WP9 ? 7 +)9ml @BA5@ F ? 9GF:9 ? 9/*>^G9Gn&* ? 9 I FV; 2j @ ; @]@[? 70* ?P? 7 @ - I F JL@BA \ @ F.- @Z? 9 EM@ ;C* A5@ ;T7 IRAT?5@BA WP9 ? 7 ? 7 @[v x z OrS ;T9 I F 2 687:9<;q9 EH=:A5IKJL@BEM@ F ?9<;�+ SV@[?5IZ? 7 @ \ A5@ * ? +)9<;B- A 9 E 9GF0* ? 9 I F I>O�? 7 @+Q:S 9G^8+)9GF:\N9GF ? 7 @$v x z - IREH= * A5@ +XWP9 ? 7 ? 7 @ 9 E *>\ @ 2x I � ? 7 @ �yI 9GF ?�S:? 9G^G9Gn&* ? 9 I F I>O ? 7 @qv x z�@ F0* Q ^ @ ; ?5I ; S:A5@ ^ e *>F.+ EMIRA5@q@D� -B9 @ F ? ^ e ^ @ *1+ ? 7 @ *1- ? 9 JL@
- I F ?5IRS:AP?5I3? 7 @[? * A \ @B?qIRQ��T@ - ? 2 687 @[A5@ ; S ^ ? ;89GF ? * Q ^ @ § 2 ¢ + @B=U@ F.+ I F ? 7 @ 9GF:9 ? 9/*>^G9Gn&* ? 9 I F I>O�? 7 @*1- ? 9 JL@ - I F ?5IRS:A *>F.+ I>O-? 7 @ 9 E *>\ @qQ/@ 9GF:\$*>F0*>^ e n @ + 2 � @BJL@BAT? 7 @ ^ @ ;5;k� ? 7 @ e ;57 I W * A5@ *>^ ?5@ F.+ @ F.- e?5I 9 EH=:A5IkJL@a? 7 @a@D� -B9 @ F.- e 2
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K"=LI7[\DR=LMNA ratio
�+_ ;T70* =U@ + Q:S 9G^8+)9GF:\V� @DC)=/@BA 9 EM@ F ? ¨ ¨ 2 4� @ - ? *>F:\ S ^/* AqQ:S 9G^8+)9GF:\V� @DC`=U@BA 9 EM@ F ? ¨ ¨ 2 ¢
�+_ ;T70* =U@ + Q:S 9G^8+)9GF:\V� @DC)=/@BA 9 EM@ F ? = = 2 §� @ - ? *>F:\ S ^/* AqQ:S 9G^8+)9GF:\V� @DC`=U@BA 9 EM@ F ? = ¨ 2 ¢

6�* Q ^ @ § 2 ¢ ª � * ? 9 IqQU@B? W @]@ F ? 7 @ - I F JL@BA \ @ F.- @�? 9 EM@ ;�WP9 ? 7 IRS:? *>F.+ZWP9 ? 7 v x z EM@BA \s9GF:\V� ratio =
twithout fusion
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* EH= ^G9 ?TS + @�I>Ob? 7 @ - I FV; ?TA *>9GF ? W @ 9G\s7 ?3J * A 9 @ ; QU@B? W @]@ F

λmin = 3
*>F.+

λmax = 30
WP7 @ F ? 7 @9GF:9 ? 9/*>^`F I F _ 9GF ?5@BA *1- ? 9 I F +)9<; ? *>F.- @ 9<;

d0 = 7
= 9 C:@ ^<; 2 j 7 @BA5@ *R; ? 7 @�E * ? -57:9GF:\ I>OV? 7 @�A5@ - ? *>F:\ S ^/* AQ:S 9G^8+)9GF:\ O *>9G^ @ + WP9 ? 7 *(- I FV; ? *>F ? ;T70* =U@ - I FV; ?TA *>9GF ? W @ 9G\s7 ? *>F.+ ? 7 @ Q�* e @ ;T9/*>F EMI + @ ^ | Y \ S:A5@§ 2 ¨3? 2 * } �s9 ? ; S - - @]@ +:;�WP9 ? 7 ? 7 @bOoIRATEZS ^/* ? 9 I FHWP7:98-�7 J * A 9 @ ;
*1- - IRA +)9GF:\ ?5I ; = *1- @ *>F.+ ? 9 EM@ | Y \ S:A5@§ 2 = ¨ } 2 687 @ ; @ - I F.+Z9 E *>\ @ 9GF ? 7 @ ; @]fgSV@ F.- @ 9G^G^ S ; ?TA * ?5@ ; ? 7 @�YVA ; ? = 70*R; @�I>O¥? 7 @ *>^G\ IRA 9 ? 7 E ª ;T9GF.- @? 7 @ W @ 9G\s7 ? 9<;q^ I Wa� ? 7 @ - I F ?5IRS:A -3*>F S F.+ @BA \ I�?5IR=UI ^ I \s98-3*>^)-570*>F:\ @ ;c9GF IRA + @BAc?5I ; @ \ EM@ F ?c? 7 @

* A5@ *R;NWP9 ? 7 ;T9 E 9G^/* ANA *1+)9 IREM@B?TA e 2 687:9<;H; @ \ EM@ F ? * ? 9 I F 9<; IRQgJ 9 IRS ;T^ e ^G9 E 9 ?5@ +�9GF ; = *1- @ 2 687 @? 7:9 A +X9 E *>\ @ 9GF ? 7 @ ; @]f¦SV@ F.- @ 9G^G^ S ; ?TA * ?5@ ; ? 7 @ ; @ - I F.+ = 70*R; @ ª ? 7 @ W @ 9G\s7 ? 9GF.- A5@ *R; @ ;P\ A *1+ S *>^G^ e*>F.+R- I F ? 9GF SVIRS ;T^ e WP7:98-�7 ?5@ F.+:; ?5I3=U@ F0*>^G9Gn @ *>F.+ ? 7 @BA5@DO�IRA5@[A5@ + S - @[? 7 @ ; S:AyO *1- @[I>O©? 7 @ ; @ - I F.+A5@ \s9 I F ? 70* ? * =:=/@ * A5@ +X9GF ? 7 @[=:A5@BJ 9 IRS ;P; ?5@B= 2�H 9GF0*>^G^ e � ? 7 @ - I F ?5IRS:A - I F JL@BA \ @ ; I F ? 7 @ - IRATA5@ - ?; I ^ S:? 9 I F 2

H 9G\ S:A5@ § 2 = ¨ ª x @ \ EM@ F ? * ? 9 I FwWP9 ? 7 *3; = * ? 9 I>_�?5@BEH=UIRA *>^ J * A 9/* ? 9 I F I>O�? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ? *>F.+? 7 @ Q�* e @ ;T9/*>F EMI + @ ^ |
λmin = 3

�
λmax = 30

�
d0 = 7

} 2
H 9G\ S:A5@ § 2 =O=w;T7 I Wq;$*X; S - - @ ;5; O�S ^ E * ? -57:9GF:\
WP9 ? 7F*>F�9GF:9 ? 9/*>^G9Gn&* ? 9 I F ? 70* ? 9<;�+)9<; ? *>F ?uO�A5IRE? 7 @X? * A \ @B? 9GF ? 7 @ 9 E *>\ @ 2 687 @ +)9 � - S ^ ? e I>Oc? 7 @ ;9- @ F @ 9<; ? 7 @ =:A5@ ; @ F.- @ I>O * F @ 9G\s7 QUIRA 9GF:\Q:S 9G^8+)9GF:\ | ; fgS * A5@k} WP9 ? 7 A *1+)9 IREM@B?TA 98- =:A5IR=U@BAT? 9 @ ; ? 70* ? * A5@ ;T9 E 9G^/* AZ?5IX? 7 I ; @MI>O8? 7 @NQ:S 9G^8+)9GF:\I>O 9GF ?5@BA5@ ; ? 2 j 7 @ F *R- I FV; ? *>F ? - I FV; ?TA *>9GF ? W @ 9G\s7 ? 9<; S ; @ + | Y \ S:A5@ § 2 = ¢ } �©W @ F IR?5@N? 70* ?u? 7:9<;=U@BA 9 = 7 @BA *>^ Q:S 9G^8+)9GF:\39<;�*>^<; I ; @ \ EM@ F ?5@ + � =:A5@BJL@ F ? 9GF:\ *a;9* ? 9<; O *1- ?5IRA e E * ? -�7:9GF:\ 2
7 F JL@BA ; @ ^ e � ? 7 @; = * ? 9 I>_�?5@BEH=UIRA *>^-;570* =/@ - I FV; ?TA *>9GF ?�=:A5IkJ 98+ @ ; ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A WP9 ? 7�; S)� -B9 @ F ? � @DC 9 Q 9G^G9 ? e ?5I

* S:? 7 IRA 9Gn @ *R-�70*>F:\ @MI>O�?5IR=UI ^ I \ e ?5I *1-�7:9 @BJL@ *R- I * A ; @ ; @ \ EM@ F ? * ? 9 I F I>O�? 7 @HIRQ��T@ - ? | ; @ - I F.+9 E *>\ @ 9GF ? 7 @ ; @]fgSV@ F.- @ 9GF Y \ S:A5@ § 2 =O= } 2 j 7 @ F ? 7 @+S F:9 O�IRATE - I FV; ?TA *>9GF ? 9<; A5@ ; ?5IRA5@ +R* ? *a^/* ?5@BA? 9 EM@ � ? 7 @ ^ I -3*>^ @BATA5IRA ;�9GF ? 7 @ ; @ \ EM@ F ? * ? 9 I FX;T9 ?TS * ?5@ +M9GF ? 7 @PA5@ ^/* C * ? 9 I F ; = *1- @ * A5@+@ ^G9 E 9GF0* ?5@ +
*>F.+K*N; S - - @ ;5; O�S ^ E * ? -57:9GF:\�9<; Y F0*>^G^ e *1-�7:9 @BJL@ + 2

H 9G\ S:A5@ § 2 =O= ª x @ \ EM@ F ? * ? 9 I FwWP9 ? 7 *3; = * ? 9 I>_�?5@BEH=UIRA *>^ J * A 9/* ? 9 I F I>O�? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ? *>F.+? 7 @ Q�* e @ ;T9/*>F EMI + @ ^ |
λmin = 27

�
λmax = 70

�
d0 = 7

} 2
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H 9G\ S:A5@ § 2 = ¢ ª x @ \ EM@ F ? * ? 9 I F WP9 ? 7 *K- I FV; ? *>F ? ;T70* =U@ - I FV; ?TA *>9GF ? W @ 9G\s7 ? *>F.+ ? 7 @ Q�* e @ ;59/*>FEMI + @ ^ |
λ = 50

} 2
687 @ @DC)=/@BA 9 EM@ F ? ;H;T7 I WPF!9GF Y \ S:A5@ § 2 = 4 A5@B=:A5I + S - @ WP9 ? 7�* � @DC 9 Q ^ @ - I FV; ?TA *>9GF ?N? 7 @�@DC`_=U@BA 9 EM@ F ? ; ? 70* ?HO *>9G^ @ + 9GF Y \ S:A5@ § 2 ¨E4 WP9 ? 7 *D- I FV; ? *>F ? ;570* =/@ - I FV; ?TA *>9GF ? W @ 9G\s7 ? *>F.+ ? 7 @@ +)\ @D_�Q *R; @ + EMI + @ ^ |�� � H } 2 687 @ 9 EH=:A5IKJL@BEM@ F ? + SV@+?5Iu? 7 @ - I FV; ?TA *>9GF ?�J * A 9/* ? 9 I FM9<; EMIRA5@ ; S:Q)_? ^ @ WP9 ? 7 ? 7 @ � � H EMI + @ ^ 2C7 F ? 7 @aYVA ; ? -3*R; @ | Y \ S:A5@ § 2 = 4 2 * } � ? 7 @ *1+.* =:? 9 JL@ W @ 9G\s7 ? + I¦@ ;+F IR?E * pL@ 9 ?P=UI ;5;T9 Q ^ @$?5I�IRQ:? *>9GF<* - IRATA5@ - ?qE * ? -57:9GF:\V�-WP7 @BA5@ *R;q9 ? 9<; @D� -B9 @ F ? WP9 ? 7 ? 7 @uIR? 7 @BAq? W I@DC * EH= ^ @ ; 2 j 9 ? 7R*>F @ +)\ @D_�Q *R; @ +R*1- ? 9 JL@ - I F ?5IRS:A8Q *R; @ + I F ? 7 @ 9 E *>\ @ ~ ;�\ A *1+)9 @ F ? � ? 7 @ ; = * ? 9 I>_?5@BEH=UIRA *>^©W @ 9G\s7 ? + I`@ ;PF IR?+@ F0* Q ^ @u?5I *1-�7:9 @BJL@ *N; S - - @ ;�; OrS ^ E * ? -�7:9GF:\�WP9 ? 7<*>F 9GF:9 ? 9/*>^G9Gn&* ? 9 I F? 70* ? 9<; ?5I`I +)9<; ? *>F ? 2 7 F.+ @]@ + � ? 7 @ ; @ + @DOoIRATE * Q ^ @HEMI + @ ^<;$* A5@ * l @ - ?5@ + Q e ? 7 @ 9 E *>\ @ ~ ;u^ I -3*>^9GF OoIRATE * ? 9 I F©�)WP7:98-57 9<;L* =:A5IRQ ^ @BE WP7 @ F ? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ? 9<; A5@ ^/* C)@ + 2 x I �`9 ? 9<; =:A5IRQ * Q ^ @? 70* ?c? 7 @ - I F ?5IRS:A[A5@BE *>9GFV; ?TA * =:=/@ +<+ S:A 9GF:\ ? 7 @Z=/@BA 9 I + WP7 @ F ? 7 @ - I FV; ?TA *>9GF ? W @ 9G\s7 ? 9<;+^ I Wa�WP7:98-�7 =:A5@BJL@ F ? ; S ; O�A5IRE - IRE 9GF:\ -B^ I ; @$?5IH? 7 @aQ:S 9G^8+)9GF:\ ?5IHQU@$E * ? -57 @ +w9GF ? 7 @ 9 E *>\ @ 2



��
 ��
����
���  E��� �� ��� ����" ����� � ���� � ��� ������� 	��
�
	� �� �
�(� �
�N	�� ��� ����� ¨ = §

H 9G\ S:A5@ § 2 = 4 ª x = * ? 9 I>_�?5@BEH=/IRA *>^ J * A 9/* ? 9 I F I>O ^/* E3Q +.* WP9 ? 7 ? 7 @ � � H EMI + @ ^�*>F.+ λmin = 1
�

λmax = 5
�
d0 = 5 ª| * }

ξ0 = (s0 = 1.1, θ0 = 0.25, µx,0 = −4, µy,0 = 1)| Q-}
ξ0 = (s0 = 1.0, θ0 = −0.25, µx,0 = −2, µy,0 = −3)| - }
ξ0 = (s0 = 1.0, θ0 = 0.1, µx,0 = −2, µy,0 = 2) 2
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7 F Y \ S:A5@ § 2 = § W @M=:A5IR=UI ; @M?5I - I F.+ S - ?1@DC)=U@BA 9 EM@ F ? ;1WP9 ? 7�9 E *>\ @ ; ? 70* ? + I F IR?ZQU@ ^ I F:\?5I1? 7 @$A5@BEMIR?5@ ; @ FV;T9GF:\ + IRE *>9GF 2 687 @ ; @ 9 E *>\ @ ; =:A5@ ; @ F ?P? 7 @ ; * EM@ +)9 � - S ^ ? 9 @ ; *R; ? 7 @$A5@BEMIR?5@; @ FV;59GF:\D+.* ? *�9GF *>F S:ATQ *>F @ F J 9 A5I F EM@ F ? � ? 70* ? 9<; ?5I ; * e *�^/*1- p I>O +)9<;B- A 9 E 9GF0* ? 9 I F I>O$? 7 @IRQ��T@ - ?cI>O 9GF ?5@BA5@ ; ? WP9 ? 7 A5@ ; =/@ - ?+?5I 9 ? ; @ F J 9 A5I F EM@ F ? 2 687 @Z@DC)=U@BA 9 EM@ F ? ;[WP9 ? 7
9 E *>\ @ ; § 2 = § 2 **>F.+ § 2 = § 2 Q ;57 I W ? 7 @u@D� -B9 @ F.- e I>O�? 7 @ � @DC 9 Q ^ @ ;T70* =U@ - I FV; ?TA *>9GF ? W @ 9G\s7 ? WP9 ? 7 ? 7 @ Q�* e @ ;59/*>FEMI + @ ^ 2 687 @�S:? 9G^G9Gn&* ? 9 I F I>O * - I FV; ? *>F ? W @ 9G\s7 ?�=:A5@BJL@ F ? ;�*q; S - - @ ;�; OrS ^ E * ? -57:9GF:\ ª ? 7 @ - I F ?5IRS:A ~ ;^/*1- pXI>O � @DC 9 Q 9G^G9 ? e f¦S 98- p ^ e E * pL@ ;q9 ?q?TA * =:=U@ +w9GF<*1^ I -3*>^ E 9GF:9 E3S:E�I>O�? 7 @a@ F @BA \ e O�S F.- ? 9 I F0*>^| Y \ S:A5@ § 2 = �L} 2

| * }

| Q-}

H 9G\ S:A5@ § 2 = § ª x @ \ EM@ F ? * ? 9 I F�WP9 ? 7M; = * ? 9 I>_�?5@BEH=/IRA *>^ J * A 9/* ? 9 I F I>O-? 7 @ ;570* =/@ - I FV; ?TA *>9GF ? W @ 9G\s7 ?| Q�* e @ ;59/*>F EMI + @ ^ } ª | * } λmin = 15
�
λmax = 100

�
d0 = 15

| Q-}
λmin = 50

�
λmax = 100

�
d0 = 10 2

�	��
 ���3


H 9G\ S:A5@ § 2 = � ª H *>9G^ @ + E * ? -57:9GF:\1WP9 ? 7 * - I FV; ? *>F ? ;T70* =U@ - I FV; ?TA *>9GF ? W @ 9G\s7 ? | Q�* e @ ;T9/*>F EMI + @ ^ } ª| * }
λ = 20

| Q-}
λ = 70 2
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J *R; ? ^ e �UW @1=:A5IR=UI ; @3@DC)=U@BA 9 EM@ F ? ;uWP9 ? 7 +)9ml @BA5@ F ? W�* e ; I>O�E * p 9GF:\ ? 7 @ ;T70* =/@ - I FV; ?TA *>9GF ?J * A e *1- - IRA +)9GF:\ ?5I ; = *1- @ *>F.+ ? 9 EM@ 2 687 @+@DC)=/@BA 9 EM@ F ? ;T7 I WPFM9GF Y \ S:A5@ § 2 = � 2 * A5@B=:A5I + S - @ ; ? 7 @I F @ 9GF Y \ S:A5@ § 2 =O= 2 * Q:S:? WP9 ? 7 IRS:? ; = * ? 9/*>^ A5@ ^/* C * ? 9 I F I>O�? 7 @ - I FV; ?TA *>9GF ? � I F:^ e ? 7 @Z?5@BEH=UIRA *>^J * A 9/* ? 9 I F{9GF * EH= ^G9 ?TS + @3I>O�@]f¦S * ? 9 I F |o§ 2 ¨3? } 9<; S ; @ + 2 j @ F IR?5@Z? 70* ? - I F ?TA * A e ?5IM? 7 @ ; = * ? 9 I>_?5@BEH=UIRA *>^
-3*R; @ � ? 7 @ ; @ \ EM@ F ? * ? 9 I F O *>9G^<; 2 687 @ * Q ; @ F.- @HI>O�A5@ ^/* C * ? 9 I F 9GF ? 7:9<; -3*R; @ + I`@ ;$F IR?*>^G^ I W ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A ?5I�QU@ ; S)� -B9 @ F ? ^ e � @DC 9 Q ^ @{?5I - I * A ; @ ^ e ; @ \ EM@ F ? ? 7 @ IRQ��T@ - ?XI>O9GF ?5@BA5@ ; ?�QU@DO�IRA5@q? 7 @PA5@ ; ?5IRA * ? 9 I F I>O/? 7 @+S F:9 O�IRATE - I FV; ?TA *>9GF ? 2 687 @PS:? 9G^G9Gn&* ? 9 I F I>O *$^ I W @BA�J *>^ SV@
λmin
?5I3=:A5IKJ 98+ @ \ A5@ * ?5@BA � @DC 9 Q 9G^G9 ? e W IRS ^8+ O *>9G^/9GFV; I>O * A *R; ? 7 @ � @DC 9 Q 9G^G9 ? e \s9 JL@ FXW IRS ^8+ F IR?�QU@; = * ? 9/*>^G^ e QUIRS F.+ @ + 2 687 @ - I F ?5IRS:A W IRS ^8+ ? 7 @ F�; @ \ EM@ F ?Z? 7 @�=/@BA 9 = 7 @BA *>^ IRQ��y@ - ? ; ? 70* ? 70* JL@? 7 @ ;9* EM@ ; ? * ? 9<; ? 98-3*>^ =:A5IR=U@BAT? 9 @ ;�*R; ? 7 @q? * A \ @B? 2 687 @+@DC)=U@BA 9 EM@ F ? 9GF Y \ S:A5@ § 2 = � 2 Q A5@B=:A5I + S - @ ;? 7 @a@DC)=U@BA 9 EM@ F ? ;T7 I WPF{9GF Y \ S:A5@ § 2 = § 2 Q 2 ¡ ; = * ? 9 I>_�?5@BEH=/IRA *>^ W @ 9G\s7 ? 9<;�*>^<; IHS ; @ + � Q:S:? WP9 ? 7*N;T9 EH= ^ @BAqO�IRATE3S ^/* ? 9 I F I>O�? 7 @ ; = * ? 9/*>^ =:A5I>Y ^ @ ª

λflex(ψ(x), t) = λa (t)

{
|ψ(x)|
2d(t) if |ψ(x)| < 2d(t)

1 otherwise

|o§ 2 ¨s¨ }

WP7 @BA5@
ψ
9<; ? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ? ^ @BJL@ ^�; @B? �

d(t)
*>F.+

λa (t)
* A5@ + @DY F @ + 9GF @]f¦S * ? 9 I F |�§ 2 ¨3? } 2687 @$= 9 @ - @ WP9<; @ ^G9GF @ * A8OoIRATEZS ^/* ? 9 I F I>O ? 7 @ ; = * ? 9/*>^ A5@ ^/* C * ? 9 I F I>O�@]f¦S * ? 9 I F |o§ 2 ¨s¨ } 9<;�- @BAT? *>9GF:^ eEMIRA5@ 9GF ?TS 9 ? 9 JL@ ? 70*>F ? 70* ?wI>OH@]fgS * ? 9 I F |o§ 2 ¨3? } 2 � @BJL@BAT? 7 @ ^ @ ;5;K� ? 7 @�@DC)=/@BA 9 EM@ F ? 9GF Y \ S:A5@§ 2 = � 2 Q�S ;T9GF:\ ? 7:9<; ? e =U@NI>O�OoIRATEZS ^/* ? 9 I F O *>9G^<; 2 687 @N=:A5IRQ ^ @BE WP9 ? 7 ? 7:9<; ? e =U@NI>O�=:A5I>Y ^ @ 9<; *>F@DC - @ ;5;T9 JL@ ; ?TA5@ F:\ ? 7 @ F:9GF:\ I>Oc? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ? 9GF ? 7 @XJ 98-B9GF:9 ? e I>O[? 7 @ ^ @BJL@ ^Pn @BA5I I>O

ψ 2x I � ? 7 @ - I FV; ?TA *>9GF ? 9<;+F IR?[A5@ ^/* C:@ + *R; EZS -�7D*R;+WP9 ? 7 ? 7 @Z=:A5@ ; @ F.- @1I>O *�; ?5@ *1+ e =UI 9GF ?$I>O�? 7 @@DC)=/I F @ F ? 9/*>^ OoIRATEZS ^/* ? 9 I F�9GF @]f¦S * ? 9 I F |o§ 2 ¨3? } 2�7 F.- A5@ *R;T9GF:\ ? 7 @ ;T9Gn @PI>OU? 7 @8A5@ ^/* C * ? 9 I F�; = *1- @ d0W IRS ^8+XF IR?PQ/@ * J 9/* Q ^ @ ; I ^ S:? 9 I Fw;59GF.- @ WP7 @ F ? 7 @ ^/* ?T?5@BA 9<; ?5I`IN@DC`?5@ FV;T9 JL@ � ? 7 @ *1- ? 9 JL@ - I F ?5IRS:AW IRS ^8+ QU@ ^G9 pL@ ^ e ?5IuQ/@ 9GF � SV@ F.- @ + Q e ? 7 @ ; S:ATA5IRS F.+)9GF:\�* AT? 9 O *1- ? ;�*>F.+ IRQ��y@ - ? ;K� =:A5@BJL@ F ? 9GF:\ ? 7 @
- I * A ; @ ; @ \ EM@ F ? * ? 9 I F I>O�? 7 @uIRQ��T@ - ?+I>O 9GF ?5@BA5@ ; ?qQU@DO�IRA5@$? 7 @uA5@D_ @ ; ? * Q ^G9<;T7 EM@ F ?[I>O�? 7 @$S F:9 OoIRATE
- I FV; ?TA *>9GF ? 2 687 @ *1+ J *>F ? *>\ @NI>O�? 7 @ ; = * ? 9/*>^ =:A5I>Y ^ @3I>Ob@]fgS * ? 9 I F |o§ 2 ¨3? } 9<; ? 70* ? 9 ? * S:? 7 IRA 9Gn @ ;* \ A5@ * ?HA5@ ^/* C * ? 9 I F JL@BA e -B^ I ; @X?5I�? 7 @X=:A 9 IRA ;T70* =U@ WP7:9G^ @ pL@]@B= 9GF:\N* 7:9G\s7�- I FV; ?TA *>9GF ? * ? *\ A5@ * ?5@BA +)9<; ? *>F.- @ 2'J *R; ? ^ e � ? 7 @q@DC)=/@BA 9 EM@ F ? 9GF Y \ S:A5@ § 2 = � 2 - A5@B=/@ * ? ; ? 7 @+@DC)=/@BA 9 EM@ F ? 9GF Y \ S:A5@§ 2 =O= 2 *
WP9 ? 7F*
;T9 EH= ^ @BAaOoIRATEZS ^/* ? 9 I F I>OP? 7 @M?5@BEH=UIRA *>^ =:A5I>Y ^ @ 2 687 @M?5@BEH=UIRA *>^ J * A 9/* ? 9 I FV; I>O
λa (t)

*>F.+
d(t)

* A5@$A5@B= ^/*1- @ + Q e I @ * J 9<;598+ @ ; ?5@B=XO�S F.- ? 9 I FV; ? 70* ? * A5@uA5@ ; =U@ - ? 9 JL@ ^ e 9GF.- A5@ *R;T9GF:\
*>F.+ + @ - A5@ *R;T9GF:\ 2 687 @1A5@ ; ?5IRA * ? 9 I F I>O�? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ? 9<; ? 7 S ;$*1-57:9 @BJL@ +D* Q:ATS:=:? ^ e *>F.+F IR? \ A *1+ S *>^G^ e 2C7 F ? 7:9<;�-3*R; @ � Y \ S:A5@ § 2 = � 2 -1;T7 I Wq; ? 70* ?c? 7 @ ; @ \ EM@ F ? * ? 9 I F O *>9G^<; 2 687 @ZA5@ *R; I FOoIRA ; S -�7D* A5@ ; S ^ ? - I F.- @BA FV; ? 7 @ + e F0* E 98- @ ; ? 9 E * ? 9 I F I>O�? 7 @

Tsim
= * A * EM@B?5@BA ; @ F0* Q ^G9GF:\ ? 7 @9GF J * A 9/*>F.- @NI>O�? 7 @ ;570* =/@ - I FV; ?TA *>9GF ?[O�A5IRE +)9 A5@ - ?[= ^/*>F @ ;T9 E 9G^/* A 9 ? e 2 j 7 @BA5@ *R; ? 7 @aA5@ ^/* C * ? 9 I F; = *1- @ 9<; @ l @ - ? 9 JL@ � ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A - I * A ; @ ^ e ; @ \ EM@ F ? ; ? 7 @bIRQ��T@ - ?�I>O 9GF ?5@BA5@ ; ? 9GF ? 7 @ 9 E *>\ @ 2687 @+Q/IRS F.+ @ + ; = * ? 9/*>^ J * A 9/* ? 9 I FV; I>O©? 7 @ *1- ? 9 JL@ - I F ?5IRS:A WP9 ? 7 A5@ ; =U@ - ?�?5IZ? 7 @qA5@DOo@BA5@ F.- @ ;T70* =U@E * e ;T^G9G\s7 ? ^ e Q 9/*R; ? 7 @b@ ; ? 9 E * ? 9 I F I>OV? 7 @

Tsim
= * A * EM@B?5@BA ; 2 x I � WP7 @ F ? 7 @�S F:9 O�IRATE - I FV; ?TA *>9GF ?9<; A5@ ; ?5IRA5@ +�; S + + @ F:^ e � ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A3A5@ ; @BEZQ ^ @ ; ? 7 @MA5@DOo@BA5@ F.- @ ;570* =/@�?TA *>FV; O�IRATEM@ + Q e

Tsim
WP7 I ; @ = * A * EM@B?5@BA ;:* A5@w=UI`IRA ^ e @ ; ? 9 E * ?5@ + 2 M I FV; @]fgSV@ F ? ^ e � ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A E * eQU@ O�IRS F.+ O * ANO�A5IRE ? 7 @ IRQ��y@ - ?H?5I�QU@ ; @ \ EM@ F ?5@ +t9GF ? 7 @ 9 E *>\ @ *>F.+�WP9 ? 7 * S F:9 OoIRATE *>F.+; ?TA5I F:\X;T70* =U@ - I FV; ?TA *>9GF ? �UWP7:98-57 E * pL@ ;c9 ?cJL@BA e ; @ FV;59 ? 9 JL@Z?5I�? 7 @ ^ I -3*>^ E 9GF:9 E * ? 70* ? W @ * A5@; @]@Bp 9GF:\ ?5I * JLI 98+ 2�7 F JL@BA ; @ ^ e � * \ A *1+ S *>^ A5@D_ @ ; ? * Q ^G9<;T7 EM@ F ?ZI>O�? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ?3@ F0* Q ^ @ ;? 7 @1@ ; ? 9 E * ?5IRAuI>O�? 7 @

Tsim
= * A * EM@B?5@BA ; | 7 @BA5@3? 7 @ ;T9 EH= ^ @DC¥}P?5I�E * pL@ *>F @ ; ? 9 E * ? 9 I F ? 70* ? 9<;^ @ ;5;�*>F.+X^ @ ;5; Q 9/*R; @ + WP7 @BA5@ *R; ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A - I F JL@BA \ @ ; I F ? 7 @u? * A \ @B? | Y \ S:A5@ § 2 = � 2 - } 2
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H 9G\ S:A5@ § 2 = � ª H *>9G^ @ + E * ? -57:9GF:\ | Q�* e @ ;59/*>F EMI + @ ^ } WP9 ? 7 ª | * } ;59GF:\s^ @�?5@BEH=UIRA *>^ J * A 9/* ? 9 I F I>O¥? 7 @;T70* =U@ - I FV; ?TA *>9GF ? WP9 ? 7
λmin = 30

�
λmax = 70

| F I ; = * ? 9/*>^ A5@ ^/* C * ? 9 I F } � | Q-} ; = * ? 9 I>_�?5@BEH=/IRA *>^J * A 9/* ? 9 I F I>Oq? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ? WP9 ? 7�*w; = * ? 9/*>^ =:A5I>Y ^ @ + @DY F @ +!9GF @]f¦S * ? 9 I F |o§ 2 ¨s¨ } *>F.+
λmin = 27

�
λmax = 70

�
d0 = 7

� | - } ; = * ? 9 I>_�?5@BEH=UIRA *>^ J * A 9/* ? 9 I F I>O8? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ?WP9 ? 7KI @ * J 9<;T98+ @ ; ?5@B=XOrS F.- ? 9 I FV; O�IRA
λa (t)

*>F.+
d(t) 2

Q @ ;T98+ @ ; ? 7 @H=/I ;�;T9 Q 9G^G9 ? e I>O8@ FV; S:A 9GF:\<* EMIRA5@HA5IRQ:S ; ? - I F JL@BA \ @ F.- @ � ? 7 @ ; = * ? 9 I>_�?5@BEH=UIRA *>^� @DC 9 Q 9G^G9 ? e I>O ? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ? W @ 9G\s7 ? *>^<; IN@ F0* Q ^ @ ; ?5I ;T9G\sF:9 Y -3*>F ? ^ e ; =U@]@ + S:=X? 7 @ - IREN_=:S:? * ? 9 I F0*>^ ? 9 EM@ | ? * Q ^ @ § 2 4 } 2 7 F.+ @]@ + � + S:A 9GF:\ ? 7 @NYVA ; ?a= 70*R; @ � ? 7 @ W @ * p ;T70* =U@ - I FV; ?TA *>9GF ?=:A5IkJ 98+ @ ;�*3; S)� -B9 @ F ? + @ \ A5@]@[I>O � @DC 9 Q 9G^G9 ? e ; IZ? 70* ? 9 ?8@D� -B9 @ F ? ^ e - IREM@ ;�-B^ I ; @q?5I3? 7 @+? * A \ @B? 9GF? 7 @ 9 E *>\ @ 2 687 @qS F:9 O�IRATE *>F.+ - I FV; ? *>F ? - I FV; ?TA *>9GF ? WP7:98-57 ?5@ F.+:; ?5I ;T^ I WG+ I WPF ? 7 @ - I F ?5IRS:A ~ ;EMIkJL@BEM@ F ? 9<; I F:^ e A5@D_ @ ; ? * Q ^G9<;T7 @ + * ?�? 7 @P@ F.+ I>O/? 7 @8=:A5I - @ ;�; ?5I[A5@ \ S ^/* A 9Gn @P? 7 @ ; @ \ EM@ F ? * ? 9 I F 26�* Q ^ @ § 2 4 - IREH= * A5@ ; ? 7 @ - I F JL@BA \ @ F.- @$? 9 EM@ ;�WP9 ? 7 IRS:? *>F.+�WP9 ? 7R*3; = * ? 9 I>_�?5@BEH=/IRA *>^ J * A 9/* ? 9 I FI>O�? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ?PS ;T9GF:\ ? 7 @ -3*>^8- S ^/* ? 9 I F I>O�? 7 @ 9 A8A * ? 9 I 2�J 9 pL@[OoIRA�? 7 @ -3*R; @$I>O©O�S ;T9 I F I>O@DC:I \ @ F IRS ;C+.* ? *)� ? 7 @$@DC`=U@BA 9 EM@ F ? ; =/@BAyOoIRATEM@ + ?5IN@ ; ? * Q ^G9<;T7 ? 7 @ ; @ - IREH= * A 9<; I FV;PW @BA5@ -3* ATA 9 @ +IRS:? WP9 ? 7 ? 7 @MQ:S 9G^8+)9GF:\L;39GF Y \ S:A5@ § 2 � 2 *K*>F.+ § 2 � 2 Q WP9 ? 7N+)9ml @BA5@ F ? 9GF:9 ? 9/*>^G9Gn&* ? 9 I FV; 2 J 9 pL@�? 7 @A5@ ; S ^ ? ;�WP9 ? 7 v x z�O�S ;T9 I F©� ? 7 @q?5@ F.+ @ F.- e ;57 I WPF�9<; *>FM9 EH=:A5IKJL@BEM@ F ? 9GF @D� -B9 @ F.- e �¦WP7:98-57 *>^<; I
+ @B=U@ F.+:; I F ? 7 @ 9GF:9 ? 9/*>^G9Gn&* ? 9 I F *>F.+ I F ? 7 @ ;B- @ F @aQ/@ 9GF:\ *>F0*>^ e n @ + 2

���
K"=LI7[\DR=LMNA ratio
�+_ ;T70* =U@ + Q:S 9G^8+)9GF:\V� @DC)=/@BA 9 EM@ F ? ¨ ¨ 2 �� @ - ? *>F:\ S ^/* AqQ:S 9G^8+)9GF:\V� @DC`=U@BA 9 EM@ F ? ¨ ¢ 2 ¨
�+_ ;T70* =U@ + Q:S 9G^8+)9GF:\V� @DC)=/@BA 9 EM@ F ? = 4 2 ¢� @ - ? *>F:\ S ^/* AqQ:S 9G^8+)9GF:\V� @DC`=U@BA 9 EM@ F ? = = 2 ?
�+_ ;T70* =U@ + Q:S 9G^8+)9GF:\V� @DC)=/@BA 9 EM@ F ? ¢ =
� @ - ? *>F:\ S ^/* AqQ:S 9G^8+)9GF:\V� @DC`=U@BA 9 EM@ F ? ¢ ¨ 2 ¢

6�* Q ^ @ § 2 4 ª � * ? 9 IcQU@B? W @]@ F ? 7 @ - I F JL@BA \ @ F.- @P? 9 EM@ ;�WP9 ? 7 IRS:? *>F.+NWP9 ? 7H; = * ? 9 I>_�?5@BEH=UIRA *>^¥;T70* =U@- I FV; ?TA *>9GF ? ª ratio =
tuniform constraint

tspatio−temporal constraint 2
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 �  ��  E��� ��� ����� ����"������  E���#�������
� ����������	��� !�(� ¨ = «
"$#�� �X4���4y* � . � *-�3� ��. � � ��� 4y*-� � �1� � � 2 .+( � *¥,/�+45(c*

v 9G\s9 ? *>^ E * = ;�* A5@+I>Or?5@ F ? *>9GF ?5@ +MWP9 ? 7 @BATA5IRA ; Q/@ -3* S ; @8? 7 @ e * A5@P? 7 @PA5@ ; S ^ ?�I>O/E *>F S *>^ =:A5I - @ ;5; _9GF:\V�RWP7:98-�7H9<; 9GF O *1- ? 9 EH=U@BAyO�@ - ? *>F.+N; S:Q��T@ - ? 9 JL@ 2)7 O¥? 7 @ ; @b@BATA5IRA ;�-3*>F Q/@�EMI + @ ^ @ + Q e - IREH=UI ;T9 _? 9 I F I>O * ?TA *>FV;T^/* ? 9 I F©� A5IR? * ? 9 I F *>F.+�;B-3*>^G9GF:\V� IRS:A�EM@B? 7 I +HWP9G^G^ Q/@ -3* = * Q ^ @qI>O IKJL@BA - IRE 9GF:\ ? 7:9<;;T9GF.- @+? 7 @ ;570* =/@ - I FV; ?TA *>9GF ?P@ F @BA \ e ?5@BATE 9<;�9GF J * A 9/*>F ?bO�A5IRE +)9 A5@ - ?b= ^/*>F @ ;T9 E 9G^/* A 9 ? e 2 � ; S *>^G^ e �? 7 @ @BATA5IRA ; IRQ ; @BATJL@ + 9GF ? 7 @XE * = * A5@ ^ I -3*>^ *>F.+�-3*>F:F IR?MQU@XEMI + @ ^ @ +�*>F.+G- IRATA5@ - ?5@ + Q e *\s^ IRQ *>^ ?TA *>FV; O�IRATE * ? 9 I F | ; @]@ ; @ - ? 9 I F = 2 ¢ + @B? *>9G^G9GF:\ ? 7 @Z@BATA5IRA ; I>O Uinterpretation } 2L7 ? 9<; ? 7 @BA5@D_OoIRA5@Z=UI ;5;T9 Q ^ @3? 70* ? 9GF = ^/*1- @ ;K� ? 7 @ -3* AT?5I \ A * = 7:98- IRQ��T@ - ? *>F.+{9 ? ;[7 IREMI ^ I \ IRS ; A5@B=:A5@ ; @ F ? * ? 9 I F9GF ? 7 @ 9 E *>\ @aE * e Q/@ 9GF.- I 7 @BA5@ F ? WP9 ? 7 IRS:?cIRQ/@ e 9GF:\ *>F e = * AT? 98- S ^/* A+ATS ^ @ ; | Y \ S:A5@ § 2 = �L} 2

H 9G\ S:A5@ § 2 = � ª x S:=/@BA 9 EH=UI ;T9 ? 9 I F I>O�? 7 @ \ A5IRS F.+ ?TATS:? 7 | \ A * e @ + } *>F.+<*N^ I -3*>^G^ e @BATA5I F @]IRS ;�-3* Ay_?5I \ A * = 7:98- =/I ^ e \ I F 2

687 @ -3* AT?5I \ A * = 7:98- @BATA5IRA ;3WP9G^G^�70* JL@ *>F�9 EH= *1- ?3I F ? 7 @MA5@ ; S ^ ? ; I>OP? 7 @ ; @ \ EM@ F ? * ? 9 I F�*R;9G^G^ S ; ?TA * ?5@ +X9GF Y \ S:A5@ ; § 2 = « *>F.+ § 2 ¢)¨ 2
7 F Y \ S:A5@ § 2 = � W @ -3*>Fw; @]@[? 70* ? * - IRATA5@ - ? 9 I F 9GF JLI ^ J 9GF:\* A5IR? * ? 9 I F�W IRS ^8+ 9 EH=:A5IkJL@�? 7 @ME * ? -57 QU@B? W @]@ F ? 7 @HE * = *>F.+ ? 7 @ \ A5IRS F.+ ?TATS:? 7 E *1+ @HQ e70*>F.+ 2 I I W @BJL@BA � ? 7 @ ^ I -3*>^ 9GF.- I FV;T9<; ?5@ F.-B9 @ ; A5@BE *>9GF ª ? 7 @ - @ F ?TA *>^ Q * A[I>O�? 7 @ �+_ ;T70* =U@ 9<;cF IR?WP98+ @H@ F IRS \s7�9GF ? 7 @NE * = � ? 7 @ ^ @DO�?y_ 70*>F.+ Q * A 9<;$F IR? ^ I F:\ @ F IRS \s7 @ 9 ? 7 @BA �©WP7 @BA5@ *R; ? 7 @ ;T9Gn @I>O�? 7 @ZA 9G\s7 ?y_ 70*>F.+ Q * A ; @]@BE ; ?5I�Q/@ - IRATA5@ - ?[@BJL@ F 9 O 9 ? * =:=U@ * A ; ?5I�Q/@Z?5I¦I WP98+ @ 2 687 @ZA5@ ; S ^ ?I>O�? 7 @[E * ? -�7:9GF:\HWP9 ? 7:*3^ I -3*>^G^ e @BATA5I F @]IRS ; E * = 9<; ? 7 @ F * ?TA *1+ @D_ I l Q/@B? W @]@ F ? 7 @ 9 E *>\ @ *>F.+? 7 @ - IRATATS:=:?5@ + ;T70* =U@ - I FV; ?TA *>9GF ? 2 H 9G\ S:A5@ § 2 = « 9G^G^ S ; ?TA * ?5@ ; ? 7 @w@DC * EH= ^ @{I>O[? 7 @ �q_ ;T70* =U@ +Q:S 9G^8+)9GF:\ ; @ \ EM@ F ? * ? 9 I FtWP9 ? 7 ? 7 @ Q�* e @ ;59/*>F EMI + @ ^ 2FH 9G\ S:A5@ ; § 2 ¢O? *>F.+ § 2 ¢)¨ 9G^G^ S ; ?TA * ?5@X? 7 @A5@ ; S ^ ? WP9 ? 7 ? 7 @ � � H _�Q *R; @ + EMI + @ ^VWP9 ? 7 IRS:?�@BATA5IRA ; I F ? 7 @PE * = | Y \ S:A5@ § 2 ¢O? } *>F.+HWP9 ? 7M^ I -3*>^;T70* =U@[@BATA5IRA ; | Y \ S:A5@ § 2 ¢)¨ } 2 687 @c=:A5@ ; @ F.- @$I>O ^ I -3*>^ @BATA5IRA ;b9GF ? 7 @cE * = 9<;L* =:A5IRQ ^ @BE ;T9GF.- @ W @WP9G^G^ S ; @$? 7 @BE�?5I *R;5;T9<; ? *>F.+K- I FV; ?TA *>9GF ? 7 @uE * ? -�7:9GF:\ =:A5I - @ ;5; 2�7 F ? 7 @ F @DC`? -�70* =:?5@BA W @ WP9G^G^=:A5IR=UI ; @a?5I�IKJL@BA - IREM@1? 7:9<; IRQ ; ? *1-B^ @aQ e E * p 9GF:\ ? 7 @ 9GF.- IRAT=UIRA * ? 9 I F I>O�? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ?EMIRA5@ � @DC 9 Q ^ @ 2
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H 9G\ S:A5@ § 2 = « ª H 9GF0*>^ - I F JL@BA \ @ F.- @3I>O�? 7 @ *1- ? 9 JL@ - I F ?5IRS:A WP9 ? 7<*>F @BATA5I F @]IRS ; =:A 9 IRA ;T70* =/@ 2
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# �51P4	��+54 �����5���8� %�� ������� '���13� 2����J13+�'(� ����+�% ����
��X- ���92>����� �9/���%7�

H 9G\ S:A5@ § 2 ¢O? ª z * ? -�7:9GF:\ Q e � � H _�Q *R; @ +�*1- ? 9 JL@ - I F ?5IRS:A *>F.+�WP9 ? 7G* F I F _ @BATA5I F @]IRS ; =:A 9 IRA;T70* =U@ 2
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# �51P4	��+54 �����5���8� %�� ������� '���13� 2����J13+�'(� ����+�% ����
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A5@DOo@BA5@ F.- @ ;T70* =U@ 2�7 F ?5@BATE ; I>O ^ @BJL@ ^�; @B? ;K� ? 7 @ F IRATE *>^<;�* A5@ ∇φ (x)
*>F.+ ∇ψ (x) ��� 2 687 @ F @ W@ F @BA \ e ?5@BATE OoIRATEZS ^/* ?5@ + I F ? 7 @uQ *R;T9<; I>O�@]fgS * ? 9 I F |54 2 §64 } 9<; ? 7 @ F ª

Jshape (φ, ψ) = λpara

∫

Ω
|∇φ (x) −∇ψ (x)|2 (H (φ (x)) −H (ψ (x)))2 dx

| � 2 ¨ }
687 @[@BJLI ^ S:? 9 I F @]fgS * ? 9 I F:*R;5; I -B9/* ?5@ +MWP9 ? 7:* O�S F.- ? 9 I F0*>^

J = Jimage +Jshape
A5@]fgS 9 A5@ ; ? 7 @

-3*>^8- S ^/* ? 9 I F I>Oq? 7 @ \ A *1+)9 @ F ?
Jshape

WP9 ? 7 A5@ ; =U@ - ?1?5I
φ 2 687 @ + @B? *>9G^ I>Oq? 7 @ -3*>^8- S ^/* ? 9 I FV;N9<;\s9 JL@ Fw9GFK* =:=U@ F.+)9 C �q�0*>F.+ A5@ ; S ^ ? ;P9GF ª

φt (x, t) = −∂Jimage
∂φ

+4λparaδα (ψ (x, t)) (〈∇φ (x) ,∇ψ (x)〉 − 1) [Ha (φ (x, t)) −Ha (ψ (x, t))]

+2λpara (∆φ (x) − ∆ψ (x)) [Ha (φ (x, t)) −Ha (ψ (x, t))]2
| � 2 = }687 @ ^/*R; ?�? W I3?5@BATE ; I>O©@]fgS * ? 9 I F | � 2 = } * A5@+? 7 @+A5@ ; S ^ ?�I>O©? 7 @ 9GFV; @BAT? 9 I F I>O©? 7 @ F @ W @ F @BA \ e?5@BATE 2 687 @ZYVA ; ?uI F @Z?5@ F.+:; ?5I W�* A +:;un @BA5I WP7 @ F ? 7 @ F IRATE *>^ ?5I ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 70*R; ? 7 @;9* EM@XIRA 9 @ F ? * ? 9 I F *>F.+�+)9 A5@ - ? 9 I F *R; ? 70* ?HI>Oc? 7 @X=:A 9 IRA ;570* =/@ 2 I I W @BJL@BA � ? 7:9<; ?5@BATE 70*R; *JL@BA e ^ I -3*>^ @ l @ - ? ;T9GF.- @ 9 ? 9<;�W @ 9G\s7 ?5@ + Q e ? 7 @uv 9 A *1- +)9<; ?TA 9 Q:S:? 9 I F WP7:98-�7K+ @B=U@ F.+:;87 @BA5@uI F
ψ 2x I �UWP7 @ F ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A WP9G^G^ QU@aO * A[OrA5IRE�? 7 @1A5@DO�@BA5@ F.- @ ;T70* =U@ | Q/@ e I F.+�; IREM@1= 9 C:@ ^<; }? 7:9<; ?5@BATE WP9G^G^�F IR? 70* JL@ *>F e 9GF � SV@ F.- @ 2 687 @ ; @ - I F.+ ?5@BATE 9<;aF IR? ^ I -3*>^��)*>F.+ 9 ? 9 EH=/I ; @ ;,*- I FV; ?TA *>9GF ?bI F ? 7 @ - S:ATJ * ?TS:A5@+I>O ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A WP9 ? 7 A5@ ; =U@ - ?�?5Iu? 70* ?bI>OU? 7 @+=:A 9 IRA ;T70* =U@ 2

7 ? 9<; ? 7:9<; ?5@BATE�? 70* ? WP9G^G^ E *>9GF:^ e - I F ?TA 9 Q:S:?5@N?5I 9 EH=/I ;59GF:\ ? 7 @1= * A *>^G^ @ ^G9<; E - I FV; ?TA *>9GF ? 2 687 @=:A5IR=UI ; @ + = * A *>^G^ @ ^G9<; E - I FV; ?TA *>9GF ? * =:= ^G9 @ ; ?5I�? 7 @ ^ @BJL@ ^�^G9GF @ ; I>O�? 7 @Z=:A 9 IRA ;T70* =U@
ψ
�-7 I W @BJL@BA? 7 @ ; @ * A5@ - S:ATJL@ + O * AbOrA5IRE ? 7 @ \ @]IREM@B?TA 98-a;T9GF:\ S ^/* A 9 ? 9 @ ; | - IRA F @BA ; }bI>O�? 7 @ ^ @BJL@ ^ ? I>O�? 7 @$=:A 9 IRA;T70* =U@ 2 687:9<;�WP9G^G^ A5@ ; S ^ ? 9GF ? 7 @ *1- ? 9 JL@ - I F ?5IRS:AbQU@ 9GF:\ A5IRS F.+ @ + I l WP7 @ F�9 ?�EMIKJL@ ;�*]WL* e O�A5IRE? 7 @uA5@DOo@BA5@ F.- @ ;T70* =U@ | ; @]@[Y \ S:A5@�� 2 ¨ } 2
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 � ��(3��,U4 2 � ,U45.P,��u(3.
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7 F IRA + @BAw?5I A5@ ; I ^ JL@ ? 7 @�S FgW @ ^8- IREM@!A5IRS F.+)9GF:\ @ l @ - ? * ?w? 7 @ ^ @BJL@ ^ I>ON? 7 @{h - IRA F @BAyi�? e =U@\ @]IREM@B?TA 98-�;T9GF:\ S ^/* A 9 ? 9 @ ;k�qW @ WP9G^G^$9GF ?TA5I + S - @ *F- IRATA5@ - ? 9 JL@ @ F @BA \ e ? 70* ? *>9 E ; ?5I�O * JLIRAX? 7 @OoIRATE * ? 9 I F I>O - IRA F @BA ;�* ?P« ? ◦ *>F.+ A5@ - ? 9G^G9GF @ * A ; @ \ EM@ F ? ; 2 j @c? 7 S ;b9GF ?TA5I + S - @ *u\ @ F @BA 98-$;T70* =U@- I FV; ?TA *>9GF ? 9GFK*1+ +)9 ? 9 I F ?5I1? 7 @ ; =/@ -B9 Y - I F @[A5@B=:A5@ ; @ F ?5@ + Q e ? 7 @$=:A 9 IRA ;570* =/@ 2 687 @uf¦S *1+ A * ? 98-@ F @BA \s9 @ ;�+ @ ;9- A 9 Q/@ +�9GF ; @ - ? 9 I F 4 2 = 2 ¢ 70* JL@HQU@]@ F *1+ IR=:?5@ + ?5I - IRATA5@ - ?u? 7 @NA5IRS F.+)9GF:\ @ l @ - ?aI>O? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 2
�� �h�5'('����J�X��/7��� ��/�� � +�%�
P� ��� +5%
|∇φ| = 1

��' �5��� � )P'����92����7��
����
/�� �9/!��' �(2 �7�X� %!1�2 � � ��� ���h� -�� �82�����%������ ��� �������/7�
φ
-���% � ����+5% ���h� � �9/0� ��� 2 ������+5% +�- ��/��e����+�� ������+5% ��� �7������+�%���� /7� ��+5%�
�� ����+�%

|∇ψ0| = 1
� 'h�5��� ��)P'���� 2����7��
'(��% ������/7��1P2���+52>'(/��513�"��'X%7+5� ��1 
7������
�� �P+

|∇ψ0| = |∇ψ| = 1
'(��% � �"��/������������6'(� ��'

ψ0

�5%!

ψ
+�%�� )"
P��#��928�&)�5% ��'(+5�J� �(2�� �h�(2 �5%7'\- +52�������� +5%$�
/7� � /%���&)$
P����%�� ��� +5%%�&
�+&� 'X%�+5�>�'#�� � �
��/7��
P� '\� ��% ���h- �7% � ����+�%%�( � /��h��+ � �5�)
�� - +52���������+5%7' - +�2 ����
 �&)J��/��81���2 �5����������'(� ��2������+*���� )J��+O�3�8��%7/����7� ����
;�&)J��/��8��%,����2�����% ���8�C)J��/��


�� 2�� � �e1�����%7��'(���J������2�� �i) ��' � �5����
���-P1�2���'('(��
 ��% ��� ��������+5%,�/.&� 0'.�
1�32N+5%7'(��� �7� %C��� )��%� ����- ��� ��
P���5%&) ��%,�5��2�� �5% ���- 2�+5� �5� +5�����7�(2 �5%�'\- +52���������+�%���%O��/7��' � /���1���� 2�� �*-4� � �7'(� ��/�� %7+5� ������+�%�+5-���/7� 1P2����C��+ �7' � /��51P��� 2�'5� �
��/7��%O/7�����
ψ = ψ0 ◦ Tsim = ψ0

�
/7� 2��
Tsim

��' ��/7���+
P��%&�����*)��
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 ��� ��
	� � ��� � �����
φ

ψ

∇φ
∇φ

∇ψ

� �$
�� ��� �������	�
ψ

∇ψ

H 9G\ S:A5@ � 2 ¨ ª � IRS F.+)9GF:\ @ l @ - ? * ? \ @]IREM@B?TA 98-3*>^ ;T9GF:\ S ^/* A 9 ? 9 @ ;L+ SV@q?5I3? 7 @ F @ W ;T70* =U@ - I FV; ?TA *>9GF ?@ F @BA \ e Q *R; @ + I FwF IRATE *>^<;�*>^G9G\sF @BEM@ F ?

��� ����� � �B�7�7�9! ���/16� � ����8��7� �7��! �9�4���75
�
!
	#"
	�� 	�� $ S ?8=Lgj @u=:A5IR=UI ; @$?5I *1+ + ? 7 @uO�I ^G^ I WP9GF:\ - IRATA5@ - ? 9 JL@Zf¦S *1+ A * ? 98- @ F @BA \ e ?5I | � 2 ¨ } ª

Jcorrection (C) =

∮ ∮
dsds′ (sin 2θ)2 Ψ

(∣∣C (s) −C
(
s′
)∣∣) | � 2 ¢ }

WP7 @BA5@
θ
9<; ? 7 @ *>F:\s^ @1QU@B? W @]@ F ? 7 @3? *>F:\ @ F ? ; ?5I ? 7 @ - I F ?5IRS:A&%

C
* ?$? 7 @ * A -1^ @ F:\ ? 7 =UI 9GF ? ;

s
*>F.+

s′
| ; @]@1Y \ S:A5@ � 2 = } 2 Ψ

9<;$* + @ - A5@ *R;T9GF:\ OrS F.- ? 9 I FN*R; e EH=:?5IR? 98-3*>^G^ e ?5@ F.+)9GF:\ ?5I W�* A +:; ?
*>F.+ + @DY F @ ; ? 7 @ 9GF ?5@BA *1- ? 9 I F =UIR?5@ F ? 9/*>^ Q/@B? W @]@ F

C (s)
*>F.+

C (s′) 2�7 ? ;T7 IRS ^8+ Q/@ F IR?5@ + ? 70* ?? 7 @ 9GF ?5@ \ A * ? 9 I F<+ IRE *>9GF I>O
Jcorrection

9<; ? 7:9<; ? 9 EM@[? 7 @ - I F ?5IRS:A 9 ? ; @ ^ O *>F.+�F IR?
Ω 2 687:9<; ? e =U@I>O+@ F @BA \ e WP9G^G^ E * pL@ 9 ?1=/I ;�;T9 Q ^ @H?5I
O * JLIRAZ? 7 @�O�IRATE * ? 9 I F I>OqA5@ - ? 9G^G9GF @ * A3= * AT? ; *>F.+F- IRA F @BA ;WP9 ? 7:9GF ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 2 687 @ 9 EH=UI ;T9 ? 9 I F I>O�IRAT? 7 I \ I F0*>^G9 ? e - I FV; ?TA *>9GF ? ;870*R;L*>^ A5@ *1+ e QU@]@ F=:A5IR=UI ; @ + Q e I 2 � A 9 IR? 9GFN; � 41A 9GF ? 7 @uO�A * EM@ W IRATp{I>O�Q:S 9G^8+)9GF:\X; @ \ EM@ F ? * ? 9 I F Q e ;TF0* pL@ ; 2 j @?5I`IRp
IRS:A 9GFV; = 9 A * ? 9 I F OrA5IRE�? 7:9<;[98+ @ * ?5I�=:A5IR=UI ; @1? 7 @3O�IRATE3S ^/* ? 9 I F�\s9 JL@ F�9GF @]f¦S * ? 9 I F | � 2 ¢ } 2I I W @BJL@BA ��- I F ?TA * A e ?5I�? 7 @ W IRATp ; I>O I 2 � A 9 IR? WP7:98-57 + I F IR?cS ; @Z=:A 9 IRA ;T70* =/@ ;k�VW @3=:A5IR=UI ; @?5IZO�IRATE3S ^/* ?5@ * f¦S *1+ A * ? 98-�*>F.+�F IR? *u^G9GF @ * AP@ F @BA \ e - A 9 ?5@BA 9 I F �`O�S:AT? 7 @BATEMIRA5@ W @+A5@B=:A5@ ; @ F ?8? 7 @

*1- ? 9 JL@ - I F ?5IRS:A 9 EH= ^G98-B9 ? ^ e 2
Q e F IR? 9GF:\ ? 70* ?

sin 2θ = 2 sin θ cos θ
� ? 7 @ - IRATA5@ - ? 9 I F @ F @BA \ e -3*>F Q/@ W A 9 ?T?5@ F *1- - IRA +)9GF:\?5I ª

Jcorrection (C) = 4

∮ ∮
dsds′

{
cos2 θ − cos4 θ

}
Ψ
(∣∣C (s) −C

(
s′
)∣∣) | � 2 4 }

687:9<; @ F @BA \ e 9<; E 9GF:9 E *>^ O�IRA
θ = 0, π2 , π,

3π
2 ª

' �*%;��/7��' 
�+ � �7�J��%&� �N���
� ��� ��+�%�'(� 
P� 2
��/����
C
� 'X� � + �7%&��� 2(4 ����+ � *��
� '(�"+�2�� � %C����
 ��+5%C��+ ��2��
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�� � �	� � �����

~t(s)C(s)

C(s′)

~t(s′)

θ

H 9G\ S:A5@ � 2 = ª J I F:\ _�A *>F:\ @ 9GF ?5@BA *1- ? 9 I F + SV@+?5Ia? 7 @ - IRATA5@ - ? 9 JL@cf¦S *1+ A * ? 98- @ F @BA \ e 2 687 @q? *>F:\ @ F ? ;JL@ - ?5IRA ; ~t(s) *>F.+ ~t(s′) WP9G^G^ ?5@ F.+ ?5INQU@uIRAT? 7 I \ I F0*>^ IRA - I ^G^G9GF @ * A 2

✽ 7 O θ = 0 2 687:9<; 9 EH= ^G9 @ ; ? 70* ?�? 7 @�? *>F:\ @ F ? ;
* A5@ *>^G9G\sF @ +19GF ? 7 @ 9GF ?5@BA *1- ? 9 I FNF @ 9G\s7 QUIRA 7 I`I ++ @DY F @ + Q e ? 7 @a=:A5I>Y ^ @
Ψ 2 687 @ZA5@ - ? 9G^G9GF @ * A 9 ? e I>O�? 7 @3IRQ��y@ - ? ; @DC`?TA *1- ?5@ + Q e ? 7 @ *1- ? 9 JL@- I F ?5IRS:A WP9G^G^ QU@ ; ?TA5@ F:\ ? 7 @ F @ + 2 687:9<; =:A5IR=U@BAT? e 9<; + @ ;T9 A5@ +�;T9GF.- @NQ:S 9G^8+)9GF:\L; JL@BA e I>O�?5@ F@DC 7:9 Q 9 ?qA5@ - ? 9G^G9GF @ * AcA5I¦I>O�@ +)\ @ ; | 7:9G\s7:^ e =UI ^ e \ I F0*>^ IRQ��T@ - ? ; } 2

✽ 7 O θ = π
2 modulo π 2 687:9<;�-3*R; @8A5@B=:A5@ ; @ F ? ; ? 7 @PIRQ��y@ - ? 9 JL@ *>9 EM@ + O�IRA�Q e ? 7 @8O�IRATE3S ^/* ? 9 I FI>O©? 7 @ - IRATA5@ - ? 9 JL@$@ F @BA \ e ª ? 7 @ - IRA F @BA ;�* ?b« ? ◦ * A5@qO * JLIRA5@ + ?5I - IRS F ?5@BA *1- ?P? 7 @+A5IRS F.+)9GF:\@ l @ - ? 2

✽ 7 O θ = π 2�7 F ? 7:9<;L-3*R; @c? 7 @+? *>F:\ @ F ? ;C* A5@ *>F ? 9 _�= * A *>^G^ @ ^ 2 687 @ 9GF ?5@BA *1- ? 9 I F F @ 9G\s7 QUIRA 7 I`I ++ @DY F @ + Q e
Ψ
70*R;,* ; = * ? 9/*>^ @DC)?5@ F ?NI>O8? 7 @�IRA + @BA3I>O ; IREM@�= 9 C)@ ^<; Q/@DOoIRA5@M?5@ F.+)9GF:\ ?5I>_W�* A +:; ? 2�7 F ? 7 @ -3*R; @3I>ObQ:S 9G^8+)9GF:\L;K� *>F ? 9 _�= * A *>^G^ @ ^ ? *>F:\ @ F ? ; I - - S:A WP7 @ F ? 7 @ +)9<; ? *>F.- @

|C (s) −C (s′)| 9<;3\ A5@ * ? *>F.+�WP7 @BA5@M? 7 @HO�S F.- ? 9 I F Ψ
9<;,*>^ A5@ *1+ e f¦S *R;T9�F S ^G^ 2 x I � ? 7 @@ l @ - ?$I>O�IR=:=/I ;59GF:\ ? *>F:\ @ F ? ;$9<;+F @ \s^G9G\s9 Q ^ @ 9GF IRS:A -3*R; @ 2 687:9<;�-3*R; @ W IRS ^8+ I - - S:A 9 O�? 7 @IRQ��y@ - ?�?5IuQ/@qE * ? -57 @ +�70*R; Y F @+IRA ^/* Q e A 9GF ? 7:9GF @ ; ?TATS - ?TS:A5@ ;K�¦WP7:98-57 9<; ? 7 @ -3*R; @qI>O A5I *1+:;9 E *>\ @ + I FK*N; E *>^G^�;9-3*>^ @ � Q:S:? F IR?q? 70* ?+I>O�Q:S 9G^8+)9GF:\L;�* ?qJL@BA e 7:9G\s7 A5@ ; I ^ S:? 9 I F 2

Q @DOoIRA5@ + @ + S -B9GF:\ ? 7 @ fgS *1+ A * ? 98- OoIRA - @�OrA5IRE ? 7 @ + @BA 9 J * ? 9 I F I>O
Jcorrection

WP9 ? 7 A5@ ; =U@ - ?N?5I
C
� @]f¦S * ? 9 I F | � 2 4 } WP9G^G^c70* JL@�?5I�QU@{A5@ W A 9 ?T?5@ F�9GF * O�IRATE ? 70* ? 9<; 9GF.+ @B=/@ F.+ @ F ?XOrA5IRE ? 7 @= * A * EM@B?5@BA 9Gn&* ? 9 I F I>OP? 7 @ - I F ?5IRS:A 2 6 I + Iw? 7:9<;K�©^ @B?aS ;,- I FV;T98+ @BA *>FN* ATQ 9 ?TA * A e = * A * EM@B?5@BA pWP7 I ; @aA5@ ^/* ? 9 I FV;T7:9 = WP9 ? 7 ? 7 @ * A -B^ @ F:\ ? 7

s
9<; ª

dC

ds
=
dC

dp

dp

ds

| � 2 § }
WP7:98-�7
\s9 JL@ ;

ds

dp
=

∣∣∣∣
dC

dp

∣∣∣∣
| � 2 �L}
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7 F ? 7 @uA5@ ; ?qI>O�? 7:9<;C-570* =:?5@BA �¥W @ *1+ IR=:?+? 7 @$O�I ^G^ I WP9GF:\�F IR? * ? 9 I FV; ª
C ≡ C (p)

C′ ≡ C
(
p′
)

R
(
p, p′

)
=
∣∣C−C′

∣∣

R
(
p, p′

)
≡ R

R̃ ≡
(
C−C′

)
R−1

687 @ + @BA 9 J * ? 9 I F�WP9 ? 7 A5@ ; =/@ - ?$?5I ? 7 @1= * A * EM@B?5@BA 9Gn&* ? 9 I F I>O�? 7 @ - I F ?5IRS:A 9<;[; e E3Q/I ^G9Gn @ + Q e *=UI 9GF ? ª Ċ = dC
dp 2 687 @N? *>F:\ @ F ?ZJL@ - ?5IRA ;�* ?a=/I 9GF ? ; p *>F.+ p′ ? 7 @ F Q/@ - IREM@ ª Ċ *>F.+

Ċ′ 2 Q eS ;T9GF:\ ? 7 @ ; @ F IR? * ? 9 I FV;K� ? 7 @uf¦S *1+ A * ? 98- @ F @BA \ e ?5INQU@$E 9GF:9 E 9Gn @ + 9GF @]f¦S * ? 9 I F | � 2 4 }�QU@ - IREM@ ; ª
Jcorrection (C) ∼

∮ ∮
dpdp′

{〈
Ċ, Ċ′

〉2 ∣∣∣Ċ
∣∣∣
−1 ∣∣∣Ċ′

∣∣∣
−1

−
〈
Ċ, Ċ′

〉4 ∣∣∣Ċ
∣∣∣
−3 ∣∣∣Ċ′

∣∣∣
−3
}

Ψ(R)| � 2 �s}
!
	#"
	�� 	�� � M>=6I ��� � I�@f?h[i=LMNAj 9 ? 7 * J 9 @ W ?5I
Y F.+)9GF:\ ? 7 @ +)9ml @BA5@ F ? 9/*>^ @]f¦S * ? 9 I F�\ IkJL@BA F:9GF:\ ? 7 @�@BJLI ^ S:? 9 I F I>O+? 7 @ *1- ? 9 JL@
- I F ?5IRS:A WP9 ? 7 f¦S *1+ A * ? 98-�- IRATA5@ - ? 9 I F©� ? 7 @+J * A 9/* ? 9 I F I>O

Jcorrection
WP9 ? 7 A5@ ; =/@ - ?b?5I

C
EZS ; ?8QU@

-3*>^8- S ^/* ?5@ + ª
∆Jcorrection = Jcorrection

(
C + δC̃

)
− Jcorrection (C)

| � 2 �L}WP7 @BA5@
∆Jcorrection

9<; ? 7 @XJ * A 9/* ? 9 I F I>O$@ F @BA \ e
Jcorrection

\ @ F @BA * ?5@ + Q e ? 7 @ 9GF Y F:9 ?5@ ;59 E *>^
+ @BJ 9/* ? 9 I F I>O©? 7 @ - I F ?5IRS:A

δC̃ 2 687 @ -3*>^8- S ^/* ? 9 I F I>O ∆Jcorrection 9<;�^ I F:\ *>F.+ O *R; ? 98+)9 IRS ;�*>F.+�9<;; S:EHE * A 9Gn @ +{9GF * =:=U@ F.+)9 C � 2 Q e *R;5; S:E 9GF:\ ? 70* ?[? 7 @ - S:ATJL@ 9<; = * A * EM@B?5@BA 9Gn @ + *>\ *>9GF Q e ? 7 @* A -B^ @ F:\ ? 7©� ? 7 @u@ F @BA \ e J * A 9/* ? 9 I Fw9<; Y F0*>^G^ e ª
∆Jcorrection =

∮ ∮
dsds′Ψ(R)

〈
α̃
(
s, s′

)
, δC̃

〉

+

∮ ∮
dsds′Ψ′ (R)

〈
β̃
(
s, s′

)
, δC̃

〉 | � 2 «L}
WP7 @BA5@

α̃
(
s, s′

)
= 2

〈
Ċ, Ċ′

〉2
(

1 − 3
〈
Ċ, Ċ′

〉2
)

C̈

+4

(
1 − 6

〈
Ċ, Ċ′

〉2
)〈

Ċ′, C̈
〉(〈

Ċ, Ċ′
〉

Ċ− Ċ′
) | � 2 ¨3? }

*>F.+
β̃
(
s, s′

)
= 2

(
1 −

〈
Ċ, Ċ′

〉2
)〈

Ċ, Ċ′
〉2

R̃ + 4
〈
Ċ, R̃

〉〈
Ċ, Ċ′

〉(
2
〈
Ċ, Ċ′

〉2
− 1

)
Ċ′

+2
〈
Ċ, R̃

〉〈
Ċ, Ċ′

〉2
(

1 − 3
〈
Ċ, Ċ′

〉2
)

Ċ
| � 2 ¨s¨ }
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Q e F IR? 9GF:\ ? 70* ?
C̈ = κn

WP7 @BA5@
n
9<; ? 7 @uS F:9 ? F IRATE *>^ ?5I

C
�.*>F.+

κ
9<; ? 7 @ - I F ?5IRS:A ~ ;[;T9G\sF @ +

- S:ATJ * ?TS:A5@ � ? 7 @af¦S *1+ A * ? 98- OoIRA - @
Fquad(s)

-3*>^8- S ^/* ?5@ + * ?q? 7 @ * A -B^ @ F:\ ? 7 =UI 9GF ?
s
9<; ª

Fquad(s) =

〈
∂Jcorrection

∂C
,n

〉
=

∮
ds′Ψ(R)

〈
α̃
(
s, s′

)
,n
〉

+

∮
ds′Ψ′ (R)

〈
β̃
(
s, s′

)
,n
〉

| � 2 ¨ = }WP7 @BA5@
〈
α̃
(
s, s′

)
,n
〉

= 2κ

{〈
Ċ, Ċ′

〉2
(

1 − 3
〈
Ċ, Ċ′

〉2
)
− 2

〈
Ċ′,n

〉2
(

1 − 6
〈
Ċ, Ċ′

〉2
)}

| � 2 ¨K¢ }〈
β̃
(
s, s′

)
,n
〉

= 2

(
1 −

〈
Ċ, Ċ′

〉2
)〈

Ċ, Ċ′
〉2 〈

R̃,n
〉

+4
〈
Ċ, R̃

〉〈
Ċ, Ċ′

〉(
2
〈
Ċ, Ċ′

〉2
− 1

)〈
Ċ′,n

〉 | � 2 ¨E4 }687 @ ;T70* =U@ - I FV; ?TA *>9GF ?1EMI + @ ^�* S:? 7 IRA 9Gn]9GF:\ = * A *>^G^ @ ^ EMIKJL@BEM@ F ? ;NWP9 ? 7 A5@ ; =/@ - ?1?5Iw? 7 @�=:A 9 IRA;T70* =U@ WP9 ? 7 f¦S *1+ A * ? 98-�- IRATA5@ - ? 9 I F
9<; Y F0*>^G^ e \ IkJL@BA F @ + Q e ? 7 @u@]f¦S * ? 9 I F ª
φt (x, t) = −∂Jimage

∂φ

+4λparaδα (ψ (x, t)) (〈∇φ (x) ,∇ψ (x)〉 − 1) [Ha (φ (x, t)) −Ha (ψ (x, t))]

+2λpara (∆φ (x) − ∆ψ (x)) [Ha (φ (x, t)) −Ha (ψ (x, t))]2 − λquadFquad,ext(x) |∇φ (x)|| � 2 ¨K§ }WP7 @BA5@
Fquad,ext(x)

9<; ? 7 @ - IRATA5@ - ? 9 JL@uOoIRA - @$@DC`?5@ F.+ @ + ?5IH@BJL@BA e =UI 9GF ? 9GF ? 7 @ + IRE *>9GF + @DY F @ +Q e ? 7 @ F0* ATA5I W Q *>F.+w; S:ATA5IRS F.+)9GF:\ ? 7 @ n @BA5I ^ @BJL@ ^ I>O�? 7 @$O�S F.- ? 9 I F
φ
=/@BAq@]f¦S * ? 9 I F | � 2 ¨ �L} 2

��� ���,+ � �/5B�B��� �����
687 @a@BJLI ^ S:? 9 I F *>^G\ IRA 9 ? 7 E�I>O�? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 9<; ? 7 @ F ª¨ 2 M I FV; ?TATS - ? 9 I F I>O φ (x, t = 0)

9GF *�F0* ATA5I W Q *>F.+ � - I FV; ?TATS - ? 9 I F I>O
ψ (x, t = 0)

I F ? 7 @9 E *>\ @ + IRE *>9GF
Ω 2

= 2 � C`?TA *1- ? 9 I F I>O�? 7 @ - I F ?5IRS:A C 2¢ 2 ML*>^8- S ^/* ? 9 I F I>Oa? 7 @
? *>F:\ @ F ? *>F.+ I>O$? 7 @ - S:ATJ * ?TS:A5@wOoIRA�@ *1-�7 =UI 9GF ?XI>Ou? 7 @ - I F ?5IRS:A 2j 7 @ F ? 7 @u=UI 9GF ? 70*R;qF I F _ 9GF ?5@ \ @BA - I`IRA +)9GF0* ?5@ ;K� ? 7 @ \ @]IREM@B?TA 98- fgS *>F ? 9 ? 9 @ ;�* A5@ ^G9GF @ * A ^ e9GF ?5@BAT=UI ^/* ?5@ + QU@B? W @]@ F ? 7 @u? W I -B^ I ; @ ; ? F @ 9G\s7 QUIRA ;c; S:ATA5IRS F.+)9GF:\ ? 7 @u=/I 9GF ? 24 2 ML*>^8- S ^/* ? 9 I F I>O�? 7 @$O�IRA - @ Fquad(s) OoIRAq@ *1-57 =UI 9GF ?cI>O�? 7 @ - I F ?5IRS:A 2§ 2 � C`?5@ FV;59 I F I>O�? 7 @uO�IRA - @ ª Fquad(s) → Fquad,ext(x)
*1- - IRA +)9GF:\ ?5IH@]f¦S * ? 9 I F | � 2 ¨ �L} 2

� 2 � JLI ^ S:? 9 I F I>O�? 7 @ *1- ? 9 JL@ - I F ?5IRS:A+S ;T9GF:\ @]f¦S * ? 9 I F | � 2 ¨K§ } 2
� 2 � @D_ 9GF:9 ? 9/*>^G9Gn&* ? 9 I F I>O�? 7 @ +)9<; ? *>F.- @uOrS F.- ? 9 I F I>O ^ @BJL@ ^�; @B? φ 2
� 2 J I¦IR= ; ?5@B= ; = ?5I �3S F ? 9G^)- I F JL@BA \ @ F.- @ 9<; *1-57:9 @BJL@ + 2
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	#"
	�� 	�� � @QgiY6F>gi@BAP[iS M SVZ�AP<X=��
FX@f?8I7@BAP[*Y`Z9SVI7Y�=687 @NOoIRA - @

Fquad(s)
9<;$*>F 9GF ?5@ \ A *>^ I FN* -B^ I ; @ +D- I F ?5IRS:A WP7:98-�7�W @ * =:=:A5I]C 9 E * ?5@MS ;T9GF:\ ? 7 @

� @ W ?5I F _ M IR?5@ ; ?TA * =U@ n @uEM@B? 7 I + 2
7 O W @ W A 9 ?5@ Fquad(s) 9GF ? 7 @uO�IRATE ª
Fquad(s) =

∮
ds′f

(
s, s′

)

687 @u?TA * =U@ n I 98+.*>^)* =:=:A5IKC 9 E * ? 9 I F WP9G^G^ QU@ ª
F̂quad(s) =

L−1∑

s′=0

f (s, s′) + f (s, s′ + 1)

2

∣∣C
(
s′
)
−C

(
s′ + 1

)∣∣ | � 2 ¨ �L}
WP7:98-�7
W @ -3*>FK*>^<; I W A 9 ?5@ 9GF ? 7 @$OoIRATE ª

F̂quad(s) =
L−1∑

s′=0

f (s, s′)

2

(∣∣C
(
s′ − 1

)
−C

(
s′
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∫ ∞
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j 7 @ F ? 7 @ 9GF:9 ? 9/*>^ E * =)_�?5I>_ 9 E *>\ @uA5@ \s9<; ?TA * ? 9 I F 9<; I>O�=/I`IRA8fgS *>^G9 ? e � ? 7 @ 9GF J * A 9/*>F.- @[O�A5IRE * � F @?TA *>FV; OoIRATE * ? 9 I F Q e *1- ? 9 JL@ - I F ?5IRS:A ;$*>^G^ I Wq; ? 7:9<; @ l @ - ?[?5I QU@ - IRATA5@ - ?5@ + Q e A5IR? * ? 9 I F©� ?TA *>FV; _^/* ? 9 I FK*>F.+ ;B-3*>^G9GF:\ 2 687:9<;C- IRATA5@ - ? 9 I F = ^/* e ;C* A5I ^ @ 9GF A5@ + S -B9GF:\ @DC:I \ @ F IRS ; J * A 9/* Q 9G^G9 ? 9 @ ;+9GF.+ @D_=U@ F.+ @ F ?uI>O *>F @ l @ - ? 9 JL@ -�70*>F:\ @ *>F.+�;T7 IRS ^8+{F IR? 9GF ?5@BATJL@ F @ 9GF ? 7 @ -�70*>F:\ @ + @B?5@ - ? 9 I F 2 � @BJ¦_@BAT? 7 @ ^ @ ;5;k�¦9 O \ @]IREM@B?TA 98-3*>^ J * A 9/* ? 9 I FX9<; ?5I¦I ;T9G\sF:9 Y -3*>F ? �:9 ?bE * e F IR?bQU@ *R;9- A 9 Q * Q ^ @c?5I1? 7 @c=/I`IRAf¦S *>^G9 ? e I>O�? 7 @ 9GF:9 ? 9/*>^�; S:=/@BA 9 EH=UI ;T9 ? 9 I F©� Q:S:?qA * ? 7 @BA+?5I *(-570*>F:\ @ | Y \ S:A5@ � 2 ¨s¨ } 2 j @u=:A5IR=UI ; @?5I O�IRATE3S ^/* ?5@ *>F @ F @BA \ e - A 9 ?5@BA 9 I F

Egeom
EM@ *R; S:A 9GF:\ ? 7 @ \ @]IREM@B?TA 98-3*>^ J * A 9/* ? 9 I F QU@B? W @]@ F? 7 @ 9GF:9 ? 9/*>^�-3* AT?5I \ A * = 7:98- IRQ��T@ - ? *>F.+ 9 ? ; ?TA *>FV; O�IRATE�Q e

Tsim,final
WP7:98-�7 9<; ? 7 @ ;T9 E 9G^/* A 9 ? e@ ; ? 9 E * ?5@ + Q e ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A ; Y F @uE * ? -�7:9GF:\ ª

Egeom (ψfinal, ψ0) =
1

Aψfinal +Aψ0

∫

Ω
(H (ψfinal(x)) −H (ψ0 (µpersp + x)))2 dx

| � 2 «L}
WP7 @BA5@

ψ0
9<; ? 7 @ ^ @BJL@ ^); @B? A5@B=:A5@ ; @ F ? 9GF:\ ? 7 @ 9GF:9 ? 9/*>^ -3* AT?5I \ A * = 7:98- IRQ��T@ - ? �

ψfinal
9<; ? 7 @ ^ @BJL@ ^:; @B?A5@B=:A5@ ; @ F ? 9GF:\ ? 7 @ -3* AT?5I \ A * = 7:98- IRQ��T@ - ?�?TA *>FV; OoIRATEM@ + Q e

Tsim,final ª ψfinal = ψ0 (Tsim,finalx)
�

Aψfinal =
∫
ΩH (ψfinal (x)) dx

*>F.+
Aψ0 =

∫
ΩH (ψ0 (x)) dx 2 687 @�@ F @BA \ e ?5@BATE I>O:? 7 @�@]fgS * _? 9 I F | � 2 «L} 9<;�9GFV; = 9 A5@ + OrA5IRE�? 70* ?�S ; @ + O�IRA�? 7 @q=:A 9 IRA ;T70* =/@ - I FV; ?TA *>9GF ?�I>O/? 7 @q@]f¦S * ? 9 I F |54 2 §64 } 2I I W @BJL@BA � ? W I +)9ml @BA5@ F.- @ ;�;T7 IRS ^8+ Q/@ F IR?5@ + 2'H 9 A ; ? ^ e � ? 7 @�@ F @BA \ e Egeom 9<; E *1+ @ 9GF.+ @B=/@ F.+ @ F ?I>OU? 7 @ ;T9Gn @PI>OU? 7 @ - IREH= * A5@ + IRQ��T@ - ? ; ? 70*>F p ; ?5I F IRATE *>^G9Gn&* ? 9 I F Q e ? 7 @ ; S:E I>O * A5@ *R;�9GF.-B^ S + @ +9GF ? 7 @ -3* AT?5I \ A * = 7:98- IRQ��T@ - ? |

Aψ0

} *>F.+N9 ? ; ?TA *>FV; OoIRATEM@ + Q e
Tsim,final

|
Aψfinal

} 2�H 9GF0*>^G^ e � ? 7:9<;@ F @BA \ e 9<; E *1+ @ 9GF J * A 9/*>F ?�Q e
µpersp

?TA *>FV;T^/* ? 9 I F I F:^ e 2 687:9<;�9GF J * A 9/*>F.- @ 9<;�9GF ?5@ F.+ @ + ?5I * JLI 98+=U@ F0*>^G9Gn]9GF:\ ?TA *>FV;5^/* ? 9 I FV; QU@B? W @]@ F ? 7 @ZE * = *>F.+ ? 7 @ *1- ? 9 JL@ - I F ?5IRS:Ac? 70* ? * A5@ - I ^G^G9GF @ * A WP9 ? 7? 7 @�=/@BA ; =U@ - ? 9 JL@ +)9<; ?5IRAT? 9 I F +)9 A5@ - ? 9 I F
V 2 � @BEM@BEZQU@BAZ? 70* ?Z? 7 @ ;9* ?5@ ^G^G9 ?5@ 9 E *>\ @ 9<;aF IR?3A5@ - _? 9 Y¥@ + *>F.+ ? 7 @BA5@ 9<; ? 7 S ; *w\ @]IREM@B?TA 98-3*>^ J * A 9/* ? 9 I F Q/@B? W @]@ F ? 7 @MQ:S 9G^8+)9GF:\V~ ; OoI¦IR?T=:A 9GF ? | I F ?5I
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WP7:98-�7 ? 7 @ -3* AT?5I \ A * = 7:98- IRQ��T@ - ? 9<;c^G9 pL@ ^ e ?5IMQU@ ; S:=U@BA 9 EH=UI ; @ + } *>F.+ ? 7 @ZA5I`I>O ; @ \ EM@ F ?5@ + Q e? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 2 687:9<;u\ @]IREM@B?TA 98-3*>^�+)9<; ?5IRAT? 9 I F�9<;u9GF ?TA 9GFV;598- ?5IX? 7 @ 9 E *>\ @ *>F.+ E3S ; ? F IR?QU@ 9GF ?5@BAT=:A5@B?5@ + *R; * -570*>F:\ @ 2 7 F ? 7 @ ]cS 98- p¦Q 9 A +{;9* ?5@ ^G^G9 ?5@ 9 E *>\ @ �.+)9<; ?5IRAT? 9 I F -3*>F Q/@$EMI + @ ^ @ +Q e * ?TA *>FV;5^/* ? 9 I F
WP7 I ; @ +)9 A5@ - ? 9 I F{9<;C- I FV; ? *>F ?[IKJL@BAq? 7 @Z@ F ? 9 A5@ 9 E *>\ @ 2 687 @uIRA 9 @ F ? * ? 9 I F *>F.++)9 A5@ - ? 9 I F I>O +)9<; ?5IRAT? 9 I Fw9<;8\s9 JL@ F Q e ? 7 @$S F:9 ?qJL@ - ?5IRA
V
W @$EM@ *R; S:A5@ + E *>F S *>^G^ e 2 687 @aJL@ - ?5IRA

µpersp

9<; ? 7 @ F + @DY F @ + *R; OoI ^G^ I Wq; ª
µpersp = wperµfinal

| � 2 ¨3? }WP9 ? 7
µfinal

? 7 @1@ ; ? 9 E * ? 9 I F I>O�?TA *>FV;T^/* ? 9 I F Q/@B? W @]@ F ? 7 @aY F0*>^�*1- ? 9 JL@ - I F ?5IRS:A *>F.+ ? 7 @3=:A 9 IRA;T70* =U@ - I FV; ?TA *>9GF ? 2 687 @�=:A 9 IRA ;T70* =/@ 9<; ;T9 E 9G^/* A ?5Iq? 7 @ 9GF:9 ? 9/*>^�-3* AT?5I \ A * = 7:98- IRQ��y@ - ? *>F.+ µfinal

9<;@ ; ? 9 E * ?5@ + Q e ? 7 @ ;T9 EH= ^ @DC *>^G\ IRA 9 ? 7 E | ; @]@ ; @ - ? 9 I F § 2 = } 2 687 @ W @ 9G\s7 ? wper O * JLIRA ;89GF J * A 9/*>F.- @Q e
µfinal

I F:^ e 9 O�? 7 @ ^/* ?T?5@BA 9<;C- I ^G^G9GF @ * A WP9 ? 7
V ª

wper =

{ 〈
µfinal

|µfinal|
,V
〉2

if
〈
µfinal

|µfinal|
,V
〉
> 0

0 otherwise

| � 2 ¨s¨ }

J I -3*>^ *>F.+ = * A *>^G^ @ ^ J * A 9/* ? 9 I FV; I>O8? 7 @ *1- ? 9 JL@ - I F ?5IRS:A | ; @]@ -�70* =:?5@BA �L} WP9 ? 7 A5@ ; =/@ - ?Z?5I ? 7 @=:A 9 IRA -3* AT?5I \ A * = 7:98-3;T70* =U@ * A5@ *>^<; I 9GF.+)98-3* ? 9 JL@1I>O�E * =-d 9 E *>\ @ 9GF.- I FV;T9<; ?5@ F.-B9 @ ; 2�7 F ? 7:9<;�-3*R; @ �9 ? 9<;k�L7 I W @BJL@BA � +)9 � - S ^ ?�?5I +)9<;B- @BA F�WP7 @B? 7 @BAb? 7 @ ; @PE * =-d 9 E *>\ @ ^ I -3*>^ J * A 9/* ? 9 I FV; | * ?�? 7 @ ;B-3*>^ @I>O8? 7 @ -3* AT?5I \ A * = 7:98- IRQ��T@ - ?&} * A5@ + SV@M?5I *>F @ l @ - ? 9 JL@ -570*>F:\ @MA5@B=:A5@ ; @ F ?5@ + 9GF ? 7 @ 9 E *>\ @MIRA?5I *>F @BATA5IRAN=:A5@ ; @ F ? 9GF ? 7 @�E * = 2 Q @ -3* S ; @�? 7:9<; =:A5IRQ ^ @BE 9<;Z9G^G^ _�=UI ; @ + ��W @ + @ -B98+ @ +!F IR?1?5I- IREH= * A5@c? 7 @8Y F0*>^ *1- ? 9 JL@ - I F ?5IRS:A 70* J 9GF:\�*>^G^ I W @ + ? 7 @PY F @qE * ? -57:9GF:\NWP9 ? 7 ? 7 @ -3* AT?5I \ A * = 7:98-IRQ��T@ - ? | WP7 @B? 7 @BAq?TA *>FV; OoIRATEM@ + IRA F IR?&} 2
� � �4��� � �7� �>� �>���D� ��� �B? �4�6��� ! �4� �45B�
j @�=:A5IR=/I ; @�?5IwEM@BA \ @�? 7 @ I IRS \s7 JLIR? 9GF:\ 9GF O�IRATE * ? 9 I F!WP9 ? 7 ? 7 @ \ @]IREM@B?TA 98-3*>^ J * A 9/* ? 9 I F I>O? 7 @ *1- ? 9 JL@ - I F ?5IRS:A ; OoIRA�@ *1-57 Q:S 9G^8+)9GF:\

j
; e EZQUI ^G9Gn @ +M9GF ? 7 @+E * = 2 687 @P?5IR? *>^ @ F @BA \ e ENC(j)EM@ *R; S:A 9GF:\ ? 7 @ F I F _ -570*>F:\ @ 9<; ? 7 @ F ª

ENC(j) = λHoughEHough(j) + λµHough
EµHough

(j) + λgeomEgeom(j)
| � 2 ¨ = }WP7 @BA5@

λHough, λgeom
*>F.+

λµHough

* A5@ =UI ;T9 ? 9 JL@XA5@ *>^�- I FV; ? *>F ? ; 2 � ;T9GF:\ ? 7 @�O�IRATE *>^G9<; E�I>O� 9 Q:Q ;$+)9<; ?TA 9 Q:S:? 9 I FV; ?5I + @DY F @ * F I F _ -�70*>F:\ @M=:A5IRQ * Q 9G^G9 ? e + @ FV;59 ? e
pNC(j)

*R;�; I -B9/* ?5@ +�WP9 ? 7
ENC(j)

�VW @ -3*>FwW A 9 ?5@ ª
pNC(j) =

1

Z
e−ENC(j) | � 2 ¨K¢ }WP7 @BA5@

Z
9<; ? 7 @u= * AT? 9 ? 9 I F - I FV; ? *>F ? 2 Q e + @DY F:9GF:\ pNC(j) + pC(j) = 1

| WP7 @BA5@
pC(j)

9<; ? 7 @
-�70*>F:\ @H=:A5IRQ * Q 9G^G9 ? e } � ? 7 @ - I FV; ? *>F ?

Z
WP9G^G^ ? 7 @ F ? * pL@HJ *>^ SV@ ¨ 2 687 @H=:A5IRQ * Q 9G^G9 ? e pNC(j)

9<;
*>F 9GF.+)98-3* ?5IRA[I>O F I F _ -�70*>F:\ @ WP7 @ Fw9 ? 9<;q\ A5@ * ?5@BAq? 70*>F ? 2 § � IR? 7 @BA WP9<; @ *(-570*>F:\ @ 9<;C+ @B?5@ - ?5@ + 2
�[#y" ��� � ��,U4�����(c*-� � ,/� �-0 � * �
7 Ft; @ - ? 9 I F � 2 § 2 =�W @ ;T7 I W�; IREM@{@DC`=U@BA 9 EM@ F ? *>^ A5@ ; S ^ ? ; OoIRAMJ * A 9 IRS ;R-3*R; @ ; I>O -570*>F:\ @ ;:*>F.+F I F _ -�70*>F:\ @ ;c9GF IRA + @BA+?5IHEM@ *R; S:A5@Z? 7 @uEM@B? 7 I + ~ ; @ l @ - ? 9 JL@ F @ ;5;�*>F.+ ?5I 9G^G^ S ; ?TA * ?5@ +)9 � - S ^ ? 9 @ ;? 70* ? -3*>F:F IR?+Q/@ 70*>F.+)^ @ + 2 7 Fw; @ - ? 9 I F � 2 § 2 ¢ �:W @u=:A5IR=UI ; @u?5I ; ? * ? 9<; ? 98-3*>^G^ e *>F0*>^ e n @u? 7 @aA5@ ; S ^ ? ;\ @ F @BA * ?5@ + I FK*N\ A5@ * ?5@BA F S:E3Q/@BA[I>O -3*R; @ ; *>F.+ WP9 ? 7 E * = ; I>O�J * A e 9GF:\ f¦S *>^G9 ? e 2
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¡ ^G^ ? 7 @b@DC)=/@BA 9 EM@ F ? ;�- I F.+ S - ?5@ +N9GF ? 7:9<;�; @ - ? 9 I FNW @BA5@b=U@BAyO�IRATEM@ +19GF ? 7 @�O�I ^G^ I WP9GF:\�- I F.+)9 ? 9 I FV; ª

✽ _`@BAC@ � E * = ; O�A5IRE ¨ «s«�� *>F.+R= ?O? =3W @BA5@+S ; @ + 2 j 7 @ F:* E * = Q/@ * A ; ? 7 @ W IRA +)9GF:\ h =U@BAy_O�@ - ?yi � ? 7:9<; EM@ *>FV; ? 70* ?$@BATA5IRA ;c9GF ? 7 @3E * = W @BA5@ - IRATA5@ - ?5@ + E *>F S *>^G^ e 2�7 F ? 7:9<;[; =U@ -B9 Y --3*R; @ � ? 7 @ -3* AT?5I \ A * = 7:98- IRQ��T@ - ? 9<;�- I FV;T9<; ?5@ F ? WP9 ? 7 9 ? ; A5@B=:A5@ ; @ F ? * ? 9 I F 9GF ? 7 @ 9 E *>\ @�� W @? 7 @ F ;T9 E3S ^/* ?5@ * E * ? -�7:9GF:\ @BATA5IRAc? 70* ? -3*>F QU@3EMI + @ ^ @ + Q e *�;T9 E 9G^/* A 9 ? e ?TA *>FV; OoIRATE�I>O= * A * EM@B?5@BA ;
ξ0 = (s0, θ0, µx,0, µy,0) 2 687 @ | = *>F.-57 A5IRE * ? 98- *>F.+ EZS ^ ? 9<; =U@ - ?TA *>^ } ]cS 98- p¦_Q 9 A +w;9* ?5@ ^G^G9 ?5@ 9 E *>\ @ ;�+.* ? 9GF:\ OrA5IRE = ?O? =1W @BA5@aS ; @ +X9GF ? 7 @ ; @u@DC)=/@BA 9 EM@ F ? ; 2

✽ �0I�S Y�=L?8F>I7= � j 7 @ F ? 7 @+=:A5@ ^G9 E 9GF0* A e ?5@ ; ?�Q *R; @ + I F ? 7 @cv x zw_ � v � 7 +.* ? *�- I F YVATE ;�*-570*>F:\ @ � Y F @bE * ? -�7:9GF:\ Q e *1- ? 9 JL@ - I F ?5IRS:A ;�*>F.+ ? 7 @ I IRS \s7 JLIR? 9GF:\$* A5@ F IR? -3* ATA 9 @ + IRS:? 2j 7 @ F * -�70*>F:\ @ - IRS ^8+ F IR?cQU@ZJ *>^G98+.* ?5@ + Q e ? 7 @3EM@B? 7 I + Q *R; @ + I F ? 7 @Nv x z
_ � v � 7 �W @ 9G^G^ S ; ?TA * ?5@8? 7 @ 9GF:9 ? 9/*>^-; ? * ?5@PI>O-? 7 @ -3* AT?5I \ A * = 7:98- IRQ��y@ - ? ; S:=U@BA 9 EH=UI ; @ + I F ? 7 @ 9 E *>\ @
*R;PW @ ^G^'*R; ? 7 @[Y F0*>^�; ? * ?5@ * O�?5@BAPE * ? -57:9GF:\ | 9G^G^ S ; ?TA * ? 9 I FV; I F:^ e - I F.- @BA F ; @ - ? 9 I F � 2 § 2 = } 2

✽ �&M8[*AP[*@Qg\[���@BAP[iS M SVZT@fY�AP[ �N=RY�SNMNACS F>I�H � ? 7 @N=:A 9 IRA ;T70* =U@ *R;[W @ ^G^�*R; ? 7 @ 9GF:9 ? 9/*>^�*1- ? 9 JL@- I F ?5IRS:A * A5@ ;T9 E 9G^/* Au?5I ? 7 @ -3* AT?5I \ A * = 7:98- IRQ��T@ - ? 2 687 @ -3* AT?5I \ A * = 7:98- IRQ��y@ - ? 9<; A5@ \s9<; _?5@BA5@ + I F ? 7 @$EMIRA5@uA5@ - @ F ? ;9* ?5@ ^G^G9 ?5@ 9 E *>\ @aS ;T9GF:\M\ @]I - I +)9GF:\M9GF OoIRATE * ? 9 I F 2
✽ � S F � < �NSQAP[\M � � ? 7 @ ;T9Gn @uI>O�? 7 @ *1- - S:EZS ^/* ?5IRAcS ; @ + 9GF @DC)=/@BA 9 EM@ F ? ;+WL*R; ª

(µx = −30...30 pixels, µy = −30...30 pixels) 2 687 @ WP98+ ? 7 l I>O�? 7 @ ; @ \ EM@ F ? ;$*1+ + @ +?5IH? 7 @ *1- - S:EZS ^/* ?5IRA W�*R;
l = 2 pixels 2

✽ � =LY3ACSVI�[���@BAP[iS M �a9GF IRA + @BA$?5I�Q/@ * Q ^ @Z?5I�? * pL@1= * AT? 9GF ? 7 @ I IRS \s7 JLIR?5@ � ? 7 @ZY F0*>^�*1- _? 9 JL@ - I F ?5IRS:A 70* J 9GF:\ =/@BATE 9 ?T?5@ + Y F @ E * ? -�7:9GF:\ EZS ; ?NQU@ +)9<;9- A5@B? 9Gn @ +�9GF ? 7 @�OoIRATE I>O; @ \ EM@ F ? ; 2 687:9<;�*1- ? 9 JL@ - I F ?5IRS:A W�*R; IRA 9G\s9GF0*>^G^ e *M^G9<; ?cI>O�=UI 9GF ? ; ? * pL@ F O�A5IRE n @BA5I ;�+ @D_?5@ - ? 9 I F I>O ^ @BJL@ ^-; @B?�A5@B=:A5@ ; @ F ? 9GF:\39 ? 2 687 @ ; @q=/I 9GF ? ; * A5@8YVA ; ? ^ e IRA + @BA5@ +�9GF *$^G9<; ? {C(i)} �? 7 @ FG-570*>9GF @ + ?5I OoIRATE *�; @]f¦SV@ F.- @ I>O ; @ \ EM@ F ? ; 2 687 @ -570*>9GF:9GF:\ *>^G\ IRA 9 ? 7 E 9GF JLI ^ JL@ ;O�IRATE 9GF:\X; @ \ EM@ F ? ;
[C(j),C(j + k)]

� *R;+^ I F:\ *R; ? 7 @ +)9<; ? *>F.- @aOrA5IRE�? 7 @Z=UI 9GF ? {C(i)}| ^ I -3* ?5@ + QU@B? W @]@ F
C(j)

*>F.+
C(j + k)

}b?5IN? 7 @ ; @ \ EM@ F ?
[C(j),C(j + k)]

9<;P^ @ ;5; ? 70*>F
* ? 7 A5@ ;T7 I ^8+

εvect 2R7 F IRS:A * =:= ^G98-3* ? 9 I F©� ? 7 @HY F @ F @ ;5; I>OPJL@ - ?5IRA 9Gn&* ? 9 I F!9<;,+ @ -B9<;T9 JL@HOoIRA*>F @ l @ - ? 9 JL@�E * ? -�7:9GF:\ Q/@B? W @]@ F ? 7 @MA5@DY F @ + -3* AT?5I \ A * = 7:98- IRQ��y@ - ? *>F.+ ? 7 @ ; @ \ EM@ F ? ;@DC`?TA *1- ?5@ + O�A5IRE¤? 7 @ 9 E *>\ @ 2 j @ 70* JL@[? 7 S ;�-�7 I ; @ F * A5@ ; ?TA 98- ? 9 JL@[? 7 A5@ ;T7 I ^8+ εvect = 0.3 2

✽ 
 S M
��Y7<>@QM � = =LM>=6I ���,K>@fI7@QDd=6AC=6I7H �
-570*>F:\ @ + @B?5@ - ? 9 I F = * A * EM@B?5@BA ; S ; @ +�* A5@ ª λHough =
λµHough

= 1
�
λgeom = 2

*>F.+
k = 0.01 2 687 @[J *>^ SV@$I>O λgeom A5@ � @ - ? ; ? 7 @[=:A 9 IRAPp F I WP^ _@ +)\ @ * J *>9G^/* Q ^ @ I F ? 7 @
f¦S *>^G9 ? e I>OuE * =-d 9 E *>\ @ 9GF:9 ? 9/*>^ A5@ \s9<; ?TA * ? 9 I F 2 ¡ 7:9G\s7 W @ 9G\s7 ?EM@ *>FV; *w7:9G\s7�- I F Y + @ F.- @ 9GF fgS *>^G9 ? e � *>F.+ ? 7 S ; *
W @ * p�J * A 9/* ? 9 I F�9GF

Egeom
WP9G^G^ QU@=/@ F0*>^G9Gn @ + Q e *�;T9G\sF:9 Y -3*>F ? 9GF.- A5@ *R; @ 9GF ?5IR? *>^ @ F @BA \ e I>O F I F _ -570*>F:\ @N?5IMY F0*>^G^ e A5@ + S - @? 7 @�=:A5IRQ * Q 9G^G9 ? e

pNC 2 687 @ ; ? 9ml/F @ ;�; I>O-? 7 @ ; =:A 9GF:\ k -3*>F Q/@ ; @B? 9GF *1- - IRA +.*>F.- @ WP9 ? 7 ? 7 @S F.- @BAT? *>9GF ? e *R;�; I -B9/* ?5@ + WP9 ? 7 @ ; ? 9 E * ? 9 I F I>O
µHough 2 � @BEM@BE3Q/@BAu? 70* ?$? 7 @ ; @ \ EM@ F ? ;
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I>O-? 7 @ I IRS \s7(*1- - S:E3S ^/* ?5IRA * A5@bQ:A5I *1+ @ F @ + Q e
l
= 9 C:@ ^<;K�RWP7:98-�7 + @B?5@BA 9 IRA * ?5@ ; ? 7 @Pf¦S *>^G9 ? eI>Ob? 7 @H?TA *>FV;5^/* ? 9 I F @ ; ? 9 E * ? 9 I F 2 j @ -�7 I¦I ; @ * ^ I W J *>^ SV@1OoIRA k ; I *R;uF IR?u?5I =U@ F0*>^G9Gn @? 7 @$Y F0*>^ -570*>F:\ @ + @ -B9<;T9 I FwWP9 ? 7 A5@ ; =/@ - ?P?5IN? 7 @ ; @ 9GF0*1- - S:A *1-B9 @ ; 2

✽ � 
 S�� ��Y�<X@QM �V=G?>=LY6[iHP[iS M �

;

j @ - I FV;T98+ @BA * -570*>F:\ @Z?5IHQU@$=:A5IKJL@ Fw9 O
sfusion,MNS−NDV I = 1

IRA
pNC < 0.4 2

;

j @ - I FV;T98+ @BA + @B?5@ - ? 9 I F I>O *1F I F _ -570*>F:\ @ 9 O
sfusion,MNS−NDV I = 0*>F.+

pNC > 0.6 2
;

j @ - I FV;T98+ @BA + @ -B9<;T9 I F _�E * p 9GF:\�9 EH=UI ;5;T9 Q ^ @ | 9GF.+ @B?5@BATE 9GF0* ? 9 I F } 9 O
sfusion,MNS−NDV I = 0

*>F.+
pNC > 0.4

*>F.+
pNC < 0.6 2

� �����,+ -�����8 � �B? 3C���=� !"� 3;��3 �B? ! ������5B��� ���6� � ! ������5B�
	 	��
	�� 	�� � <X@QM �V= ?>=6AC=6Y3AP[iSNM687 @+Y \ S:A5@ ; QU@ ^ I W�9G^G^ S ; ?TA * ?5@ - IRATA5@ - ? -�70*>F:\ @ + @B?5@ - ? 9 I FV;�- I F.+ S - ?5@ + WP9 ? 7 ? 7 @ +)9G\s9 ? *>^ E * = I>O¨ «s«�� 2�7 F Y \ S:A5@ ; � 2 ¨3? 2 *K*>F.+ � 2 ¨3? 2 Q � ? 7 @ * Q ; @ F.- @HI>O�Q:S 9G^8+)9GF:\L;a9<; J *>^G98+.* ?5@ + Q e ? 7 @ -�70*>F:\ @+ @B?5@ - ? 9 I F Q *R; @ + I F ? 7 @1S ; @NI>O�? 7 @1E3S ^ ? 9<; =/@ - ?TA *>^�9 E *>\ @ 2 687 @ ; @ * A5@1S F @]f¦S 9 JLI -3*>^
-3*R; @ ; I>O-�70*>F:\ @ WP7 @BA5@3Q:S 9G^8+)9GF:\L;$70* JL@1Q/@]@ F - IREH= ^ @B?5@ ^ e + @BEMI ^G9<;57 @ +D*>F.+ A5@B= ^/*1- @ + Q e \ A5IRS F.+ - IKJ¦_@BA5@ +!WP9 ? 7 JL@ \ @B? * ? 9 I F | -3*R; @ ��I>O[? * Q ^ @ = 2 = } 2D7 F QUIR? 7�-3*R; @ ;K�
-B^/*R;�;T9 Y -3* ? 9 I F Q e E * C 9 E3S:E^G9 pL@ ^G9G7 I`I +�98+ @ F ? 9 Y¥@ ; ? 7 @ * A5@ *R; I>O ? 7 @ 9 E *>\ @ 9GF.-B^ S + @ +�9GF ? 7 @ -3* AT?5I \ A * = 7:98- =/I ^ e \ I F©��*R;�WP9 ? 7JL@ \ @B? * ? 9 I F©�¥WP7:98-57
F @ \ * ?5@ ; ? 7 @$=:A5@ ; @ F.- @aI>O�Q:S 9G^8+)9GF:\L; ª sfusion,MNS−NDV I = 1 2
687 @8? W I$OoI ^G^ I WP9GF:\,-3*R; @ ; I>O -�70*>F:\ @ W @BA5@ ;T9 EZS ^/* ?5@ + | -3* AT?5I \ A * = 7:98- IRQ��y@ - ? ;�- A5@ * ?5@ + E *>F _S *>^G^ e } 2 v$@ -B9<;T9 I F _�E * p 9GF:\ 9<;c9 EH=UI ;5;T9 Q ^ @1? 7 A5IRS \s7 =:A5@D_�=:A5I - @ ;5;T9GF:\ | sfusion,MNS−NDV I = 0

}
*>F.+N- I FV; @]fgSV@ F ? ^ e A5@ ; S ^ ? ; OrA5IRE ? 7 @�EM@B? 7 I + - IREH= * A 9GF:\ I F:^ e ? 7 @�E * = *>F.+ ? 7 @�= *>F.-�7 A5I>_E * ? 98-X;9* ?5@ ^G^G9 ?5@ 9 E *>\ @ 2DH 9G\ S:A5@ � 2 ¨s¨ 9G^G^ S ; ?TA * ?5@ ; ? 7 @ - I F ?TA 9 Q:S:? 9 I F ? 70* ?N? * p 9GF:\ Egeom 9GF ?5I*1- - IRS F ? 9GF ? 7 @ + @ -B9<;T9 I F _�E * p 9GF:\ EMI + @ ^ E * pL@ ; 2 7 F ? 7 @ 9G^G^ S ; ?TA * ?5@ +F-3*R; @ � ? 7 @NY F0*>^ I IRS \s7;B- IRA5@ 9<; @DC`?TA5@BEM@ ^ e 7:9G\s7:*R; ? 7 @ F @ W Q:S 9G^8+)9GF:\ I F ? 7 @ 9 E *>\ @ 70*R; ? 7 @ ;9* EM@ ;570* =/@ *R; ? 7 @ -3* Ay_?5I \ A * = 7:98- IRQ��y@ - ? �:WP7:98-�7 ?5@ F.+:; ?5I - I F YVATE | W A5I F:\s^ e } *1F I F _ -�70*>F:\ @ 2 I I W @BJL@BA � ? 7 @ ; = * ? 9/*>^J * A 9/* ? 9 I F�9<; ?5I¦I \ A5@ * ?u?5I�QU@ *R;B- A 9 QU@ + ?5IX@DC:I \ @ F IRS ; J * A 9/* Q 9G^G9 ? 9 @ ;k�

Egeom
9<; ? 7 S ;$7:9G\s7D*>F.+? 7 @uQ:S 9G^8+)9GF:\�9<;C+ @B?5@ - ?5@ +<*R;P70* J 9GF:\ -570*>F:\ @ + |

pNC = 0.3
} 2



�&
 ��
���	��
��	  ��<�
�(� �
� 	�� ��� �S��� ¨ �s«

�	��

sfusion,MNS−NDV I = 1

�
sMNS = 0

��%�

sNDV I = 1

���3

sfusion,MNS−NDV I = 1

�
sMNS = 0

��%�

sNDV I = 1

H 9G\ S:A5@ � 2 ¨3? ª v$@B?5@ - ? 9 I F I>O�S F @]f¦S 9 JLI -3*>^
-�70*>F:\ @ ; 2 M�70*>F:\ @ ;uW @BA5@ + @B?5@ - ?5@ + Q e - IREH= * A 9<; I FWP9 ? 7 ? 7 @ � v � 7 9 E *>\ @ 2 687 @�Y \ S:A5@ ;N9G^G^ S ; ?TA * ?5@ -3* AT?5I \ A * = 7:98- IRQ��y@ - ? ;N; S:=U@BA 9 EH=/I ; @ + I F�*EMIRA5@uA5@ - @ F ? ;9* ?5@ ^G^G9 ?5@ 9 E *>\ @ 2

�	��
 �*%7� ��� �5� ���51��������5�5� '���13� 2����J13+�'(� ����+�%
�
� ��/�+ ���>� � ������� ��+�%&��+ ��2�'
����� � /7��%7� ���3
��
- ��� 2X� � ������� ��+�%&��+ ��2�'
����� � /7��%7�

H 9G\ S:A5@ � 2 ¨s¨ ª M�70*>F:\ @ + @B?5@ - ? 9 I FN+ SV@N?5I ; ?TA5I F:\w\ @]IREM@B?TA 98-3*>^ J * A 9/* ? 9 I F ª Egeom = 0.54
*>F.+

pNC = 0.30 2 M�70*>F:\ @ 9<;q;T9 E3S ^/* ?5@ + 2



¨ � ? �����������
	 �&
 �<�����B�����  ��<� ��� ������� �L������� � �
�� �

H 9GF0*>^G^ e � Y \ S:A5@�� 2 ¨ =89G^G^ S ; ?TA * ?5@ ;)*>F IR? 7 @BA�? e =U@�I>O ;T9 EZS ^/* ?5@ +�*>F.+�- IRATA5@ - ? ^ e + @B?5@ - ?5@ +$-�70*>F:\ @WP7 @BA5@PI F @8Q:S 9G^8+)9GF:\u9<; A5@B= ^/*1- @ + Q e *>F IR? 7 @BA 2�7 F ? 7:9<;�-3*R; @ � E * ? -57:9GF:\ Q e *1- ? 9 JL@ - I F ?5IRS:A ; O *>9G^<;;T9GF.- @+? 7 @ -3* AT?5I \ A * = 7:98- Q:S 9G^8+)9GF:\1F I ^ I F:\ @BAb@DC 9<; ? ;�9GF ? 7 @ 9 E *>\ @ 2 ¡ ; ? 7 @ 9GF:9 ? 9/*>^ Q:S 9G^8+)9GF:\N70*R;+)9<;9* =:=U@ * A5@ + � Oo@ W ; @ \ EM@ F ?�=:A 9 E 9 ? 9 JL@ ; I F ? 7 @ 9 E *>\ @8Q *1- p1S:=1? 7 @ 7 e =UIR? 7 @ ;T9<; I>O/? 7 @bQ:S 9G^8+)9GF:\QU@ 9GF:\ =:A5@ ; @ F ?qS F.+ @BA+? 7 @u= ^ IR?cI>O�? 7 @ -3* AT?5I \ A * = 7:98- IRQ��y@ - ?+EMI +)9 Y¥@ + Q e ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 2687 S ;K� ? 7 @ I IRS \s7 JLIR?5@ + @ ;T9G\sF0* ?5@ ;:*>F IR? 7 @BA ^ I -3* ? 9 I F WP7 @BA5@ ? 7 @ ; @ \ EM@ F ? ; I>Oa? 7 @ 9 E *>\ @
* A5@�EMIRA5@ - I FV;59<; ?5@ F ? WP9 ? 7 ? 7 @ -3* AT?5I \ A * = 7:98- A5@B=:A5@ ; @ F ? * ? 9 I F 2 j 7:9G^ @�? 7:9<; A5@BEMIR?5@ ^ I -3* ? 9 I F|
µHough = (−6,−26)

} 9<;L* QU@B?T?5@BA -3*>F.+)98+.* ?5@ � ? 7 @cJLIR? 9GF:\N;B- IRA5@+A5@BE *>9GFV;�^ I W
sHough = 0.27;T9GF.- @ F I ;T9 E 9G^/* AcQ:S 9G^8+)9GF:\�9<; O�IRS F.+
9GF ? 7 @ 9 E *>\ @ 2 687 @ - IRE3Q 9GF0* ? 9 I F I>O *M^ I W I IRS \s7 ;B- IRA5@WP9 ? 7<* ?TA *>FV;5^/* ? 9 I F A5@ - pLI F @ + ?5INQ/@ ;59G\sF:9 Y -3*>F ?+E * pL@ ;

pNC
?5@ F.+K+ A *R; ? 98-3*>^G^ e ?5I W�* A +:; ? 2

�	��
 �*%7� ��� �5� ����1�4	��+54 �����5�5� '���13� 2����J13+�'(� ����+�%
�
� ��/7+ ���X� � ������� ��+�%&��+ ��2�'
����� � /7��%7� ���3
��7�5������
 ����� � /7��%��

H 9G\ S:A5@�� 2 ¨ = ª M�70*>F:\ @ + @B?5@ - ? 9 I F + SV@�?5I * 7:9G\s7 µHough

?TA *>FV;T^/* ? 9 I F 2 sHough = 0.27
�

µHough = (−6,−26)
*>F.+

pNC = 0.00 2 M�70*>F:\ @ 9<;P;T9 E3S ^/* ?5@ + 2
	 	��
	�� 	�� _`=�AC=LY3AP[iS M SVZ!M>S M
��Y�<X@QM �V=
� =6I7Z =LY3A Dd@fK
j @�=:A5IR=UI ; @�?5I - I F.+ S - ? F I F _ -570*>F:\ @8?5@ ; ? ; WP9 ? 7 * =/@BAyOo@ - ?�E * = +.* ? 9GF:\ OrA5IRE ¨ «s«�� 2�7 F ? 7:9<;E * = � ? 7 @ -3* AT?5I \ A * = 7:98- IRQ��T@ - ? ;q70* JL@aQU@]@ F - IRATA5@ - ?5@ + ?5INQU@ ;T9 E 9G^/* Aq?5IM? 7 @ 9 AqA5@B=:A5@ ; @ F ? * ? 9 I F9GF ? 7 @ 9 E *>\ @ 2 ¡ 7:9G\s7 =:A5IRQ * Q 9G^G9 ? e I>O F I F _ -570*>F:\ @ 9<; ? 7 @ F
\ S * A *>F ?5@]@ +
9 O�? 7 @uE * =)_�?5I>_ 9 E *>\ @E * ? -�7:9GF:\39<; @ l @ - ? 9 JL@ 2�H 9G\ S:A5@ ; � 2 ¨K¢ ?5I � 2 ¨ � 9G^G^ S ; ?TA * ?5@ *>F @ l @ - ? 9 JL@qA5@ + S - ? 9 I F I>O E * =-d 9 E *>\ @J * A 9/* Q 9G^G9 ? 9 @ ; ? 70* ? *>^G^ I Wq;�- I FV;59<; ?5@ F.- e QU@B? W @]@ F ? 7 @ ; @Z? W I�A5@B=:A5@ ; @ F ? * ? 9 I FV; ?5I�Q/@3@ F:70*>F.- @ + 2687 @ I IRS \s7 Y F0*>^P;B- IRA5@ 9<; ? 7 S ;N9GF.- A5@ *R; @ +F- I FV;598+ @BA * Q ^ e - IREH= * A5@ +�WP9 ? 7 ? 70* ?1O�IRA1? 7 @ 9GF:9 _? 9/*>^[; ? * ?5@ | ? * Q ^ @ = 2 = } 2 687:9<; A5@ ; S ^ ? ;�9GF - IRATA5@ - ? F I F _ -570*>F:\ @ + @B?5@ - ? 9 I FV; I>OuQ:S 9G^8+)9GF:\L; 2 7 FY \ S:A5@ � 2 ¨K¢ ��* A5IR? * ? 9 I F Q e�? 2 ¨ A *1+ 9<; * =:= ^G9 @ + ?5I�? 7 @ -3* AT?5I \ A * = 7:98- IRQ��y@ - ? �b;T9 EZS ^/* ? 9GF:\�*E * =)_�?5I>_ 9 E *>\ @ ; S:=U@BA 9 EH=UI ;T9 ? 9 I F @BATA5IRA 2�H 9GF @ZE * ? -�7:9GF:\ Q e *1- ? 9 JL@ - I F ?5IRS:A ;$9<; @ l @ - ? 9 JL@ *>F.+



�&
 ��
���	��
��	  ��<�
�(� �
� 	�� ��� �S��� ¨ � ¨
9GF.- A5@ *R; @ ; ? 7 @{Y F0*>^�I IRS \s7 JLIR?5@ ;B- IRA5@ |

sHough = 0.76
} 2 687 @ =:A5IRQ * Q 9G^G9 ? e pNC = 0.63- I F YVATE ; *ZF I F _ -570*>F:\ @ WP9 ? 7XF @BJL@BAT? 7 @ ^ @ ;5; * EMI + @BA * ?5@ ^ e 7:9G\s7 J *>^ SV@ 2 687:9<;89<;�+ SV@[?5I *3F I F _F @ \s^G9G\s9 Q ^ @ \ @]IREM@B?TA 98-3*>^ J * A 9/* ? 9 I F

Egeom = 0.1
? 70* ?MQ:A 9GF:\L; + I WPF ? 7 @ =:A5IRQ * Q 9G^G9 ? e J *>^ SV@ 2j 70* ?�Y \ S:A5@T� 2 ¨E4 ;T7 I Wq;K�`9G^G^ S ; ?TA * ?5@ ; ? 7 @ ; * EM@c= 7 @ F IREM@ F I F ª * A5@ ^/* ? 9 JL@ ^ e 7:9G\s7 Y F0*>^�I IRS \s7;B- IRA5@ |

sHough = 0.76
} WP9 ? 7 *�^ I W @ ; ? 9 E * ?5@ + ?TA *>FV;T^/* ? 9 I F |

µHough = (1, 0)
} - I F YVATE *F I F _ -�70*>F:\ @ 2 � @BJL@BAT? 7 @ ^ @ ;5;K� ? 7 @ \ @]IREM@B?TA 98-3*>^ J * A 9/* ? 9 I F 9GF.- S:A ; ? 7 @NJ *>^ SV@3O�IRA$=:A5IRQ * Q 9G^G9 ? e I>OF I F _ -�70*>F:\ @aQU@ 9GF:\ Q:A5IRS \s7 ? + I WPF ª pNC = 0.63 2 j 9 ? 7 ? 7 @a@DC`=U@BA 9 EM@ F ?[I>O Y \ S:A5@ � 2 ¨K§ � ? 7 @

�	��
 �i%7� ��� �5�;���51P4 ��+�4 � �������,'���13� 2����J13+�'(� ����+�%
�
� ��/�+ ���>� � ������� ��+�%&��+ ��2�'
����� � /7��%7� ���3
��
- ��� 2X� � ������� ��+�%&��+ ��2�'
����� � /7��%7�

H 9G\ S:A5@ � 2 ¨K¢ ª v[@B?5@ - ? 9 I F I>O F I F _ -570*>F:\ @ WP9 ? 7G* =U@BAyO�@ - ? -3* AT?5I \ A * = 7:98- IRQ��T@ - ?H?TA *>FV; OoIRATEM@ +Q e ;59 E 9G^/* A 9 ? e I>O8= * A * EM@B?5@BA ;
ξ0 = (s0 = 1, θ0 = 0.1, µx,0 = 1, µy,0 = 1) 2 � I F _ -�70*>F:\ @ 9<;- I F YVATEM@ +
WP9 ? 7

sHough = 0.76
�
µHough = (1, 0)

�
Egeom = 0.1

*>F.+
pNC = 0.63 2

F I F _ -�70*>F:\ @[=:A5@ ; S:EH=:? 9 I F�9<;�7:9G\s7 @BA |
pNC = 0.76

}�QU@ -3* S ; @cI>O * EMIRA5@ ;59G\sF:9 Y -3*>F ? I IRS \s7;B- IRA5@ *>F.+<*NW @ * pL@BA \ @]IREM@B?TA 98-3*>^ J * A 9/* ? 9 I F 2



¨ � = �����������
	 �&
 �<�����B�����  ��<� ��� ������� �L������� � �
�� �

�	��
 �i%�� �������L����1�4	��+54 �����5�5�>'���13� 2����J13+�'(� ����+�%
�
����/�+ �P�8� � ������� ��+5%C��+ ��2�'
����� � /7��%�� ����
��X- ���92X� � ������� ��+5%&��+ ��2�'
����� �9/�� %��

H 9G\ S:A5@ � 2 ¨E4 ª v[@B?5@ - ? 9 I F I>O F I F _ -�70*>F:\ @ WP9 ? 7:* =/@BAyOo@ - ? -3* AT?5I \ A * = 7:98- IRQ��T@ - ?�?TA *>FV; O�IRATEM@ + Q e;T9 E 9G^/* A 9 ? e I>Ob= * A * EM@B?5@BA ;
ξ0 = (s0 = 1.05, θ0 = 0.075, µx,0 = 4, µy,0 = −1) 2 � I F _ -570*>F:\ @9<;C- I F YVATEM@ +
WP9 ? 7

sHough = 0.72
�
µHough = (1, 0)

�
Egeom = 0.08

*>F.+
pNC = 0.63 2

�	��
 �i%�� �������L����1�4	��+54 �����5�5�>'���13� 2����J13+�'(� ����+�%
�
����/�+ �P�8� � ������� ��+5%C��+ ��2�'
����� � /7��%�� ����
��X- ���92X� � ������� ��+5%&��+ ��2�'
����� �9/�� %��

H 9G\ S:A5@ � 2 ¨K§ ª v[@B?5@ - ? 9 I F I>O F I F _ -�70*>F:\ @ WP9 ? 7:* =/@BAyOo@ - ? -3* AT?5I \ A * = 7:98- IRQ��T@ - ?�?TA *>FV; O�IRATEM@ + Q e;T9 E 9G^/* A 9 ? e I>O�= * A * EM@B?5@BA ;
ξ0 = (s0 = 1.0, θ0 = −0.02, µx,0 = −2, µy,0 = 1) 2 � I F _ -570*>F:\ @ 9<;- I F YVATEM@ +
WP9 ? 7

sHough = 0.81
�
µHough = (0, 0)

�
Egeom = 0.04

*>F.+
pNC = 0.76 2



�&
 ��
���	��
��	  ��<�
�(� �
� 	�� ��� �S��� ¨ � ¢

H 9GF0*>^G^ e � ? 7 @qA5@ ; S ^ ?bI>OUY \ S:A5@ � 2 ¨ � ;T7 I Wq; ? 7 @ F @]@ +�F IR?�?5Ia=U@ F0*>^G9Gn @ - I ^G^G9GF @ * Ab?TA *>FV;5^/* ? 9 I FV;WP9 ? 7 ? 7 @ +)9 A5@ - ? 9 I F
V
I>O-=U@BA ; =U@ - ? 9 JL@ +)9<; ?5IRAT? 9 I F 2�H 9G\ S:A5@�� 2 ¨ � 2 *$;57 I Wq;�*�-3* AT?5I \ A * = 7:98- IRQ��T@ - ?-B^ I ; @�?5Iw? 7 @�O�I`IR?T=:A 9GF ?NI>O * EMI + @BA * ?5@ ^ e 7:9G\s7 Q:S 9G^8+)9GF:\ 9GF ? 7 @ 9 E *>\ @ 2 v 9<; ?5IRAT? 9 I F�9<;3W @ * p@ F IRS \s7 OoIRAN? 7 @ *1- ? 9 JL@ - I F ?5IRS:AM?5I Q/@ -3* = * Q ^ @ I>O ; @ \ EM@ F ? 9GF:\ ? 7 @XA5I`I>O 2 687 @�?TA *>FV;5^/* ? 9 I FJL@ - ?5IRAXQU@B? W @]@ F ? 7 @ 9GF:9 ? 9/*>^u; ? * ?5@ *>F.+ Y F0*>^ E * ? -57:9GF:\ 9<;�F @ * A - I ^G^G9GF @ * A WP9 ? 7

V 2 687 S ;k�? 7 @ \ @]IREM@B?TA 98-3*>^ J * A 9/* ? 9 I F!9<;1F IR?N=U@ F0*>^G9Gn]9GF:\ |
Egeom = 0.01

} 2 687 @ I IRS \s7�;9- IRA5@ 9<;17:9G\s7|
sHough = 0.84

} WP9 ? 7�^ I W ?TA *>FV;T^/* ? 9 I F
µHough = (−1, 0)

�©WP7:98-�7 @DC`= ^/*>9GFV; ? 7 @ 7:9G\s7 J *>^ SV@I>O F I F _ -570*>F:\ @M=:A5IRQ * Q 9G^G9 ? e ª pNC = 0.83
| WP7:98-57 9<;�*>^<; I + SV@N?5IX? 7 @N=/@BAyOo@ - ? F0* ?TS:A5@MI>O�? 7 @E * =-} 2

�	��
 �i%7� ��� �5�.���51P4 ��+�4 � ������� '���13� 2����J13+�'(� ����+�%
�
����/�+ �P�8� � ������� ��+5%C��+ ��2�'
����� � /7��%�� ����
��X- ���92X� � ������� ��+5%&��+ ��2�'
����� �9/�� %��

H 9G\ S:A5@ � 2 ¨ � ª v[@B?5@ - ? 9 I F I>O F I F _ -�70*>F:\ @ WP9 ? 7:* =/@BAyOo@ - ? -3* AT?5I \ A * = 7:98- IRQ��T@ - ?�?TA *>FV; O�IRATEM@ + Q e;T9 E 9G^/* A 9 ? e I>O+= * A * EM@B?5@BA ;
ξ0 = (s0 = 1.0, θ0 = 0.0, µx,0 = 5, µy,0 = 5) 2 � I F _ -570*>F:\ @ 9<;- I F YVATEM@ +
WP9 ? 7

sHough = 0.84
�
µHough = (−1, 0)

�
Egeom = 0.01

*>F.+
pNC = 0.83 2

� =6@QgODd@fK
j @ ;570*>^G^�F I W - I FV;T98+ @BA * A5@ *>^ E * =�E *1+ @ 9GF ¨ «s«�� � WP9 ? 7 IRS:?aE *>F S *>^�- IRATA5@ - ? 9 I F I>O�=UI>_?5@ F ? 9/*>^ @BATA5IRA ; 2 687 @3@BATA5IRA ;$WP9 ? 7 A5@ ; =U@ - ?c?5I ? 7 @ 9 E *>\ @ -3*>F @ 9 ? 7 @BA$QU@aEMI + @ ^ @ + Q e *�\s^ IRQ *>^| * ?1? 7 @ ;9-3*>^ @�I>O+? 7 @ -3* AT?5I \ A * = 7:98- IRQ��T@ - ?&}aIRA ^ I -3*>^ ?TA *>FV; OoIRATE * ? 9 I F 2 7 F ? 7 @ -3*R; @�I>O ^ I -3*>^;T70* =U@M@BATA5IRA ; I>O -3* AT?5I \ A * = 7:98- IRQ��y@ - ? ;k� ? 7 @HE * ? -�7:9GF:\ Q e *1- ? 9 JL@ - I F ?5IRS:A ; ? 7 @ F =:A5IkJ 98+ @ ; *?TA *1+ @D_ I l Q/@B? W @]@ F ? 7 @N@BATA5I F @]IRS ; =:A 9 IRAup F I WP^ @ +)\ @ + @BA 9 JL@ + OrA5IRE�? 7 @NE * = *>F.+ ? 7 @NA5@ *>^G9 ? eI>O�? 7 @ 9 E *>\ @ 2�H 9G\ S:A5@ ; � 2 ¨ � *>F.+ � 2 ¨ � ;T7 I W - IRATA5@ - ?qA5@ ; S ^ ? ; I>O F I F _ -�70*>F:\ @ + @B?5@ - ? 9 I F{9GF ? 7 @-3*R; @ I>OqE * ? -57:9GF:\ @BATA5IRA ; ? 70* ? -3*>F QU@MEMI + @ ^ @ + Q e \s^ IRQ *>^ ?TA *>FV; OoIRATE * ? 9 I FV; 2 H 9GF @�E * ? -�7 _9GF:\ Q e *1- ? 9 JL@ - I F ?5IRS:A ; ? 7 @ F�*>^G^ I Wq; O�IRA *>FF*>^ EMI ; ?1=U@BAyO�@ - ? ; S:=/@BA 9 EH=UI ;T9 ? 9 I F Q/@B? W @]@ F ? 7 @

-3* AT?5I \ A * = 7:98- IRQ��T@ - ? *>F.+ ? 7 @ Q:S 9G^8+)9GF:\�9GF ? 7 @ 9 E *>\ @ 2 687 @ - I FV;T9<; ?5@ F.- e Q/@B? W @]@ F ? 7 @�? W IA5@B=:A5@ ; @ F ? * ? 9 I FV;[9<; @ F:70*>F.- @ +<*>F.+ �0*R;�* A5@ ; S ^ ? � ? 7 @ I IRS \s7{;9- IRA5@ 9<;q9 EH=:A5IKJL@ + * Or?5@BA+? 7 @$Y F @E * ? -�7:9GF:\ 2 687 @�=:A5IRQ * Q 9G^G9 ? e pNC 9<;3^ I W @BA 9GF ? 7 @ -3*R; @�I>OqY \ S:A5@`� 2 ¨ � + SV@�?5I * EMIRA5@ ;T9G\ _



¨ � 4 �����������
	 �&
 �<�����B�����  ��<� ��� ������� �L������� � �
�� �

F:9 Y -3*>F ? \ @]IREM@B?TA 98- J * A 9/* ? 9 I F |
pNC = 0.68

9GF Y \ S:A5@ � 2 ¨ � *>F.+ pNC = 0.83
9GF Y \ S:A5@ � 2 ¨ �L} 2

H 9G\ S:A5@ ; � 2 ¨ «1?5I � 2 = ¨ 9G^G^ S ; ?TA * ?5@uA5@ ; S ^ ? ; I>O

�	��
 �i%7� ��� �5�;���51P4 ��+�4 � �������,'���13� 2����J13+�'(� ����+�%
�
� ��/�+ ���>� � ������� ��+�%&��+ ��2�'
����� � /7��%7� ���3
��
- ��� 2X� � ������� ��+�%&��+ ��2�'
����� � /7��%7�

H 9G\ S:A5@ � 2 ¨ � ª v$@B?5@ - ? 9 I F I>O F I F _ -570*>F:\ @ WP9 ? 7 * E * ? -�7:9GF:\ @BATA5IRAc? 70* ? -3*>F Q/@3EMI + @ ^ @ + Q e *\s^ IRQ *>^ ?TA *>FV; O�IRATE * ? 9 I F 2 � I F _ -570*>F:\ @ 9<; - I F YVATEM@ +{WP9 ? 7 sHough = 0.86
�
µHough = (0,−1)

�
Egeom = 0.12

*>F.+
pNC = 0.68 2

@DC)=U@BA 9 EM@ F ? ; =U@BAyO�IRATEM@ +1WP9 ? 7(-3* AT?5I \ A * = 7:98- IRQ��T@ - ? ;'- I F ? *>9GF:9GF:\a^ I -3*>^:;T70* =/@b@BATA5IRA ; I>O ^ I W
* EH= ^G9 ?TS + @ 2 j @ -3*>F ; @]@N? 70* ?$OoIRAa@ *1-57 I>O�? 7 @ ; @H@DC)=/@BA 9 EM@ F ? ;K� ? 7 @NA5@ ; S ^ ?aI>O�Y F @HE * ? -�7:9GF:\9 EH=:A5IkJL@ ;(+.* ? *<- I FV;59<; ?5@ F.- e �
*>^ ? 7 IRS \s7�^ I -3*>^ @BATA5IRA ; =/@BA ;59<; ? *>F.+F-3*>F:F IR?NQ/@ ^ @ ;5; @ F @ + 2 687 @=:A5@ ; @ F.- @ I>Oa? 7 @ ; @ @BATA5IRA ; A5@ + S - @ ; ? 7 @ I IRS \s7 JLIR? 9GF:\�;B- IRA5@ 2 7 F.+ @]@ + �+; IREM@w= * AT? ; I>Oa? 7 @A5@DY F @ +�-3* AT?5I \ A * = 7:98- IRQ��T@ - ? + I F IR? - I 9GF.-B98+ @ WP9 ? 7 ? 7 @ \ A *1+)9 @ F ? ; I>Oc? 7 @ 9 E *>\ @ *>F.+ ? 7 S ;
-3*>F:F IR?uA5@ - @ 9 JL@N? 7 @ ; @ \ EM@ F ? ; - I F ?TA 9 Q:S:? 9 I F OoIRA[? 7 @1@ ; ? 9 E * ? 9 I F I>O

µHough 2�7 F ? 7 @1=:A5@ ; @ F ?-3*R; @ �©^ I -3*>^ @BATA5IRA ;$* A5@ 9GF * E 9GF IRA 9 ? e *>F.+D* A5@HI>O ^ I W * EH= ^G9 ?TS + @ 2 687 @ e + I F IR? 9 EH= *>9 Au? 7 @I IRS \s7 JLIR? 9GF:\ ?5I
? 7 @ @DC)?5@ F ?NI>OqE * p 9GF:\ ? 7 @ -570*>F:\ @ + @ -B9<;T9 I F!9GF.+ @B?5@BATE 9GF0* ?5@ IRA 9GF.- IRATA5@ - ?|
pNC = 0.66

9GF Y \ S:A5@R� 2 ¨ « � pNC = 0.71
9GF Y \ S:A5@R� 2 = ? *>F.+ � 2 = ¨ } 2 687 @ ; @�@DC * EH= ^ @ ;9G^G^ S ; ?TA * ?5@X? 7 @XA5IRQ:S ; ? F @ ;5; I>Oc? 7 @X=:A5IR=UI ; @ +�* =:=:A5I *1-�7 WP9 ? 7 A5@ ; =U@ - ?H?5I�E 9GF IRA ^ I -3*>^q;T70* =U@@BATA5IRA ; =:A5@ ; @ F ? 9GF ? 7 @qE * = 2 687:9<; A5IRQ:S ; ? F @ ;5;�9<; E *>F:9 Oo@ ; ?�QUIR? 7M9GF ? 7 @+E * ? -57:9GF:\ =:A5I - @ ;5;�*>F.++ S:A 9GF:\ ? 7 @ I IRS \s7 =UI ^G^ 2



�&
 ��
���	��
��	  ��<�
�(� �
� 	�� ��� �S��� ¨ � §

�	��
 �i%7� ��� �5�;���51P4 ��+�4 � �������,'���13� 2����J13+�'(� ����+�%
�
� ��/�+ ���>� � ������� ��+�%&��+ ��2�'
����� � /7��%7� ���3
��
- ��� 2X� � ������� ��+�%&��+ ��2�'
����� � /7��%7�

H 9G\ S:A5@ � 2 ¨ � ª v$@B?5@ - ? 9 I F I>O F I F _ -570*>F:\ @ WP9 ? 7 * E * ? -�7:9GF:\ @BATA5IRAc? 70* ? -3*>F Q/@3EMI + @ ^ @ + Q e *\s^ IRQ *>^ ?TA *>FV; O�IRATE * ? 9 I F 2 � I F _ -�70*>F:\ @ 9<;,- I F YVATEM@ + WP9 ? 7 sHough = 0.88
�
µHough = (0, 0)

�
Egeom = 0.03

*>F.+
pNC = 0.83 2

�	��
 �i%7� ��� �5�;���51P4 ��+�4 � �������,'���13� 2����J13+�'(� ����+�%
�
� ��/�+ ���>� � ������� ��+�%&��+ ��2�'
����� � /7��%7� ���3
��
- ��� 2X� � ������� ��+�%&��+ ��2�'
����� � /7��%7�

H 9G\ S:A5@ � 2 ¨ « ª v$@B?5@ - ? 9 I F I>O F I F _ -�70*>F:\ @ WP9 ? 7{^ I -3*>^�;T70* =/@Z@BATA5IRA ; 2 � I F _ -�70*>F:\ @ 9<;�- I F YVATEM@ +WP9 ? 7
sHough = 0.62

�
µHough = (1, 0)

�
Egeom = 0.02

*>F.+
pNC = 0.66 2



¨ �
� �����������
	 �&
 �<�����B�����  ��<� ��� ������� �L������� � �
�� �

�	��
 �i%7� ��� �5�;���51P4 ��+�4 � �������,'���13� 2����J13+�'(� ����+�%
�
� ��/�+ ���>� � ������� ��+�%&��+ ��2�'
����� � /7��%7� ���3
��
- ��� 2X� � ������� ��+�%&��+ ��2�'
����� � /7��%7�

H 9G\ S:A5@ � 2 = ? ª v$@B?5@ - ? 9 I F I>O F I F _ -�70*>F:\ @ WP9 ? 7{^ I -3*>^�;T70* =/@Z@BATA5IRA ; 2 � I F _ -�70*>F:\ @ 9<;�- I F YVATEM@ +WP9 ? 7
sHough = 0.73

�
µHough = (1, 0)

�
Egeom = 0.03

*>F.+
pNC = 0.71 2

�	��
 �i%7� ��� �5�.���51P4 ��+�4 � ������� '���13� 2����J13+�'(� ����+�%
�
����/�+ �P�8� � ������� ��+5%C��+ ��2�'
����� � /7��%�� ����
��X- ���92X� � ������� ��+5%&��+ ��2�'
����� �9/�� %��

H 9G\ S:A5@J� 2 = ¨ ª v$@B?5@ - ? 9 I F I>O F I F _ -�70*>F:\ @ WP9 ? 73^ I -3*>^ @BATA5IRA ; I>O ;T70* =U@ 2 � I F _ -570*>F:\ @ 9<;�- I F YVATEM@ +WP9 ? 7
sHough = 0.75

�
µHough = (1, 0)

�
Egeom = 0.05

*>F.+
pNC = 0.71 2



�&
 ��
���	��
��	  ��<�
�(� �
� 	�� ��� �S��� ¨ �3�
	 	��
	�� 	 " � DGUh[ � F8[ A ��@QMX? Z @QgiHC= @Qg*@fI�D � [*AP< @dDd@fK DR@fI�I7=6? U � g*S Y6@Qg.=LI�I7SVI7Hj 7 @ Fa^ I -3*>^¦;T70* =U@�@BATA5IRA ;©9GF ? 7 @�E * = * A5@�EMIRA5@ ; @BJL@BA5@ � Y F0*>^�+ @ -B9<;59 I F _�E * p 9GF:\ Q/@ - IREM@ ; @ 9 ? 7 @BA
* E3Q 9G\ SVIRS ; | ; @]@MY \ S:A5@ � 2 =O=
WP9 ? 7�* =:A5IRQ * Q 9G^G9 ? e -B^ I ; @�?5I ? 2 § � pNC = 0.55

} � IRA3O *>^<; @ | ; @]@Y \ S:A5@ � 2 = ¢ WP7 @BA5@ pNC = 0.39
WP7 @BA5@ *R;bF I -�70*>F:\ @ 70*R; I - - S:ATA5@ + } 2�7 F -3*R; @cEMIRA5@ ;59G\sF:9 Y -3*>F ?;T70* =U@�@BATA5IRA ; @DC 9<; ? 9GF ? 7 @�E * = � E * =-d 9 E *>\ @ 9GF.- I FV;T9<; ?5@ F.-B9 @ ;1WP9G^G^ A5@BE *>9GF * O�?5@BAZ? 7 @ *1- ? 9 JL@

- I F ?5IRS:A ; E * ? -57:9GF:\ *>F.+XWP9G^G^ Q/@$?5I`I F S:EM@BA5IRS ; ?5I *>^G^ I W�*N;59G\sF:9 Y -3*>F ? I IRS \s7
;B- IRA5@ 2 I IRS \s7;B- IRA5@ ; OoIRAZ? 7 @�@DC)=U@BA 9 EM@ F ? ; I>OPY \ S:A5@ ; � 2 =O=<*>F.+ � 2 = ¢ * A5@�@]fgS 9 J *>^ @ F ? | sHough = 0.45
*>F.+

sHough = 0.47
} *>F.+{F IR? *R;+\ I`I + *R; ? 7 I ; @3IRQ:? *>9GF @ + WP9 ? 7 E 9GF IRA ;T70* =U@1@BATA5IRA ; | ; @]@uY \ S:A5@ ;

� 2 ¨ « _ � 2 = ¨ } 2 j 7:9G^ @ 9GF ? 7 @[@DC`=U@BA 9 EM@ F ?8I>O©Y \ S:A5@ � 2 =O=)� ? 7 @+Y F0*>^ + @ -B9<;59 I F�9<;�9GF.+ @B?5@BATE 9GF0* ?5@ �)9GF? 7 @ ; @ - I F.+:-3*R; @ �.*>F @BATA5I F @]IRS ; + @B?5@ - ? 9 I F I>O -570*>F:\ @ 9<; =:A5I + S - @ + + SV@$?5I * EMIRA5@ ;T9G\sF:9 Y -3*>F ?\ @]IREM@B?TA 98-3*>^ J * A 9/* ? 9 I F |
Egeom = 0.19

} 2

�	��
 �i%7� ��� �5�;���51P4 ��+�4 � �������,'���13� 2����J13+�'(� ����+�%
�
� ��/�+ ���>� � ������� ��+�%&��+ ��2�'
����� � /7��%7� ���3
��
- ��� 2X� � ������� ��+�%&��+ ��2�'
����� � /7��%7�

H 9G\ S:A5@J� 2 =O= ª ¡ EZQ 9G\ SVIRS ;'+ @B?5@ - ? 9 I F | 9GF.+ @B?5@BATE 9GF0* ?5@ -3*R; @k} 2 sHough = 0.45
�
µHough = (0, 0)

�
Egeom = 0.02

*>F.+
pNC = 0.55 2



¨ � � �����������
	 �&
 �<�����B�����  ��<� ��� ������� �L������� � �
�� �

�	��
 �*%7� ��� �5� ����1�4 �����5��� '���13� 2����J13+�'(� ����+�%
�
� ��/�+ ���>� � ������� ��+�%&��+ ��2�'
����� � /7��%7� ���3
��
- ��� 2X� � ������� ��+�%&��+ ��2�'
����� � /7��%7�

H 9G\ S:A5@;� 2 = ¢ ª � ATA5I F @]IRS ;�-570*>F:\ @ + @B?5@ - ? 9 I FR+ SV@8?5I ^ I -3*>^V;570* =/@P@BATA5IRA ; I F ? 7 @8E * = 2 sHough =
0.47
�
µHough = (−1,−1)

�
Egeom = 0.19

*>F.+
pNC = 0.39 2

687 @ ; @c? W I -3*R; @ ;b9G^G^ S ; ?TA * ?5@$? 7 @ ^G9 E 9 ? ; ?5I1? 7 @[=:A5IR=/I ; @ + EMI + @ ^ *>F.+ 9 ? ;89GF0* Q 9G^G9 ? e ?5I3IkJL@BAy_
- IREM@b?5I`I ;T9G\sF:9 Y -3*>F ? ^ I -3*>^:;T70* =U@b@BATA5IRA ; 2 687:9<;�9<;�9GF:7 @BA5@ F ?�?5I+? 7 @�Y F @bE * ? -57:9GF:\ =:A5I - @ ;5; ? 70* ?+ I`@ ;�F IR? *>^G^ I W ;T9G\sF:9 Y -3*>F ? ^ I -3*>^ J * A 9/* ? 9 I FV; I>OU? 7 @ *1- ? 9 JL@ - I F ?5IRS:A WP9 ? 7 A5@ ; =/@ - ?�?5Iu? 7 @ ;T70* =U@
+ @BA 9 JL@ + =:A5@BJ 9 IRS ;5^ e OrA5IRE ? 7 @�E * = 2 687 @ W IRATp ; @DC)=/I ; @ + 9GFN-570* =:?5@BA � * A5@ *>FF* ?T?5@BEH=:?1?5I*>^G^ @BJ 9/* ?5@u? 7:9<; =:A5IRQ ^ @BE *>F.+w;57 IRS ^8+ ? 7 S ;�*>^G^ I W�*37:9G\s7KI IRS \s7w;B- IRA5@$?5INQ/@uIRQ:? *>9GF @ +K+ @ ; = 9 ?5@^ I -3*>^ @BATA5IRA ;K�)*R;$^ I F:\ *R; ? 7 @ e -3*>F QU@NEMI + @ ^ @ + Q e = * A *>^G^ @ ^ J * A 9/* ? 9 I FV;uWP9 ? 7 A5@ ; =U@ - ?u?5IX? 7 @A5@DOo@BA5@ F.- @ ;T70* =U@ 2
	 	��
	�� 	�� � F8DRDR@fI �bSVZ!I�=LHPF>g*ACH6�* Q ^ @ � 2 ¨ ; S:EHE * A 9Gn @ ; ? 7 @3f¦S *>F ? 9 ? 9 @ ;�-3*>^8- S ^/* ?5@ + OoIRA+? 7 @ + @B?5@ - ? 9 I F I>O -�70*>F:\ @kd F I F _ -570*>F:\ @9GF ? 7 @a@DC)=U@BA 9 EM@ F ? ;+;57 I WPF 2



�&
 ��
���	��
��	  ��<�
�(� �
� 	�� ��� �S��� ¨ �R«
���������	� 
���
���������� ����
���� 
���
����������

 "!$#&%$'$(*)�%$+�,
sfusion sHough sHough µHough Egeom pNC�7� ��2�� '.-,�0/�1,� ��4 � / � � � � �
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QU@�? 7 @QU@ ; ?q=UI 9GF ? �
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p
| 9 ? ;,- I`IRA +)9GF0* ?5@ ;(* A5@�? 7 @�EM@ *>F I>Oq? 7 @ IR? 7 @BA1=/I 9GF ? ;�- I`IRA +)9GF0* ?5@ ; } 2�� F ? 7:9<;1; ?TA *>9G\s7 ?^G9GF @ �:W @u?TA e ? 7 @u=/I 9GF ?

e
; e EHEM@B?TA 98-3*>^ ?5I

p
WP9 ? 7 A5@ ; =/@ - ?P?5I

c ª
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e′ = c + γ (c − p) , γ > 1
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c
*1- - IRA +)9GF:\ ?5I ª

e′′ = c +
1

2
(c − p)

e′′′ = c − 1

2
(c − p)
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R 2 j 7 @B? 7 @BA R

9<; *\ @]I>_ - @ F ?5@BA5@ + A5@DOo@BA5@ F.- @$OrA * EM@ � IRA *R;�; I -B9/* ?5@ +XWP9 ? 7K* -3* AT?5I \ A * = 7:98- =:A5I �y@ - ? 9 I F©� ? 7:9<;PWP9G^G^ F IR?
* l @ - ?�? 7 @ W A 9 ? 9GF:\ I>Oa? 7 @ 9GF JL@BA ; @{EMI + @ ^G9GF:\ @]f¦S * ? 9 I FV; 2 j @ I F:^ e *R;5; S:EM@{? 70* ? R

9<; *>FIRAT? 7 I>_ F IRATEM@ +<+)9 A5@ - ?+A5@DOo@BA5@ F.- @ 2¨ 2 J @B? (Xsol, Ysol, Zsol)
QU@P? 7 @ - I`IRA +)9GF0* ?5@ ; I>O * =UI 9GF ? 9GF ? 7 @ ;B- @ F @q@DC)=:A5@ ;5; @ +M9GF ? 7 @qA5@DOr_@BA5@ F.- @�O�A * EM@

R 2 687 @ - I`IRA +)9GF0* ?5@ ; I>O¥? 7 @�J 9 @ WP9GF:\ JL@ - ?5IRA 9GF R
* A5@

(Xsol−Xcam, Ysol−
Ycam, Zsol − Zcam) 2 687 @ - I¦IRA +)9GF0* ?5@ ;39GF.+ @DC:@ + h -3* ENi * A5@H? 7 I ; @MI>OP? 7 @H=UI ;T9 ? 9 I F I>O? 7 @ -3* EM@BA *)~ ; IR=:? 98-3*>^ - @ F ?5@BA 9GF

R 2
= 2 687:9<;+;9* EM@$JL@ - ?5IRA+@DC)=:A5@ ;5; @ +w9GF ? 7 @ -3* EM@BA * A5@DOo@BA5@ F.- @ 9<;




U
V
W


 = M




Xsol −Xcam

Ysol − Ycam
Zsol − Zcam




WP7 @BA5@
M
9<; ? 7 @1A5IR? * ? 9 I F E * ?TA 9 C{? 70* ?uE * pL@ ; ? 7 @1?TA *>FV; Oo@BA[OrA5IRE A5@DOo@BA5@ F.- @

R
?5I ? 7 @

-3* EM@BA * A5@DOo@BA5@ F.- @ 2 687 @a@DC)=:A5@ ;5;T9 I F I>O M 9<;P\s9 JL@ F Q e ª
M =




cosαz − sinαz 0
sinαz cosαz 0

0 0 1






cosαy 0 − sinαy
0 1 0

sinαy 0 cosαy






1 0 0
0 cosαx − sinαx
0 sinαx cosαx




| M 2 ¨ }WP7 @BA5@
(αx, αy, αz)

* A5@Z? 7 @uA5IR? * ? 9 I F *>F:\s^ @ ; I>O�? 7 @ -3* EM@BA * A5@DOo@BA5@ F.- @ WP9 ? 7 A5@ ; =/@ - ?+?5I? 7 @ | ? �u} � | ?�� } *>F.+ | ?�� } * C:@ ; I>O�? 7 @uA5@DOo@BA5@ F.- @$OrA * EM@
R 2¢ 2 687 @ - I¦IRA +)9GF0* ?5@ ; @DC)=:A5@ ;5; @ +19GF ? 7 @ -3* EM@BA * A5@DOo@BA5@ F.- @ � - @ F ?5@BA5@ + I F ? 7 @ � A 9GF.-B9 = *>^ � I 9GF ?I>O x e EHEM@B?TA e | � � x } �VWP9 ? 7 IRS:? +)9<; ?5IRAT? 9 I F©� I>O�? 7 @ - IRATA5@ ; =UI F.+)9GF:\ =UI 9GF ? * A5@ ª

(
− U
W f

− V
W f

)

¨ «s«



= ?O? ���
�
�
��"� 	 �L
:"� 	������F����"  !� %'�
	���� � � ��� �  �� � �� ��� � ��"����  !� �

WP7 @BA5@
f
9<; ? 7 @uIR=:? 98-3*>^ ; e ; ?5@BE ~ ; OoI -3*>^ ^ @ F:\ ? 7 2

4 2 Q e 9G\sF IRA 9GF:\ ? 7 @ +)9<; ?5IRAT? 9 I F©��*>F.+ A5@D_ - @ F ?5@BA 9GF:\ 9GF ? 7 @ -3* EM@BA * A5@DOo@BA5@ F.- @ | +)9 A5@ - ? *>F.+IRAT? 7 I>_ F IRATEM@ + } � ? 7 @ ; @ - I`IRA +)9GF0* ?5@ ; Q/@ - IREM@ ª
{
x = XPPS − U

W f

y = YPPS − V
W f

687 @[?TA *>FV;T9 ? 9 I F I>O�? 7 @ - I`IRA +)9GF0* ?5@ ; @DC)=:A5@ ;5; @ +�9GF ? 7 @ -3* EM@BA * A5@DOo@BA5@ F.- @[?5I3? 7 @ 9 E *>\ @ ~ ; = 9 C:@ ^
- I`IRA +)9GF0* ?5@ ; S ; @ ; ? 7 @ * � F:9 ? e = * A * EM@B?5@BA ; ª

{
line = Tlig + a00x+ a01y

column = Tcol + a10x+ a11y

H 9G\ S:A5@ M 2 ¨ ª v 9/*>\ A * E 9G^G^ S ; ?TA * ? 9GF:\w9GF JL@BA ; @NEMI + @ ^G9GF:\ 2 687 @1?5@BATA *>9GFN*>F.+ -3* EM@BA * A5@DOo@BA5@ F.- @ ;* A5@ +)9 A5@ - ? 2
� #y� � 4T,U� 2 * ��. �3� � 4�(  
v 9 A5@ - ?HEMI + @ ^G9GF:\ @ F0* Q ^ @ ; ?5I -3*>^8- S ^/* ?5@ OrA5IRE * =UI 9GF ? 9GF ? 7 @ 9 E *>\ @ 9 ? ; ? 7 A5@]@D_ +)9 EM@ FV;T9 I F0*>^=UI ;T9 ? 9 I F 9GF

R
* ? *1\s9 JL@ F<*>^ ? 9 ?TS + @

h
* QUIKJL@ *>F @ ^G^G9 = ; I 98+ 2



�L
�� 
�"� !	 ����� ����"����  !� � = ?)¨
¨ 2 J @B? (l, c) Q/@a? 7 @ ^G9GF @kd - I ^ S:E F - I`IRA +)9GF0* ?5@ ; I>O�? 7 @Z= 9 C)@ ^ ?5IHQU@ ^ I -3*>^G9Gn @ + 2 687 @ - I¦IRA +)9 _F0* ?5@ ;

(x, y)
I>O�? 7:9<;q; * EM@u=/I 9GF ? 9GF ? 7 @ -3* EM@BA * A5@DOo@BA5@ F.- @ * A5@ \s9 JL@ F Q e ª





x =
(l−Tlig)a11−(c−Tcol)a01

a00a11−a01a10

y =
−(l−Tlig)a10+(c−Tcol)a00

a00a11−a01a10WP7 @BA5@ ª (Tlig, Tcol)
* A5@ ? 7 @ * � F:9 ? e = * A * EM@B?5@BA ;�9GF ?TA *>FV;T^/* ? 9 I F �

(aij)
* A5@ ? 7 @wA5IR? * _? 9 I F d ;B-3*>^G9GF:\R* � F:9 ? e = * A * EM@B?5@BA ; 2

= 2 687 @ - I¦IRA +)9GF0* ?5@ ; (x′, y′) 9GF ? 7:9<;c;9* EM@$A5@DO�@BA5@ F.- @aQ:S:? - @ F ?5@BA5@ + I F ? 7 @ � � xK* A5@
{
x′ = x−XPPS

y′ = y − YPPS

¢ 2 Q e 9G\sF IRA 9GF:\ ? 7 @ +)9<; ?5IRAT? 9 I F©��W @ -3*>F ? 7 @ F @DC)=:A5@ ;5; ? 7 @XJ 9 @ WP9GF:\D+)9 A5@ - ? 9 I F V 9GF ? 7 @-3* EM@BA * A5@DOo@BA5@ F.- @ ª 


x′

f
y′

f

−1




4 2 687:9<;+;9* EM@ +)9 A5@ - ? 9 I F @DC`=:A5@ ;5; @ +X9GF R
9<;
V ′ = M−1V

WP7 @BA5@
M
9<; ? 7 @aA5IR? * ? 9 I F E * ?TA 9 CwI>O�@]f¦S * ? 9 I F | M 2 ¨ } 2

687 @ ¢ v�=UI 9GF ?8I>O 7 @ 9G\s7 ?
h
9GF

R
9<; + @B?5@BATE 9GF @ + Q e ? 7 @ 9GF ?5@BA ; @ - ? 9 I F I>O©? 7 @qJ 9 @ WP9GF:\�+)9 A5@ - ? 9 I FWP9 ? 7 ? 7 @�@ ^G^G9 = ; I 98+ I>OPA5@BJLI ^ S:? 9 I F�WP9 ? 7 A *1+)9G9

(a + h, b + h)
| * ª E * �yIRA3A *1+)9 S ;K� Q ª E 9GF IRAA *1+)9 S ; } 2 687 @�@ ^G^G9 = ; I 98+ I>OqA5@BJLI ^ S:? 9 I F©~ ; @]f¦S * ? 9 I F EMI + @ ^G9GF:\ ? 7 @ ; S:AyO *1- @�I>Oq? 7 @ ��* AT? 7�*>F.+@DC)=:A5@ ;5; @ +X9GF

R
9<; @]f¦S 9 J *>^ @ F ?q?5I ª

x2

(a+ h)2
+

y2

(a+ h)2
+

z2

(b+ h)2
= 1

| M 2 = }
687 @ 9GF ?5@BA ; @ - ? 9 I F =UI 9GF ?

I
Q/@B? W @]@ F ? 7 @uJ 9 @ WP9GF:\ +)9 A5@ - ? 9 I F

V ′ *>F.+ ? 7 @a@ ^G^G9 = ; I 98+ JL@BA 9 Y¥@ ; ª
I = C + uV ′

WP7 @BA5@
C
9<; ? 7 @�=/I ;T9 ? 9 I F I>O+? 7 @ -3* EM@BA *)~ ; IR=:? 98-3*>^L- @ F ?5@BAH@DC`=:A5@ ;5; @ + 9GF

R
�
u
9<; *
;B-3*>^/* A 2

H 9GF.+)9GF:\ ? 7 @ 9GF ?5@BA ; @ - ? 9 I F I 9<; ? 7 @BA5@DOoIRA5@�@]fgS 9 J *>^ @ F ?w?5I + @B?5@BATE 9GF:9GF:\ ? 7 @ ;B-3*>^/* A u 2 687 @=:A5@BJ 9 IRS ; @]f¦S * ? 9 I FK-3*>FK*>^<; IHQU@ W A 9 ?T?5@ Fw9GF ? 7 @[OoIRATE ª




xI = xC + uV ′
x

yI = yC + uV ′
y

zI = zC + uV ′
z

| M 2 ¢ }

7 F �y@ - ? 9GF:\ ? 7 @1@]fgS * ? 9 I FV; I>O ; e ; ?5@BE | M 2 ¢ } 9GF ?5I�? 7 @1@]f¦S * ? 9 I F I>O�? 7 @1@ ^G^G9 = ; I 98+ | M 2 = }+@ F0* Q ^ @ ;?5I1Y F.+ ? 7 @aA5I¦IR? ; I>O�? 7 @ ; @ - I F.+:+ @ \ A5@]@Z=/I ^ e F IRE 9/*>^ ª
αu2 + βu+ γ = 0



= ? = ���
�
�
��"� 	 �L
:"� 	������F����"  !� %'�
	���� � � ��� �  �� � �� ��� � ��"����  !� �

WP9 ? 7 ª 



α = (a+ h)2 V 2
z + (b+ h)2

(
V

′2
x + V

′2
y

)

β = 2
{

(a+ h)2 zcV
′2
z + (b+ h)2

(
xcV

′

x + ycV
′
y

)}

γ = (a+ h)2 z2
c + (b+ h)2

(
x2
c + y2

c

)
− (a+ h)2 (b+ h)2

| M 2 4 }

687 @H? W I{A5I¦IR? ; I>Ob? 7 @ ; @ - I F.+D+ @ \ A5@]@�=/I ^ e F IRE 9/*>^ - IRATA5@ ; =UI F.+ ?5I
? 7 @H? W I 9GF ?5@BA ; @ - ? 9 I FV; I>O? 7 @NJ 9 @ WP9GF:\K+)9 A5@ - ? 9 I F WP9 ? 7 ? 7 @H@ ^G^G9 = ; I 98+ 2 j @ * A5@ ^ I¦IRp 9GF:\ OoIRA[? 7 @ -B^ I ; @ ; ? 9GF ?5@BA ; @ - ? 9 I F ?5I? 7 @ -3* EM@BA *)~ ; IR=:? 98-3*>^
- @ F ?5@BA �©9 2 @ 2 ? 7 @NI F @ - IRATA5@ ; =/I F.+)9GF:\ ?5I�? 7 @ ; E *>^G^ @ ; ?uA5I¦IR? 2 x¦9GF.- @N? 7 @f¦S *>F ? 9 ? e
α
9<;q; ?TA 98- ? ^ e =UI ;T9 ? 9 JL@ � ? 7 @ ; E *>^G^ @ ; ?PA5I¦IR? 9<; ª

u0 =
−β −

√
β2 − 4αγ

2α

7 F ?5@BA ; @ - ? 9 I F I I>O *>^ ? 9 ?TS + @ h 9<; ? 7 @BA5@DO�IRA5@




xI = xC + u0V
′
x

yI = yC + u0V
′
y

zI = zC + u0V
′
z

| M 2 § }

H 9G\ S:A5@ M 2 = ª v 9/*>\ A * E 9G^G^ S ; ?TA * ? 9GF:\ ? 7 @ +)9 A5@ - ?�EMI + @ ^G9GF:\ 2 687 @8?5@BATA *>9GF *>F.+(-3* EM@BA * A5@DOo@BA5@ F.- @ ;* A5@ +)9 A5@ - ? 2
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¡ ; =:A5IR=/I ; @ + Q e z 2 � IRS ;5; I F�9GF�; ¨3?s¢6A �U9 ? 9<; S ; @ ^ @ ;5; ?5I 9GF ?5@ \ A *>^G^ e -3*>^8- S ^/* ?5@N? 7 @1EM@ *>F *>F.+? 7 @ J * A 9/*>F.- @ I>Oc? 7 @ = 9 C)@ ^<;N9GF ? 7 @ 9 E *>\ @ 9GFV;T98+ @ *>F.+ IRS:? ;T98+ @ ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A * ?H@ *1-�79 ?5@BA * ? 9 I F 2 7 F.+ @]@ + � ? 7:9<; IR=/@BA * ? 9 I F E3S ; ?uQU@3=U@BAyOoIRATEM@ + I F.- @ * ?u? 9 EM@ t = 0 2,H IRAu? 7 @ ^/* ?5@BA@ ; ? 9 E * ? 9 I F I>O�? 7 @ ; ? * ? 9<; ? 98-3*>^ f¦S *>F ? 9 ? 9 @ ;K�:9 ? 9<;P; S)� -B9 @ F ?q?5I 98+ @ F ? 9 ? e ? 7 @$= 9 C:@ ^<;89GF ? 7 @ 9 E *>\ @? 70* ?u@ F ?5@BA *>F.+{^ @ * JL@N? 7 @3A5@ \s9 I F + @ ^G9 E 9 ?5@ + Q e
C (t)

9GF IRA + @BA[?5I - IRATA5@ - ?$? 7 @3J *>^ SV@ ; I>O�? 7 @EM@ *>F *>F.+ I>O�? 7 @[J * A 9/*>F.- @$IRQ:? *>9GF @ + QU@DO�IRA5@ 70*>F.+ 2�J @B? Ωout,in
Q/@c? 7 @ ; @B?bI>O = 9 C)@ ^<; @DC -B^ S + @ +O�A5IRE ? 7 @ - I F ?5IRS:A * ?a? 9 EM@

t
*>F.+�9GF.-B^ S + @ + 9GF ? 7 @ - I F ?5IRS:A * ?

t + 1 2 687 @ -3* A +)9GF0*>^ I>Ob? 7:9<;; @B? 9<;
nout,in 2�J @B? Ωin,out

Q/@a? 7 @ + S *>^ I>O
Ωout,in

WP9 ? 7 -3* A +)9GF0*>^
nin,out 2 Q e + @DY F:9 ? 9 I F©� ? 7 @EM@ *>Fw9GFV;598+ @u? 7 @ - I F ?5IRS:A * ?q? 9 EM@

t+ 1
9<; ª

cin (t+ 1) =
1

nin (t+ 1)

∫

Ωin(t+1)
I (x) dx

687:9<; O�S F.- ? 9 I Fw9<; @DC)=:A5@ ;5; @ +<*1- - IRA +)9GF:\ ?5I
cin (t)

9GF ? 7 @[O�I ^G^ I WP9GF:\�W�* e ª
cin (t+ 1) =

1

nin (t) + nout,in − nin,out

{
nin (t) cin (t) +

∫

Ωout,in

I (x) dx −
∫

Ωin,out

I (x) dx

}

| v 2 ¨ }
J 9 pL@ WP9<; @ �:W @$Y F.+ ? 7 @$O�I ^G^ I WP9GF:\ @DC)=:A5@ ;5;T9 I F I>O�? 7 @uEM@ *>F I F ? 7 @aIRS:? ;598+ @ ª
cout (t+ 1) =

1

nout (t) − nout,in + nin,out

{
nout (t) cout (t) −

∫

Ωout,in

I (x) dx +

∫

Ωin,out

I (x) dx

}

| v 2 = }Q e A5@BE * ATp 9GF:\ ? 70* ?+? 7 @uJ * A 9/*>F.- @ZI>O * A *>F.+ IRE�J * A 9/* Q ^ @
X
9<; ª

σ2 (X) = E
(
X2
)
−E (X)2

= ?s¢



= ?64 ���
�
����"� �	 "(
,�@� ��� ��� � ��� � � �� ��� ��� ����� �<�
��� ����" %@��	  !���(��� 
 
 


W @u? 7 @ Fw70* JL@
σ2
in (t+ 1) =

1

nin (t+ 1)

∫

Ωin(t+1)
I2 (x) dx− c2in (t+ 1)

WP7:98-�7
W @Z@DC`=:A5@ ;5;�*1- - IRA +)9GF:\ ?5I
σ2
in (t)

*>F.+ ?5I
cin (t)

? 70*>F p ; ?5I | v 2 ¨ } ª
σ2
in (t+ 1) =

1

nin (t) + nout,in − nin,out

{
nin (t)

[
c2in (t) + σ2

in (t)
]
+

∫

Ωout,in

I2 (x) dx

−
∫

Ωin,out

I2 (x) dx

}
− c2in (t+ 1)

| v 2 ¢ }
687 @ + S *>^ @DC`=:A5@ ;5;59 I F

σ2
out (t+ 1)

9<;�*>F0*>^ I \ ª
σ2
out (t+ 1) =

1

nout (t) − nout,in + nin,out

{
nout (t)

[
c2out (t) + σ2

out (t)
]
−
∫

Ωout,in

I2 (x) dx

+

∫

Ωin,out

I2 (x) dx

}
− c2out (t+ 1)

| v 2 4 }
687 @ *1+ J *>F ? *>\ @qI>O/? 7:9<; ? e =U@bI>OU?5@ -57:F:9 f¦SV@ 9<; ? 70* ? 9 ?�I F:^ e IR=/@BA * ?5@ ; I F ? 7 @

Ωin,out
*>F.+

Ωout,in; = *1- @ ;�WP7 I ; @ -3* A +)9GF0*>^<; * A5@8JL@BA e ^ I W�- IREH= * A5@ +MWP9 ? 7 ? 7 I ; @8I>O
Ωin

*>F.+
Ωout 2 687 @8A5@ + S - ? 9 I F9GF -3*>^8- S ^/* ? 9 I F ? 9 EM@ 9<;c;59G\sF:9 Y -3*>F ? ;T9GF.- @Z? 7 @ -3*>^8- S ^/* ? 9 I F - IREH= ^ @DC 9 ? e Q/@ - IREM@ ; =:A5IR=UIRAT? 9 I F0*>^?5I�? 7 @ ^ @ F:\ ? 7 I>O�? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 2 7 FN; ¨3?s¢6A � z 2 � IRS ;�; I F @DC)=/@BA 9 EM@ F ? *>^G^ e + @BEMI FV; ?TA * ?5@ ;? 7 @ ; * J 9GF:\ E *1+ @ 9GF ? 7 @ - IREH=:S:? * ? 9 I F0*>^ ? 9 EM@ 2
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�t#&% � � . � 0 */45.q( ��� 0 �P*-45.q( �1��,/4 � � � �B,U.+� *-�1� � �3� � � 2 .q( � *-,/�q4�(+*
� 0 ( 2 *-45.+(3� � �[� �14�����,U��( 2 � .���(1.P,U��� � �

J @B?ZS ;�- I FV;T98+ @BAZ? 7 @ ;570* =/@ - I FV; ?TA *>9GF ?3@ F @BA \ e ?5@BATE Q *R; @ + I F ? 7 @ +)9ml @BA5@ F.- @MQU@B? W @]@ F ? 7 @S F:9 ? F IRATE *>^ I>O�? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 9 EH= ^G98-B9 ? ^ e A5@B=:A5@ ; @ F ?5@ + Q e ? 7 @ ^ @BJL@ ^©; @B?
φ
*>F.+ ? 70* ?qI>O *A5@DOo@BA5@ F.- @ ;T70* =U@$A5@B=:A5@ ; @ F ?5@ + Q e

ψ ª
Jshape (φ, ψ) =

∫

Ω
|∇φ (x) −∇ψ (x)|2 (H (φ (x)) −H (ψ (x)))2 dx

| � 2 ¨ }
687 @3@BJLI ^ S:? 9 I F @]f¦S * ? 9 I F<- I FV;59<; ? ; I>O�Y F.+)9GF:\ ? 7 @aJ *>^ SV@ ; I>O

φ
? 70* ?cE 9GF:9 E 9Gn @Z? 7 @aOrS F.- ? 9 I F0*>^

Jshape (φ, ψ, t) 2 6 I *1-�7:9 @BJL@{? 7:9<;k��W @ *1+ IR=:? ? 7 @ -B^/*R;�;T98-w^ I -3*>^ E 9GF:9 E 9Gn&* ? 9 I F Q e \ A *1+)9 @ F ?+ @ ;B- @ F ? ;B-�7 @BEM@ ª
∂Jshape (φ, ψ, t)

∂φ
= −φt (x, t)

| � 2 = }
687 @$@DC)=:A5@ ;5;T9 I F I>O ∂Jshape(φ,ψ,t)

∂φ

9<;L+ @ + S - @ + OrA5IRE ? 7 @ ��� ?5@ * S)C + @BA 9 J * ? 9 JL@$I>O
Jshape (φ, ψ, t)WP9 ? 7 A5@ ; =/@ - ?P?5I

φ
9GF +)9 A5@ - ? 9 I F

φ̃ ª
(
∂Jshape (φ, ψ, t)

∂φ

)

φ=φ̃

=
〈
Jshape (φ, ψ, t) , φ̃

〉
=

∫

Ω

∂Jshape (φ, ψ, t)

∂φ
φ̃ (x, t) dx

| � 2 ¢ }
687 @ ��� ?5@ * S)C + @BA 9 J * ? 9 JL@ZI>O�? 7 @[OrS F.- ? 9 I F0*>^ 9<; @DC)=:A5@ ;5; @ +X9GF ? 7 @[OoIRATE ª
(
∂Jshape (φ, ψ, t)

∂φ

)

φ=φ̃

= lim
ε→0

1

ε

(
Jshape

(
φ (x, t) + εφ̃ (x, t) , ψ, t

)
− Jshape (φ (x, t) , ψ, t)

)

| � 2 4 }
J @B?+S ;C+ @B? *>9G^ ? 7 @ -3*>^8- S ^/* ? 9 I F I>O�? 7 @u@]f¦S * ? 9 I F | � 2 4 } ª

Jshape

(
φ (x, t) + εφ̃ (x, t) , ψ, t

)
=

∫

Ω

〈
∇φ (x) + ε∇φ̃ (x, t) −∇ψ (x) ,∇φ (x) + ε∇φ̃ (x, t) −∇ψ (x)

〉
.

= ?s§



= ? � ���
�
����"� �	 ��
 ��� ����� � � �� ��� ��� �
����	 �� � � %���	  !� �� E��� �S
 
 


(
H
(
φ (x) + εφ̃ (x, t)

)
−H (ψ (x))

)2
dx

| � 2 § }F IR? 9GF:\ ? 70* ? ª

δa (φ (x, t)) = lim
ε→0

Ha

(
φ (x, t) + εφ̃ (x, t)

)
−Ha (φ (x, t))

εφ̃ (x, t)

| � 2 �L}
*>F.+ Q e + @BJL@ ^ IR= 9GF:\ @]fgS * ? 9 I F | � 2 § } �VW @ 70* JL@ ª

Jshape

(
φ (x, t) + εφ̃ (x, t) , ψ, t

)
=

Jshape (φ (x, t))

+2ε

∫

Ω
φ̃ (x, t) δa (φ (x, t)) (H (φ (x)) −H (ψ (x))) 〈∇φ (x) −∇ψ (x) ,∇φ (x) −∇ψ (x)〉 dx

+2ε

∫

Ω
(H (φ (x)) −H (ψ (x)))2

〈
∇φ (x) −∇ψ (x) ,∇φ̃ (x, t)

〉 | � 2 �s}
Q e 9GF ?5@ \ A * ? 9GF:\ Q e = * AT? ; ? 7 @ ^/* ?T?5@BAq?5@BATE�I>O�@]f¦S * ? 9 I F | � 2 �s} �VW @aIRQ:? *>9GF ª

Jshape

(
φ (x, t) + εφ̃ (x, t) , ψ, t

)
− JShape (φ (x, t)) =

+2ε

∫

Ω
φ̃ (x, t) δa (φ (x, t)) (H (φ (x)) −H (ψ (x))) .

(
|∇φ (x)|2 + |∇ψ (x)|2 − 2 〈∇φ (x) ,∇ψ (x)〉

)
dx

+2ε
{[

(H (φ (x)) −H (ψ (x)))2 (φx (x, t) + φy (x, t) − ψx (x, t) − ψy (x, t)) φ̃ (x, t)
]
Ω

+

∫

Ω
φ̃ (x, t) [2 (H (φ (x)) −H (ψ (x))) ((δa (φ (x, t)) + δa (ψ (x, t))) 〈∇φ (x) ,∇ψ (x)〉

+δa (φ (x, t)) |∇φ (x)|2 − δa (ψ (x, t)) |∇ψ (x)|2

+(H (φ (x)) −H (ψ (x)))2 (∆ψ (x) − ∆φ (x))
]
dx
} | � 2 �L}

687 @P?5@BATE [
(H (φ (x)) −H (ψ (x)))2 (φx (x, t) + φy (x, t) − ψx (x, t) − ψy (x, t)) φ̃ (x, t)

]
Ω9<;HF S ^G^c;T9GF.- @ 9 ? 9<; *>^GW�* e ; =UI ;5;T9 Q ^ @ ?5I�Y F.+ * A5@ - ? *>F:\ S ^/* A ; = *1- @

Ω
? 70* ? -3*>F 9GF.-B^ S + @
? 7 @;T70* =U@ ; A5@B=:A5@ ; @ F ?5@ + Q e

φ
*>F.+

ψ 2 x I � O * A�OrA5IRE ? 7 @ ^ @BJL@ ^ ? I>OZ? 7 @ ^ @BJL@ ^$; @B? ;K�PW @ 70* JL@
H (φ (x)) = 0 = H (ψ (x)) 2 687 @ +)9ml @BA5@ F.- @ZI>O�@ F @BA \s9 @ ; QU@ - IREM@ ; ª

Jshape

(
φ (x, t) + εφ̃ (x, t) , ψ, t

)
− JShape (φ (x, t)) =

2ε

∫

Ω
φ̃ (x, t)

{
(H (φ (x)) −H (ψ (x)))

(
δa (φ (x, t))

(
|∇ψ (x)|2 − |∇φ (x)|2

)

−2δa (ψ (x, t)) |∇ψ (x)|2 + 2δa (ψ (x, t)) 〈∇φ (x) ,∇ψ (x)〉
)
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+(H (φ (x)) −H (ψ (x)))2 (∆ψ (x) − ∆φ (x))
}
dx

| � 2 «L}
687 @�@ F @BA \ e \ A *1+)9 @ F ? ? 7 @ F$- IREM@ ; +)9 A5@ - ? ^ e �O*>F.+$F IR? 9GF:\ ? 70* ?�? 7 @ F IRATE *>^<;)* A5@�S F:9 ? | |∇ψ (x)|2 =
1 = |∇φ (x)|2 } ª

∂Jshape (φ, ψ, t)

∂φ
= 4 (H (φ (x)) −H (ψ (x))) {δa (ψ (x, t)) (〈∇φ (x) ,∇ψ (x)〉 − 1)}

+2 (H (φ (x)) −H (ψ (x)))2 (∆ψ (x) − ∆φ (x))
| � 2 ¨3? }687 @a@BJLI ^ S:? 9 I F @]fgS * ? 9 I F{9<;C+ @ + S - @ + Q e -�70*>F:\ @aI>O ;59G\sF<*1- - IRA +)9GF:\ ?5IH@]f¦S * ? 9 I F | � 2 = } 2

�t#y� � ��,U4 � �8*-4 � � .��{*-�1� � 0 ���3,U�8*-4 2 2 .q,-,U� 2 */45.q( ��(3��,   �
687 @a@ F @BA \ e 9GF ?TA5I + S - @ +w9GF ?5I�@]f¦S * ? 9 I F | � 2 �s} -3*>F QU@ ; = ^G9 ? *1- - IRA +)9GF:\ ?5I ª

Jcorrection (C) = J1 (C) − J2 (C)
| � 2 ¨s¨ }

WP9 ? 7
J1 (C) =

∮ ∮
dpdp′

〈
Ċ, Ċ′

〉2 ∣∣∣Ċ
∣∣∣
−1 ∣∣∣Ċ′

∣∣∣
−1

Ψ(R)
| � 2 ¨ = }

*>F.+
J2 (C) =

∮ ∮
dpdp′

〈
Ċ, Ċ′

〉4 ∣∣∣Ċ
∣∣∣
−3 ∣∣∣Ċ′

∣∣∣
−3

Ψ(R)
| � 2 ¨K¢ }

� �,+��D� � �4���75
�
J1 (C)

J1

(
C + δC̃

)
=

∮ ∮
dpdp′

〈
Ċ+δ

˙̃
C, Ċ′ + δ ˙̃

C′
〉2 ∣∣∣Ċ+δ

˙̃
C

∣∣∣
−1 ∣∣∣Ċ′ + δ ˙̃

C′
∣∣∣
−1

Ψ
(
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Ċ, Ċ′

〉〈
C̈, Ċ′
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〉 ∣∣∣Ċ
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Ċ, R̃

〉〈
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∣∣∣Ċ+δ

˙̃
C

∣∣∣
−3

≈
∣∣∣Ċ
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Ċ, Ċ′
〉4 〈

C̈, Ċ
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∣∣∣
−3 ∣∣∣Ċ′

∣∣∣
−3

− 6
〈
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∣∣∣
−3 ∣∣∣Ċ′
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Ċ, Ċ′

〉〈
C̈, Ċ′
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∣∣∣
−2 ∣∣∣Ċ′
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Ċ, Ċ′

〉 ∣∣∣Ċ
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Ċ, Ċ′
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∣∣∣
−3 ∣∣∣Ċ′
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∣∣∣
−2
)〈

Ċ, δC̃
〉

−4
〈
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Ċ, Ċ′

〉2 ∣∣∣Ċ
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∣∣∣
−2
)〈
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