




Active contours and prior knowledge for
change analysis: application to digital

urban building map updating from optical
high resolution remote sensing images
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� ¸���ºUL / 1;: � ? ¹�� > ¹&1 / � � 25>;> 6��M1 /3254��

λpara = 20
�
λquad = 8

¹ 4 �
a = 0.5

� �i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� � � �
�|� �A� E 6 A)B 6 4 1!¹&1 /3254 L / 1;: 1;:�6 Q :�¹ 4 ¹ 4 � � 6 D 6 B�2 �-6 . ¹ 4 � 1;:�6 D :�¹ + 6 � 254�D 1 > ¹ /04 1

¹ ? 1;: 25>;/0|</04-A 1;:�6 + ¹ > ¹ .0. 6 .(J ¹ >;/ ¹&1 /3254�D�� ¸H¹�ºtL / 1;: 25? 1 � ? ¹�� > ¹&1 / � � 25>;> 6��M1 /3254 ¹ 4 �
λpara = 50

¹&1 /04�D 1!¹ 4 1
n0
� ¸���ºxL / 1;: � ? ¹�� > ¹&1 / � � 25>;> 6��M1 /3254��

λpara = 50
�

λquad = 7
¹ 4 �

a = 0.5
� �5�i�5�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� � � i

�|� �-® � 6 +-> 6 D 6 4 1!¹&1 /3254l2 = 1;:�6 � ? ¹�� > ¹&1 / � = 25> �<6Y¹&1 /04�D 1!¹ 4 1
n0

� K :�6 � .0? 6 |�254 6 D � 25> m
> 6 D;+�254 ��1 2 ¹ +�2)D;/ 1 /0J 6@= 25> �<6+¸�� /0. ¹&1 /3254 6 	 6��M1�º � ¹ 4 �p1;:�6 A)> 6<6 4p|�254 6 Dj> 6 +-> 6 D 6 4 1
¹ 4 6 A ¹&1 /0J 6�= 25> �<6V¸�� 25Bo+-> 6 D7D;/3254 6 	 6��M1�º �4�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� � � i

�|� � � $ 8 + 6 >;/0B 6 4 1�L / 1;:h¹ > 6-¹ .�/0B ¹ A 6 � 1;:�6 +->;/325>@D :�¹ + 6 /3D 1;:�6 > 6 D;?-. 1 2 =�1;:�6 B ¹&1��v:m
/04-A L / 1;:e1;:�6 � 254}J 6 4 1 /3254 ¹ . D :�¹ + 6 � 254�D 1 > ¹ /04 1 � K :�6 D 6 A)B 6 4 1!¹&1 /3254l/3D �-¹ >;>;/ 6��
25? 1�L / 1;:C1;:�6 Q :�¹ 4 ¹ 4 � � 6 D 6 B�2 �-6 . � 1;:�6 D :�¹ + 6 � 254�D 1 > ¹ /04 1�¹ ? 1;: 25>;/0|</04-A 1;:�6
+ ¹ > ¹ .0. 6 . J ¹ >;/ ¹&1 /3254�D ¹ 4 �aL / 1;: � ? ¹�� > ¹&1 / � � 25>;> 6��M1 /3254

λpara = 4
�
λquad = 0.5¹ 4 �

a = 0.5
� �i�5�O�5�i�i�5�i�5�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� � � s

i[� � T >725+�2)D 6�� �7:�¹ 4-A 6 �-6M176��M1 /3254bB 6M1;: 2 � 25.325A X � ¸ * º �-¹ . � ?-. ¹&1 /3254 ¹ 4 � = ?�D7/3254 2 =
�7:�¹ 4-A 6 /04 � / �<6 D-� ¸ �_º�¹&1;176 4�? ¹&1 /3254 2 = B ¹ + � /0B ¹ A 6�698 25A 6 4�25?�D�J ¹ >;/ ¹�� /0.0/ 1 / 6 D
¸ Q ºi¹ 4 ¹ . X D;/3DU2 = F�4 ¹ . �v:�¹ 4-A 6 D-� � 6 A 6 4 � ���uB ¹ 4 � �u+ ¹ > 6 > 6 D;+ 6��M1 /0J 6 . Xl1;:�6
B ?-. 1 /3D;+ 6��M1 > ¹ . ¹ 4 � + ¹ 4 �7: >725B ¹&1 / � D ¹&176 .0.0/ 176 /0B ¹ A 6 D-� �5�i�5�i�i�5�i�5�O�5�i�i� ��O|�

i[� ® � 6 A)/3D 1 > ¹&1 /3254�2 =�1;:�6 � ?-/0. � /04-A�B ¹ + ¸ D : 2 L 4 /04 X�6 .0.32 L\º�L / 1;:b1;:�6CW Egq ?�D m
/04-ACA 6 2 � 2 � /04-Ae/04 = 25>;B ¹&1 /3254k� K :�6 > 6���¹ >;>72 L +�25/04 1 D 1 2 ¹ �7:�¹ 4-A 6 � � ?-/0. � /04-A
> 6 +-. ¹��<6�� ��X�¹z176 >;> 6 +-. 6 /04k�;�5�i�5�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ��O �

i[� � � 6 D;?-. 1 2 = �7:�¹ 4-A 6(�-6M176��M1 /3254 ��6M1ILR6<6 4 1;:�6 B ¹ + ¹ 4 � 1;:�6 W Egq;� � 6 A 6 4 � �,> 6��
¸��7:�¹ 4-A 6%º � X�6 .0.32 L�¸H¹ B � /0A)?�25?�D º � � .0? 6\¸ ?-4 �-6�� / �w¹�� . 6%º � Ts¹ > ¹ B 6M176 >7D �

thresfilled
� ��w�� �

thresflat
� ��B��

thresbuild
� �zBh�³�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ��O)O

i[� � K :�6 B 6M1;: 2 �  D~D;? ���<6 D7D /04�> 6 . ¹&1 /3254 1 2
thresfilled

� K :�6 > ¹&176 2 =!� ?-/0. � /04-A�D
� 25>;> 6��M1 . X �-6M176��M176���¹ D :�¹ J�/04-A �7:�¹ 4-A 6�� /3D�D : 2 L 4 /04 > 6�� � K :�6 � .0? 6 � ?->;J 6
> 6 +-> 6 D 6 4 1 D 1;:�6 > ¹&176 2 = � ?-/0. � /04-A�D �-6M176��M176��l¹ D :�¹ J�/04-A �7:�¹ 4-A 6��zL / 1;: > 6 D;+ 6��M1�1 2
1;:�6 1 2 1!¹ .g4}?-B ��6 >S2 =�� ?-/0. � /04-A�D(/04 1;:�6 B ¹ +k�

thresflat = 1m
¹ 4 �

thresbuild =
3m

�|�5�i�5�i�i�5�i�5�O�5�i�i�5�i�5�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ��O)�
i[�PO K :�6 B 6M1;: 2 �  D D;? ���<6 D7Du/04n> 6 . ¹&1 /3254 1 2

thresflat
� K :�6 > ¹&176 2 = � ?-/0. � /04-A�D � 25> m

> 6��M1 . X �-6M176��M176��9¹ D :�¹ Jg/04-A �7:�¹ 4-A 6�� /3D@D : 2 L 4C/04�> 6�� � K :�6 � .0? 6 � ?->;J 6 > 6 +-> 69m
D 6 4 1 D 1;:�6 > ¹&176 2 = � ?-/0. � /04-A�D �-6M176��M176��+¹ D :�¹ Jg/04-A �7:�¹ 4-A 6�� /04 > 6 . ¹&1 /3254 1 2 1;:�6j1 2 m
1!¹ .�4}?-B ��6 >t2 = � ?-/0. � /04-A�Dj254 1;:�6 B ¹ +k�

thresfilled = 50
� ¹ 4 �

thresbuild = 3m
�^��O�i
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i[�P� K :�6 B 6M1;: 2 �  DCD;? ���<6 D7D�/04 > 6 . ¹&1 /3254 1 2
thresbuild

� K :�6 > ¹&176 2 = � ?-/0. � /04-A�D
� 25>;> 6��M1 . X �-6M176��M176���¹ D :�¹ J�/04-A �7:�¹ 4-A 6�� /3D�D : 2 L 4 /04 > 6�� � K :�6 � .0? 6 � ?->;J 6
> 6 +-> 6 D 6 4 1 D 1;:�6 > ¹&176 2 = � ?-/0. � /04-A�D �-6M176��M176���¹ D :�¹ Jg/04-A �7:�¹ 4-A 6�� /04 > 6 . ¹&1 /3254
1 2 1;:�6n1 2 1!¹ .�4}?-B ��6 >C2 = � ?-/0. � /04-A�D�254 1;:�6 B ¹ +k�

thresfilled = 65
� ¹ 4 �

thresflat = 1.5m
�4�O�5�i�i�5�i�5�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ��O�i

i[� i HI4 = > ¹ m > 6�� ��¹ 4 � �-> 6-¹ . � 25.325>7D ¸ ��� �.º � ¹ 4 �
NDV I

� �O�5�i�5�i�i�5�i�5�O�5�i�i� ���)w
i[�Ps $ D 1 /0B ¹&1 /3254�2 =R1;:�6 B ¹ 8 /0B ?-B

µ1

¹ 4 � Bo/04-/0B ?-B
µ2

1 > ¹ 4�D;. ¹&1 /3254 ��6M1ILR6<6 4 ¹
B ¹ +nD 6 A)B 6 4 1 � * �  ¹ 4 �9¹ 4�/0B ¹ A 6 D 6 A)B 6 4 1 � *  �  =�¬�5�i�5�i�i�5�i�5�O�5�i�i� ��� �

i[�P� ® W � 25?-A :�¹���� ?-B ?-. ¹&1 25>
(µx, µy)

� * ��� ?-B ?-. ¹&1 /3254 ��6M1ILR6<6 4bBo/04-/0B ?-B ¹ 4 �
B ¹ 8 /0B ?-B 1 > ¹ 4�D;. ¹&1 /3254e/3D 6 4-. ¹ >;A 6�� /04 ¹ ��¹ 4 � 2 =

l
+-/ 86 .3D%� �i�i�5�i�5�O�5�i�i� ��� �

i[� ��w W�6M176��M1 /3254�2 = ?-4 6�� ?-/0J�2 �-¹ . �7:�¹ 4-A 6 D%� Q :�¹ 4-A 6 D Lj6 > 6 �-6M176��M176�� ��X � 25Bo+ ¹ > m
/3D7254 L / 1;:b1;:�6 % W � H /0B ¹ A 6 � K :�6 F�A)?-> 6 D�/0.0.0?�D 1 > ¹&176 �-¹ > 1 25A)> ¹ + : / � 2 � �;6��M1 D
D;?-+ 6 >;/0Bo+�2)D 6�� 254 ¹ B�25> 6 > 6��<6 4 1 D ¹&176 .0.0/ 176 /0B ¹ A 6 � �O�5�i�5�i�i�5�i�5�O�5�i�i� ���)�

i[� �A� Q :�¹ 4-A 6 �-6M176��M1 /3254 � ? 6�1 2�D 1 >7254-ApA 6 25B 6M1 >;/ �-¹ .�J ¹ >;/ ¹&1 /3254 �
Egeom = 0.54

¹ 4 �
pNC = 0.30

�jQ :�¹ 4-A 6 /3D�D;/0B ?-. ¹&176�� �z�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ���)�
i[� �-® Q :�¹ 4-A 6 �-6M176��M1 /3254 � ? 6 1 2 ¹ : /0A :

µHough

1 > ¹ 4�D;. ¹&1 /3254k�
sHough = 0.27

�
µHough = (−6,−26)

¹ 4 �
pNC = 0.00

�tQ :�¹ 4-A 6 /3D�D;/0B ?-. ¹&176�� � �i�5�O�5�i�i� ��i5w
i[� � � W�6M176��M1 /3254�2 = 4�254 m �v:�¹ 4-A 6�L / 1;:�¹ + 6 > = 6��M1!�-¹ > 1 25A)> ¹ + : / � 2 � �;6��M1�1 > ¹ 4�D = 25>;B 6��

�}X D7/0Bo/0. ¹ >;/ 1IX 2 = + ¹ > ¹ B 6M176 >7D
ξ0 = (s0 = 1, θ0 = 0.1, µx,0 = 1, µy,0 = 1)

�
%u254 m �v:�¹ 4-A 6 /3D � 254F�>;B 6��lL / 1;:

sHough = 0.76
�
µHough = (1, 0)

�
Egeom =

0.1
¹ 4 �

pNC = 0.63
�}�i�i�5�i�5�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ��i[�

i[� � � W�6M176��M1 /3254�2 = 4�254 m �v:�¹ 4-A 6�L / 1;:�¹ + 6 > = 6��M1!�-¹ > 1 25A)> ¹ + : / � 2 � �;6��M1�1 > ¹ 4�D = 25>;B 6��
�}X D;/0Bo/0. ¹ >;/ 1IX 2 = + ¹ > ¹ B 6M176 >7D

ξ0 = (s0 = 1.05, θ0 = 0.075, µx,0 = 4, µy,0 =
−1)

� % 254 m �7:�¹ 4-A 6 /3D � 254F�>;B 6�� L / 1;:
sHough = 0.72

�
µHough = (1, 0)

�
Egeom = 0.08

¹ 4 �
pNC = 0.63

�U�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ��iL®
i[� ��O W�6M176��M1 /3254�2 = 4�254 m �v:�¹ 4-A 6�L / 1;:�¹ + 6 > = 6��M1!�-¹ > 1 25A)> ¹ + : / � 2 � �;6��M1�1 > ¹ 4�D = 25>;B 6��

�}X D;/0Bo/0. ¹ >;/ 1 X 2 = + ¹ > ¹ B 6M176 >7D
ξ0 = (s0 = 1.0, θ0 = −0.02, µx,0 = −2, µy,0 =

1)
� % 254 m �7:�¹ 4-A 6 /3D � 254F�>;B 6�� L / 1;:

sHough = 0.81
�
µHough = (0, 0)

�
Egeom = 0.04

¹ 4 �
pNC = 0.76

�U�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ��iL®
i[� ��� W�6M176��M1 /3254�2 = 4�254 m �v:�¹ 4-A 6�L / 1;:�¹ + 6 > = 6��M1!�-¹ > 1 25A)> ¹ + : / � 2 � �;6��M1�1 > ¹ 4�D = 25>;B 6��

�}X D;/0Bo/0. ¹ >;/ 1IX 2 = + ¹ > ¹ B 6M176 >7D
ξ0 = (s0 = 1.0, θ0 = 0.0, µx,0 = 5, µy,0 = 5)

�
%u254 m �v:�¹ 4-A 6 /3D � 254F�>;B 6��eL / 1;:

sHough = 0.84
�
µHough = (−1, 0)

�
Egeom =

0.01
¹ 4 �

pNC = 0.83
�&�i�i�5�i�5�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ��i��

i[� ��i W�6M176��M1 /3254 2 = 4�254 m �v:�¹ 4-A 6�L / 1;:	¹ B ¹&1��v: /04-A 6 >;>725> 1;:�¹&1!�-¹ 4 ��6 B�2 �-6 . 6����}X
¹ A).32 ��¹ . 1 > ¹ 4�D = 25>;B ¹&1 /3254k� % 254 m �7:�¹ 4-A 6 /3D � 254F�>;B 6�� L / 1;:

sHough = 0.86
�

µHough = (0,−1)
�
Egeom = 0.12

¹ 4 �
pNC = 0.68

���5�i�5�i�i�5�i�5�O�5�i�i� ��i �
i[� ��s W�6M176��M1 /3254 2 = 4�254 m �v:�¹ 4-A 6�L / 1;:	¹ B ¹&1��v: /04-A 6 >;>725> 1;:�¹&1!�-¹ 4 ��6 B�2 �-6 . 6����}X

¹ A).32 ��¹ . 1 > ¹ 4�D = 25>;B ¹&1 /3254k� % 254 m �7:�¹ 4-A 6 /3D � 254F�>;B 6�� L / 1;:
sHough = 0.88

�
µHough = (0, 0)

�
Egeom = 0.03

¹ 4 �
pNC = 0.83

�D�O�5�i�5�i�i�5�i�5�O�5�i�i� ��i5O
i[� ��� W�6M176��M1 /3254p2 = 4�254 m �v:�¹ 4-A 6�L / 1;: .32 �-¹ .�D :�¹ + 6t6 >;>725>7D-� % 254 m �7:�¹ 4-A 6 /3D � 254F�>;B 6��

L / 1;:
sHough = 0.62

�
µHough = (1, 0)

�
Egeom = 0.02

¹ 4 �
pNC = 0.66

�c�i�i� ��i5O
i[� ®)w W�6M176��M1 /3254p2 = 4�254 m �v:�¹ 4-A 6�L / 1;: .32 �-¹ .�D :�¹ + 6t6 >;>725>7D-� % 254 m �7:�¹ 4-A 6 /3D � 254F�>;B 6��

L / 1;:
sHough = 0.73

�
µHough = (1, 0)

�
Egeom = 0.03

¹ 4 �
pNC = 0.71

�c�i�i� ��i5�
i[� ®|� W�6M176��M1 /3254 2 = 4�254 m �7:�¹ 4-A 6xL / 1;: .32 �-¹ . 6 >;>725>7D 2 = D :�¹ + 6 � %u254 m �v:�¹ 4-A 6 /3D � 254 m

F�>;B 6��CL / 1;:
sHough = 0.75

�
µHough = (1, 0)

�
Egeom = 0.05

¹ 4 �
pNC = 0.71

�K��i5�
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i[� ®A® *,B � /0A)?�25?�D �-6M176��M1 /3254 ¸ /04 �-6M176 >;Bo/04 ¹&176 �-¹ D 6%º �
sHough = 0.45

�
µHough =

(0, 0)
�
Egeom = 0.02

¹ 4 �
pNC = 0.55

�p�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ��i)i
i[� ® � $V>;>7254 6 25?�D �7:�¹ 4-A 6 �-6M176��M1 /3254 � ? 6V1 2@.32 �-¹ .�D :�¹ + 6V6 >;>725>7D�254 1;:�6 B ¹ +k�

sHough =
0.47

�
µHough = (−1,−1)

�
Egeom = 0.19

¹ 4 �
pNC = 0.39

�{�i�5�i�5�O�5�i�i� ��i5s
i[� ® � HI.0.0?�D 1 > ¹&1 /3254 2 = �-6 .0/04 6-¹&1 /3254 6 >;>725>7D ¹ 4 � 2 = A 6 4 6 > ¹ .0/0| ¹&1 /3254 6 	 6��M1 /04 1;:�6 B ¹ +

2 = ���)�)�|� K :�6 �-¹ > 1 25A)> ¹ + : / � 2 � � 6��M1 /3D�D;?-+ 6 >;/0Bo+�2)D 6�� 254 1;:�6 D ¹&176 .0.0/ 176 /0B ¹ A 6
2 = ®)w)wA®|�¬�i�i�5�i�5�O�5�i�i�5�i�5�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ��s)w

*+� � * 6 >;/ ¹ .!/0B ¹ A 6 D : 2 L 4 ¹&1 O � 2 = / 1 DR25>;/0A)/04 ¹ .^D7/0| 6 � K :�6,= ? 1 ?-> 6 yu. X Bo+-/ � Jg/0.0. ¹ A 6
L /0.0. ��6 D;/ 1 ? ¹&176�� /04 1;:�6 4�25> 1;:mI6-¹ D 1 2 =(1;:�6 /0B ¹ A 6 � �O�5�i�5�i�i�5�i�5�O�5�i�i� ���)w

*+� ® �t6 / � /04-A � / 1IX � 6981 > ¹��M1 = >725B 1;:�6 ��H;E �w¹&1!¹O¹&1P¹ � � ��w��Pw)w)wUD �-¹ . 6 � K :�6 � 254�D 1 >;? �9m
1 /3254�D ¹ > 6 /04 +-/04-N � 1;:�6 >72 ¹�� 4 6M1 L 25>;N /04 +-?->;+-. 6 � 1;:�6 >;/0J 6 >7D ¹ 4 � �-¹ 4 ¹ .3Do/04
� .0? 6 � 1;:�6 . ¹ N 6 D,/04�A)> 6<6 4k� �5�i�5�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ��� �

� � � HI4-/ 1 / ¹ .�D;/0Bo+-. 698�¹ 4 � > 6 �
6��M1 /3254k� �i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ���)�
� � ® $ 8 + ¹ 4�D;/3254��i�5�i�5�O�5�i�i�5�i�5�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ���)�
� � � T 2)DvD;/ � . 6 � 254 1 > ¹��M1 /3254�D �i�5�i�5�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ����i
� � � E : >;/04-N�/04-A �i�5�i�5�O�5�i�i�5�i�5�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ����i
Q�� � W / ¹ A)> ¹ B /0.0.0?�D 1 > ¹&1 /04-A /04}J 6 >7D 6 B�2 �-6 .0/04-Aw� K :�6@176 >;> ¹ /04 ¹ 4 � �-¹ B 6 > ¹ > 69= 6 > 6 4 �<6 D

¹ > 6!� /0> 6��M1 ���i�5�i�5�O�5�i�i�5�i�5�i�5�O�i�5�i�5�i�i�5�O�5�i�5�i�i�5�i�5�O�5�i�i� ®)w)w
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∫
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¡ ;�W @8EM@ F ? 9 I F @2S 9GFH; @ W ? 9 I F QFR£¢�R£¢ �s9 ? 9<; =/I ;�;T9 Q ^ @b? 7 T>?�? 7 @�E 9GF:9 E3S:E¤I>O¥? 7 @ ;57 T>=/@ W I FV; ?TAVT 9GF ?@ F @BA \ e S:@ ; W A 9 Q/@2S 9GFX\ @ F @BAVT ^ ?5@BATE ;89GF @]f¦S T>? 9 I F |o§�RG¨ }�E T e F IR? 7 T]JL@XT F T F T ^ e ? 9 W T ^©; I ^ S:? 9 I FI>O�? 7 @u= T>AVT>EM@B?5@BA ;

ξi∈(1,...,N)
I>O�? 7 @ \s^ IRQ T ^ ?TAVT FV; O�IRATE T>? 9 I F

T ª
Jshape (φ, ψ) =

∫

Ω
D (φ (x) , ψ0 (Tx)) dx
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WP7 @BA5@ D A5@B=:A5@ ; @ F ? ;�*,+)9<; ? *>F.- @uEM@ *R; S:A 9GF:\ ? 7 @ ;T9 E 9G^/* A 9 ? e Q/@B? W @]@ F ? 7 @ ;T70* =U@uI>O�? 7 @ *1- ? 9 JL@- I F ?5IRS:A
φ
*>F.+ ? 7 @
A5@DO�@BA5@ F.- @ ;T70* =/@

ψ0 2 687:9<;M9<; ? 7 @ -3*R; @wI>Ou? 7 @w@ F @BA \ e OoIRATEZS ^/* ?5@ +t9GF@]f¦S * ? 9 I F |54 2 §64 } WP7 @BA5@ D (φ (x) , ψ0 (Tx)) = (H (φ (x)) −H (ψ0 (Tx)))2
*>F.+

T = Tsim|
N = 4

} 2�7 F ? 7 @ * Q ; @ F.- @[I>O * OoIRATE *>^ @DC`=:A5@ ;5;59 I F I>O©? 7 @c= * A * EM@B?5@BA ; ? 70* ? W IRS ^8+�70* JL@cE *1+ @? 7 @ * =:=:A5I *1-�7�9GF ?TA 9GFV;T98-s�g9 ? 9<;�F @ - @ ;5;9* A e ?5Ia@ ; ? 9 E * ?5@q? 7 @BE�Q e F S:EM@BA 98-3*>^ IR=:? 9 E 9Gn&* ? 9 I F:*R; ? 7 @
*1- ? 9 JL@ - I F ?5IRS:AP@BJLI ^ JL@ ; 2�7 F<;>= ¨ ��= ¢ � ¨3?s§ �@= 41A � ? 7 @ * S:? 7 IRA ; =:A5IR=UI ; @q?5I -3*>^8- S ^/* ?5@ F S:EM@BA 98-3*>^G^ e? 7 @Z= * A * EM@B?5@BA ; I>O *�;T9 E 9G^/* A 9 ? e ?TA *>FV; OoIRATE * ? 9 I F E 9GF:9 E 9Gn]9GF:\ ? 7 @3@ F @BA \ e I>O�@]fgS * ? 9 I F |54 2 §64 }Q e \ A *1+)9 @ F ? + @ ;B- @ F ? 2 j @�? 7 @ FZ70* JL@�OoIRS:A @]f¦S * ? 9 I FV; A5@ ^/* ? 9 JL@�?5I+@ *1-�7 I>OV? 7 @ Tsim = * A * EM@B?5@BA ;k�? 70* ? 9<; ?5I ;9* e ? 7 @ ;B-3*>^G9GF:\

s
� A5IR? * ? 9 I F

θ
*>F.+ ?TA *>FV;T^/* ? 9 I F

µ ª




sn+1 = sn + ∆tsF
(
φ, ψ0, s

n, θn, µnx, µ
n
y

)

θn+1 = θn + ∆tθG
(
φ, ψ0, s

n, θn, µnx, µ
n
y

)

µn+1
x = µnx + ∆tµxM

(
φ, ψ0, s

n, θn, µnx, µ
n
y

)

µn+1
y = µny + ∆tµyN

(
φ, ψ0, s

n, θn, µnx , µ
n
y

)
|o§ 2 = }

WP7 @BA5@
n
9<; ? 7 @ 9 ?5@BA * ? 9 I F A *>F p �

φ
*>F.+

ψ0
* A5@Z? 7 @ ^ @BJL@ ^�; @B? ; A5@ ; =U@ - ? 9 JL@ ^ e A5@B=:A5@ ; @ F ? 9GF:\ ? 7 @

*1- ? 9 JL@ - I F ?5IRS:A *>F.+ ? 7 @$=:A 9 IRA ;T70* =U@ 2 ∆ts
�
∆tθ
�
∆tµx

*>F.+
∆tµy

* A5@$? 7 @$? 9 EM@ ; ?5@B= ;C*R;5; I -B9 _
* ?5@ + WP9 ? 7 @ *1-57 I>O�? 7 @ \ A *1+)9 @ F ? + @ ;B- @ F ? ; @ ; ? 9 E * ? 9GF:\ ? 7 @

Tsim
= * A * EM@B?5@BA ; 2 687 @ + @B? *>9G^ I>O? 7 @a@DC)=:A5@ ;5;T9 I FV; I>O�? 7 @[O�S F.- ? 9 I FV; F ,G,M *>F.+ N 9<;P\s9 JL@ F
9GFD;>= ¨EA 2

687 @X@ ; ? 9 E * ? 9 I F I>O[? 7 @ = * A * EM@B?5@BA ; S ;T9GF:\ ? 7 @�O�IRS:A + @ ;B- @ F ? ; I>O ; e ; ?5@BE |o§ 2 = }3E * e QU@OoIRS F.+ ?5I
Q/@�@DC`?TA5@BEM@ ^ e =/@BA 9G^ IRS ; 2 687 @ + @ ^G98-3* ?5@�=UI 9GF ? 9<; ? 7 @�?TS F:9GF:\ I>Oq? 7 @�? 9 EM@ ; ?5@B= ; I>O? 7 @MO�IRS:A + @ ;B- @ F ? ; A5@ ^/* ? 9 JL@�?5I
@ *1-57 I>Oq? 7 @M= * A * EM@B?5@BA ; 2 j 7 @BA5@ *R; @ *1-�7F+ @ ;B- @ F ?1@ ; ? 9 E * ?5@ ;* = * A * EM@B?5@BA WP9 ? 7�*<+)9ml @BA5@ F ? \ @]IREM@B?TA 98-3*>^ EM@ *>F:9GF:\ | ?TA *>FV;T^/* ? 9 I F©� A5IR? * ? 9 I F©��;B-3*>^G9GF:\ } 9 ? 9<;7:9G\s7:^ e ^G9 pL@ ^ e ? 70* ?M? 7 @ ; =U@]@ + I>O$@ *1-�7G+ @ ;B- @ F ? WP9G^G^qF IR?MQU@X? 7 @ ;9* EM@ 2�H IRA�@DC * EH= ^ @ � ? 7 @+ @ ;B- @ F ?H@ ; ? 9 E * ? 9GF:\ ? 7 @�A5IR? * ? 9 I F ;57 IRS ^8+ QU@�EZS -57 ;5^ I W @BAH? 70*>F ? 7 @ ?TA *>FV;T^/* ? 9 I F�+ @ ;B- @ F ? ; 2I I W @BJL@BA � ? 7 @BA5@ 9<;ZF Iw? 7 @]IRA5@B? 98-3*>^ OrA * EM@ W IRATp E * p 9GF:\ 9 ?a=UI ;5;T9 Q ^ @�?5I -B^/* A 9 O e ? 7:9<; f¦SV@ ; ? 9 I FWP7:98-�7 \s9 JL@ ; A 9<; @+?5I3@BEH= 9 A 98-3*>^ ; @B?T? 9GF:\L; ? 70* ? * A5@ +)9 � - S ^ ? � S FV; ? * Q ^ @ *>F.+�WP7:98-57X9GF � SV@ F.- @[? 7 @@ ; ? 9 E * ? 9 I F I>O©? 7 @c= * A * EM@B?5@BA ; 2
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¡ EMIRA5@�O * JLIRA * Q ^ @ *>^ ?5@BA F0* ? 9 JL@X? 70* ? W @ 70* JL@ -57 I ; @ F!9<; ?5I{S ; @�? 7 @ ;T9 EH= ^ @DC *>^G\ IRA 9 ? 7 E| * A5@BE 9GF.+ @BAcI>O�? 7 @ + @B? *>9G^ I>O�? 7:9<;�*>^G\ IRA 9 ? 7 E *>F.+w; IREM@ 9G^G^ S ; ?TA * ? 9 I FV;�* A5@ \s9 JL@ F{9GFK* =:=/@ F.+)9 C

Q } 2 j @[? 7 @ F E 9GF:9 E 9Gn @$? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ?+@ F @BA \ e + @B? *>9G^ @ +w9GF @]f¦S * ? 9 I F |o§ 2 ¨ }�Q e Y F.+)9GF:\*�; @B?$I>O
N
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JL@BAT? 98- @ ;P9GF ? 7 @= * A * EM@B?5@BA ;K~�; = *1- @ 2 687 @ *1+ J *>F ? *>\ @MI>O�? 7 @ ;T9 EH= ^ @DC 9<; ? 7 @ * Q ; @ F.- @MI>O ; @B?T? 9GF:\ = * A * EM@B?5@BA ;? 70* ?uE * e 9 EH= *1- ?u? 7 @NA5@ ; S ^ ?uI>O�? 7 @NIR=:? 9 E 9Gn&* ? 9 I F 2 687:9<;�* =:=:A5I *1-57©� WP7:98-57�9<;$^ @ ;�;[; @ FV;T9 ? 9 JL@?5IN? 7 @u@ F @BA \ e ^ I -3*>^ E 9GF:9 E *)�:9<; EMIRA5@uA5IRQ:S ; ?P? 70*>F ? 7 @ \ A *1+)9 @ F ? + @ ;B- @ F ? 2
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Jshape
WP7:98-57�9<; ? 7 @BA5@DO�IRA5@�=/@BAyOoIRATEM@ + E *>F e ? 9 EM@ ;�+ S:A 9GF:\ ? 7 @ - I F JL@BA \ @ F.- @X=:A5I>_
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Jshape (φ, ψ) =

∫

Ω
N (φ (x) , εb) (H (φ (x)) −H (ψ (x)))2 dx
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WP7 @BA5@X? 7 @�O�S F.- ? 9 I F

N (φ (x) , εb)
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✽ 7 F:9 ? 9/*>^ JL@BAT?5@DC § ª -3*>^8- S ^/* ?5@ + O�A5IRE (sini, θini, µx,ini, µy,ini + δµy
)
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IclippedDSM (x) =

1

2
max

x∈IDSM
(IDSM (x))

[
1 +

2

π
arctan

(
IDSM (x) −m+ s

ζ

)] |o§ 2 4 }
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s = ζ tan

(
π(2ratio−1)

2
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I>O ratio70*R; Q/@]@ Ft; @B? * ?

0.95
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p (Isat, IDSM |φ) = p (Isat|φ) p (IDSM |φ)WP7 @BA5@
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Jfusion,CV (φ) = JCV (φ)

+λDSM

[∫

Ω
|IDSM (x, y) − cDSM,in|2H (φ (x, y)) dxdy

+

∫

Ω
|IDSM (x, y) − cDSM,out|2 (1 −H (φ (x, y))) dxdy

] |o§ 2 § }
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JCV
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Jfusion,Bayes (φ) = JBayes (φ)

+λDSM

[∫

Ω

(
|IDSM (x, y) − cDSM,in|2

2σ2
DSM,in

+ ln
(
2πσ2

DSM,in

)
)
H (φ (x, y)) dxdy

+

∫

Ω

(
|IDSM (x, y) − cDSM,out|2

2σ2
DSM,out

+ ln
(
2πσ2

DSM,out

)
)

(1 −H (φ (x, y))) dxdy
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λDSMδa (φ (x, t))
{
− [IDSM (x) − cDSM,out (φ (x, t))]2 + [IDSM (x) − cDSM,in (φ (x, t))]2
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d (t) =





d0 if t < t1
(ε− d0)

t−t1
t2−t1

+ d0 if t1 ≤ t < t2
ε if t2 ≤ t
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(s0, θ0, µx,0, µy,0) ª
¨ 2 6 A *>FV;T^/* ? 9 I F I F:^ e ª ξ0,1 = (1, 0, 10,−5) 2
= 2 � IR? * ? 9 I F I F:^ e ª ξ0,2 = (1, π/3, 0, 0) 2¢ 2 x�-3*>^G9GF:\ I F:^ e ª ξ0,3 = (1.2, 0, 0, 0) 2
4 2 v 9 A5@ - ?+= ^/*>F @ ;T9 E 9G^/* A 9 ? e ª ξ0,4 = (1.2, π/3, 10,−5) 2
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shape − Jnshape

∣∣∣ < 10−4 2 687 @N? W I *>^G\ IRA 9 ? 7 E ;ZW @BA5@H= * A * EM@B?5@BA 9Gn @ +*R; OoI ^G^ I Wq; ª
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(1, 0, 0, 0) 2 | * } M�70*>F<*>F.+ � @ ; @uEMI + @ ^ | Q-} QL* e @ ;T9/*>F EMI + @ ^ 2
687 @�@DC`=U@BA 9 EM@ F ? ;�;T7 I WPF39GF Y \ S:A5@ § 2 § W @BA5@ - I F.+ S - ?5@ + S F.+ @BA�? 7 @ ; * EM@ 9GF:9 ? 9/*>^�- I F.+)9 ? 9 I FV;*>F.+ ? 7 @ ;9* EM@bEMI + @ ^<;
*R;�9GF Y \ S:A5@ § 2 4 2 I I W @BJL@BA � ? 7 @ 9GF.- IRAT=UIRA * ? 9 I F I>O-=:A 9 IRA ;T70* =U@ ;�9<; ? * pL@ F9GF ?5I *1- - IRS F ? 2�7 F ? 7:9<;�-3*R; @ W @ -3*>F3; @]@�? 70* ?�? 7 @�A5@ ; S ^ ? ;�* A5@ ;T9 E 9G^/* A WP70* ?5@BJL@BA�? 7 @�EMI + @ ^ S ; @ + ª*�;9* ? 9<; O *1- ?5IRA e ; @ \ EM@ F ? * ? 9 I F�9<; IRQ:? *>9GF @ + *>F.+ ? 7 @ * AT? 9 O *1- ? ; + SV@Z?5I�? 7 @ ^ I W _ - I F ?TA *R; ? n I F @ ;

* A5@MIkJL@BA - IREM@ 2 7 ? W�*R; O�IRS F.+ F @ - @ ;5;9* A e ?5IwIR=:?uOoIRA *:+)9ml @BA5@ F ? ;T70* =U@ - I FV; ?TA *>9GF ? W @ 9G\s7 ? λ*1- - IRA +)9GF:\ ?5Ia? 7 @ * ?T? *1-�7 EM@ F ?8?5I +.* ? * EMI + @ ^ S ; @ + 2 687 @+@BEH= 9 A 98-3*>^ -�7 I 98- @+I>O λ 9<;�* ?TA *1+ @D_ I lQU@B? W @]@ F ? 7 @ 9GF O�IRATE * ? 9 I F - I F ? *>9GF @ + 9GF ? 7 @ 9 E *>\ @ *>F.+ ? 7 @a=:A 9 IRA ;T70* =/@ - I FV; ?TA *>9GF ? 2�7 O λ 9<;?5I`I ^ I Wa� ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 9<; O�A5@]@8?5I$QU@ 9GF � SV@ F.- @ + Q e ? 7 @ * ?T? *1-57 EM@ F ?�?5I +.* ? * ?5@BATE WP7:98-�79<;�^G9 pL@ ^ e ?5IcQU@ - IRATATS:=:?5@ + Q e F I 9<; @ � I - -B^ S ;T9 I FV; IRA�IR? 7 @BA�S:ATQ *>F * AT? 9 O *1- ? ; 2'7 F JL@BA ; @ ^ e � ?5I`I \ A5@ * ?*�W @ 9G\s7 ? W IRS ^8+ QU@N@]fgS 9 J *>^ @ F ?u?5I E 9GF:9 E 9Gn]9GF:\ ? 7 @ - I F ?TA 9 Q:S:? 9 I F I>O�? 7 @ 9 E *>\ @ WP7:98-�7�^ @ *1+:;? 7 @ - I F ?5IRS:A�?5I WL* A +:; ? 7 @8Q:S 9G^8+)9GF:\ ? 70* ? W @ * A5@ * ?T?5@BEH=:? 9GF:\ ?5I ; @ \ EM@ F ? 2 687 @ *1- ? 9 JL@ - I F ?5IRS:A
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W IRS ^8+ ? 7 @BA5@DOoIRA5@ ^ I`I ; @ 9GF � @DC 9 Q 9G^G9 ? e *>F.+MW IRS ^8+ QU@8EMIRA5@ 9GF.-B^G9GF @ + ?5IuA5@ *1-57 ? 7 @ ^ I -3*>^ E 9GF:9 E *I>OV? 7 @�OrS F.- ? 9 I F0*>^ ?5I+QU@�E 9GF:9 E 9Gn @ + | W @ WP9G^G^ @DC * E 9GF @�? 7:9<; =UI 9GF ? 9GF3; @ - ? 9 I F § 2 § 2 4 } 2�7 O *+W @ 9G\s7 ?
λ = 1

9<;P; S 9 ? * Q ^ @[O�IRAP? 7 @ M�70*>F<*>F.+ � @ ; @cEMI + @ ^��)9 ? 9<;89GFV; S)� -B9 @ F ?PO�IRAP? 7 @ Q�* e @ ;59/*>F EMI + @ ^ 2
7 F.+ @]@ + � ? 7:9<;�^/* ?T?5@BAbEMI + @ ^S+)9ml @BA ; OrA5IRE ? 70* ?�I>O M�70*>F:*>F.+ � @ ; @qQ e ? 7 @ F IRATE *>^G9Gn&* ? 9 I F I>O©? 7 @9 E *>\ @c?5@BATE ; Q e ? 7 @cJ * A 9/*>F.- @ 9GFV;T98+ @ *>F.+ IRS:? ;T98+ @[? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 2 j 7 @BA5@ *R; ? 7 @[IRS:? ;T98+ @I>O�? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 9GF ? 7 @ 9 E *>\ @ 9<; EMIRA5@uh +)9<; IRA + @BA5@ + ia? 70*>F ? 7 @ 7 IREMI \ @ F @]IRS ; Q:S 9G^8+)9GF:\? 70* ? W @ * A5@ ; @]@Bp 9GF:\ ?5I ; @ \ EM@ F ? �/W @ 70* JL@ 9GF *H\ @ F @BA *>^�WL* e ª σ2

in (t) < σ2
out (t) 2 j 7 @ F ? 7 @- I F ?5IRS:A - I F JL@BA \ @ ; I F ? 7 @ 7 IREMI \ @ F @]IRS ; ? * A \ @B? W @ 70* JL@

σ2
in (t) � 1 ª ? 7 @ +)9 J 9<;T9 I F Q e ? 7:9<;?5@BATE ? 7 @ FF+ A *R; ? 98-3*>^G^ e 9GF.- A5@ *R; @ ; ? 7 @ * ?T? *1-�7 EM@ F ?M?5I +.* ? * ?5@BATE 9GFV;T98+ @

C (t) 2 6 I - IRS F ?5@BA? 7:9<; @ l @ - ? �:W @ -57 I`I ; @ *17:9G\s7 @BAqJ *>^ SV@aI>O
λ
|
λ = 10

} 2

| * }

| Q-}

H 9G\ S:A5@ § 2 § ª x @ \ EM@ F ? * ? 9 I F{WP9 ? 7w9GFV; @BAT? 9 I F I>O�=:A 9 IRA ;T70* =/@ 9GF OoIRATE * ? 9 I F ª | * } M�70*>F *>F.+ � @ ; @EMI + @ ^)*>F.+
λ = 1

| Q-} Q�* e @ ;T9/*>F EMI + @ ^)*>F.+
λ = 10 2

687 @ F @]@ + ?5I S ; @H=:A 9 IRA ;T70* =U@Mp F I WP^ @ +)\ @ 9<; I F.- @ *>\ *>9GF�9G^G^ S ; ?TA * ?5@ +�9GF Y \ S:A5@ § 2 � WP9 ? 7? 7 @ *1- ? 9 JL@ - I F ?5IRS:A ; Q *R; @ + I F ? 7 @ +)9ml S ; @ + 9 E *>\ @ \ A *1+)9 @ F ? 9GF OoIRATE * ? 9 I F |�� � H } 2 � F:^G9 pL@? 7 @�@DC`=U@BA 9 EM@ F ? ;39GF Y \ S:A5@ ; § 2 4 *>F.+ § 2 § � ? 7 @ 9GF:9 ? 9/*>^�*1- ? 9 JL@ - I F ?5IRS:A 9<;aF IR?1@DC *1- ? ^ e ; S:=U@BAy_9 EH=UI ; @ + IkJL@BAq? 7 @aIRQ��T@ - ?q?5IHQU@$E * ? -57 @ +w9GF ? 7 @ 9 E *>\ @ ª ? 7 @ 9GF:9 ? 9/*>^ - I F ?5IRS:A 70*R; S F.+ @BA \ I F @* = * A * EM@B?5@BA3?TA *>FV; O�IRATE * ? 9 I F
ξ0 = (s0 = 1.1, θ0 = 0.1, µx,0 = −4, µy,0 = 1) 2(H 9G\ S:A5@ § 2 � 2 *;T7 I Wq; ? 70* ?$? 7 @ ; @ \ EM@ F ? * ? 9 I F I>O�? 7 @3Q:S 9G^8+)9GF:\ O *>9G^<;[9GF ? 7 @ * Q ; @ F.- @NI>O * ;T70* =/@ - I FV; ?TA *>9GF ? 2¡ ;PW @ 70* JL@ *>^ A5@ *1+ e F IR?5@ +wWP9 ? 7 ? 7 @aA5@ \s9 I F _�Q *R; @ + *1- ? 9 JL@ - I F ?5IRS:A ;K� ? 7 @ + @DOoIRATE * Q ^ @aEMI + @ ^WP9 ? 7 IRS:? - I FV; ?TA *>9GF ? ;a9<; ?5I`I�OrA5@]@ *>F.+ QU@ - IREM@ ;a; @ FV;59 ? 9 JL@N?5IX? 7 @ * AT? 9 O *1- ? ; I>O8? 7 @NS:ATQ *>F�9 EN_

*>\ @ ; 2$7 F ? 7 @ -3*R; @NI>O�Y \ S:A5@ § 2 � 2 *)� ? 7 @ \ A5@ * ? F S:EZQU@BAaI>O + @B? *>9G^<; =:A5I + S - @ ;$F S:EM@BA5IRS ;an I F @ ;I>O 7:9G\s7�\ A *1+)9 @ F ? ;$WP7:98-�7D* ?T?TA *1- ?[? 7 @ *1- ? 9 JL@ - I F ?5IRS:A *>F.+ +)9<; ? *>F.- @ 9 ?+O�A5IRE�? 7 @3QUIRS F.+.* A 9 @ ;I>O�? 7 @1Q:S 9G^8+)9GF:\ 2,H 9G\ S:A5@ § 2 � 2 Q ;T7 I Wq; ? 7 @ 9 EH=:A5IkJL@BEM@ F ?aQ:A5IRS \s7 ?aQ e ? 7 @ ;570* =/@ - I FV; ?TA *>9GF ? ª? 7 @+Q:S 9G^8+)9GF:\Z9GF ? 7 @ 9 E *>\ @ 9<; - IRATA5@ - ? ^ e ; @ \ EM@ F ?5@ +R+ @ ; = 9 ?5@ *>FM9GF:9 ? 9/*>^G9Gn&* ? 9 I F ? 70* ? 9<; O * A�O�A5IRE
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? 7 @Z? * A \ @B? 2 687 @ 9GF J * A 9/*>F.- @3Q e +)9 A5@ - ?[= ^/*>F @ ;T9 E 9G^/* A 9 ? e I>O�? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ?[@ F0* Q ^ @ ; ?5IIkJL@BA - IREM@�? 7 @ 9GF:9 ? 9/*>^b; S:=/@BAT=UI ;T9GF:\ @BATA5IRA ; ? 70*>F p ; ?5I
? 7 @ + e F0* E 98- @ ; ? 9 E * ? 9 I F I>Oq? 7 @

Tsim= * A * EM@B?5@BA ; 2

| * }

| Q-}

H 9G\ S:A5@ § 2 � ª x @ \ EM@ F ? * ? 9 I F{WP9 ? 7 *>F @ +)\ @D_�Q *R; @ +<*1- ? 9 JL@ - I F ?5IRS:A |�� � H } *>F.+
ξ0 = (s0 = 1.1, θ0 = 0.1, µx,0 = −4, µy,0 = 1) ª | * }3A5@ ; S ^ ? WP9 ? 7 IRS:? *>F e =:A 9 IRA ;T70* =U@ - I F _; ?TA *>9GF ? 2 | Q-}bA5@ ; S ^ ? WP9 ? 7 =:A 9 IRA ;T70* =U@ - I FV; ?TA *>9GF ? | λ = 5

} 2
��������� - ���>3;�/�7� 14� ���:��� ���4� �D��� �7�����D���0� �7�/�6� �6? ���4� 3��4��
� !"����3C���7� ���4�98 � ! ���/16�

!"�6��� � �4��3
687 @[@BJLI ^ S:? 9 I F I>O©? 7 @ *1- ? 9 JL@ - I F ?5IRS:A8E 9GF:9 E 9Gn @ ;C*>F @ F @BA \ e OrS F.- ? 9 I F0*>^ Q e \ A *1+)9 @ F ? + @ ;B- @ F ? 2687:9<; IR=:? 9 E 9Gn&* ? 9 I F�9<;u^ I -3*>^�*>F.+ F IR? \s^ IRQ *>^ 2 687 S ;K�'*>^G^ ? 7 @H=UI ;5;T9 Q ^ @ - I F Y \ S:A * ? 9 I FV; I>O8? 7 @- I F ?5IRS:A 9GF ? 7 @ 9 E *>\ @ WP9G^G^UF IR?PQU@+?5@ ; ?5@ +X; I *R; ?5I1E 9GF:9 E 9Gn @u? 7 @$@ F @BA \ e O�S F.- ? 9 I F0*>^ 2 � F ? 7 @- I F ?TA * A e � ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A3EZS ; ?3Q/@ 9GF:9 ? 9/*>^G^ e -B^ I ; @H?5I ? 7 @NY F0*>^b; I ^ S:? 9 I F�; I ? 70* ? 9 ? -3*>F
- I F JL@BA \ @3I Fw9 ? 2 x I � *NF I F _ F S ^G^ IkJL@BA ^/* =
QU@B? W @]@ F ? 7 @ 9GF:9 ? 9/*>^�- I F ?5IRS:A *>F.+ ? 7 @u? * A \ @B? 9GF ? 7 @9 E *>\ @ 9<; @ ;5; @ F ? 9/*>^ 2�7 F ? 7:9<;$; @ - ? 9 I F©�UW @N@DC * E 9GF @1? 7 @ ; @ FV;T9 ? 9 J 9 ? e I>O�? 7 @ ;T70* =U@ - I FV; ?TA *>9GF @ +*1- ? 9 JL@ - I F ?5IRS:A ;qWP9 ? 7 A5@ ; =/@ - ?b?5I1? 7 @ 9GF:9 ? 9/*>^G9Gn&* ? 9 I Fw9GF IRA + @BAP?5I *R;5; @ ;5; ? 7 @[A5IRQ:S ; ? F @ ;�; I>O�? 7 @
*>^G\ IRA 9 ? 7 E ;$*>F.+ ? 7 @ 9 A -3* = *1-B9 ? e OoIRA ; I ^ J 9GF:\ ? 7 @1E * =)_�?5I>_ 9 E *>\ @HE * ? -�7:9GF:\ =:A5IRQ ^ @BE 2�� @BJL@BAy_? 7 @ ^ @ ;5;k� W @XI F:^ e @DC * E 9GF @ *
;59GF:\s^ @ -B^/*R;5; I>O 9GF:9 ? 9/*>^ E * ? -57:9GF:\ @BATA5IRA ª ? 7 @ I F @�? 70* ? -3*>F QU@EMI + @ ^ @ + Q e +)9 A5@ - ?q= ^/*>F @ ;T9 E 9G^/* A 9 ? e 2
�
	��
	��	�� � S DRK>@fI�[iHCS M�S Z�AP<>= I7=��N[*SNM
��U8@fHC=L? DdS ?8=LgiH
H 9G\ S:A5@ ; § 2 �N?5I § 2 ¨ =N9G^G^ S ; ?TA * ?5@a? 7 @ ; @ FV;T9 ? 9 J 9 ? e I>O�? 7 @ M�70*>F *>F.+ � @ ; @ *>F.+ Q�* e @ ;T9/*>F EMI + @ ^<;WP9 ? 7 A5@ ; =/@ - ?q?5IN? 7 @ 9GF:9 ? 9/*>^G9Gn&* ? 9 I F I>O�? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 2 H 9G\ S:A5@ § 2 � ;57 I Wq; ? 70* ?+? 7 @ M�70*>F*>F.+ � @ ; @[EMI + @ ^U9<;8F IR? ; @ FV;T9 ? 9 JL@$?5I *3W @ * p ?TA *>FV;T^/* ? 9 I F I F ? 7 @$? 7 A5@]@u@DC * EH= ^ @ ;89G^G^ S ; ?TA * ?5@ + 2
H 9G\ S:A5@ ; § 2 � 2 * *>F.+ § 2 � 2 -3;T7 I W ? 70* ? 9 O�? 7 @uE * ? -�7:9GF:\ I>O�? 7 @ZA5@ - ? *>F:\ S ^/* AcQ:S 9G^8+)9GF:\L;�+ I¦@ ;+F IR?; @]@BE�?5IH=/I ; @ *>F e =:A5IRQ ^ @BE WP9 ? 7 *>Fw9GF:9 ? 9/*>^ A5IR? * ? 9 I F I>O ? 2 ¢ A *1+ �VW @ -3*>F{; @]@ �:7 I W @BJL@BA � ? 70* ?? 70* ?+I>O�? 7 @ �+_ ;T70* =/@ + Q:S 9G^8+)9GF:\M70*R; O *>9G^ @ + | Y \ S:A5@ § 2 � 2 Q-} 2 687 @BA5@ * A5@$? W I�A5@ *R; I FV; OoIRAP? 7:9<; ª
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✽
687 @cYVA ; ?PI F @ 9<; A5@ ^/* ? 9 JL@[?5I1? 7 @ 9 E *>\ @ ; ? 70* ? W @[S ; @ 2�7 F *,+ @ FV; @[S:ATQ *>F @ F J 9 A5I F EM@ F ? �* Q:S 9G^8+)9GF:\(- I FV;T98+ @BA5@ +R+ I¦@ ;�F IR? ; ? *>F.+ IRS:? ;59GF:\ S ^/* A ^ e OrA5IRE 9 ? ; @ F J 9 A5I F EM@ F ? 2 687 S ;k�¦9 O? 7 @ 9GF:9 ? 9/*>^G9Gn&* ? 9 I FX9<; ?5I¦I +)9<; ? *>F ? � *�- I F JL@BA \ @ F.- @uI F ? 7 @ + @ ;T9 A5@ + IRQ��y@ - ?�E * e QU@ 7:9G\s7:^ e
+ @ ^G98-3* ?5@ 2 687:9<;�- I F JL@BA \ @ F.- @ 9<; E *1+ @�@BJL@ F EMIRA5@ 70*>n&* A + IRS ; O�IRAu? 7 @ M�70*>FF*>F.+�� @ ; @EMI + @ ^VWP7 @BA5@q? 7 @qI F:^ e ; ? * ? 9<; ? 98-3*>^ f¦S *>F ? 9 ? e @DC * E 9GF @ +H9<; ? 7 @qEM@ *>F 2�7 ? 9<; JL@BA e =UI ;5;T9 Q ^ @? 70* ? + S:A 9GF:\ ? 7 @ 9 ?5@BA * ? 9 JL@1=:A5I - @ ;5;k�

cin (φ (x, t)) ' cout (φ (x, t))
WP7:98-�7�W IRS ^8+ A5@ ; S ^ ?9GF ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A�QU@ 9GF:\+9 EHEMIRQ 9G^G9Gn @ + � =:A5@BJL@ F ? 9GF:\ ? 7 @�E * ? -57:9GF:\ | ^ I -3*>^ E 9GF:9 EZS:E�} 2

✽
687 @ ; @ - I F.+ A5@ *R; I FX9<;b9GF:7 @BA5@ F ?8?5I1? 7 @ ;570* =/@ - I FV; ?TA *>9GF ?P?5@BATE 2�7 ? 9<; =UI ;5;T9 Q ^ @c? 70* ?b? 7 @* ?T? *1-57 EM@ F ?c?5I +.* ? * ?5@BATE E * pL@ ; ? 7 @ *1- ? 9 JL@ - I F ?5IRS:Aq?5@ F.+ ?5I W�* A +:;�*1; ? * ?5@[? 70* ? + I`@ ;F IR?cQU@ ^ I F:\ ?5I�? 7 @ ; = *1- @1I>O ;T70* =U@ ;�* S:? 7 IRA 9Gn @ + Q e ? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ?[@ F @BA \ e 2 x I �@BJL@ F{9 O�? 7 @1IRQ��T@ - ?cA5@B=:A5@ ; @ F ?5@ + 9GF ? 7 @ 9 E *>\ @ 9<; ? 7 @ ; I ^ S:? 9 I F E 9GF:9 E 9Gn]9GF:\ ? 7 @3@ F @BA \ eOrS F.- ? 9 I F0*>^���9 ? 9<; =:A5IRQ * Q ^ @�? 70* ? 9 ? WP9G^G^�- I ; ?aEMIRA5@NOoIRAa? 7 @ ;570* =/@ - I FV; ?TA *>9GF ?1?5@BATE ?5I
- IREM@ -B^ I ; @Z?5I 9 ?$? 70*>F ? 7 @ \ *>9GF E *1+ @3Q e ? 7 @ * ?T? *1-57 EM@ F ?a?5I +.* ? * @ F @BA \ e 2 j @3? 7 @ FA5@ *1-57 * 
 ����� 
������[Q/@B? W @]@ F ? 7 @ ; @�? W I *>F ? *>\ I F:9<; ? 98- OoIRA - @ ;K� E * p 9GF:\ ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A
- I F JL@BA \ @ZI F *1^ I -3*>^ E 9GF:9 E3S:E�I>O�? 7 @a@ F @BA \ e OrS F.- ? 9 I F0*>^ 2

687 @ M�70*>F *>F.+ � @ ; @1EMI + @ ^�; @]@BE ; ?5I QU@ZJL@BA e ; @ FV;T9 ? 9 JL@1?5I * J * A 9/* ? 9 I F I>O�? 7 @ ;B-3*>^G9GF:\ O *1- _?5IRA 2 687:9<;c9<;�* - I F J 9GF.-B9GF:\ E *>F:9 Oo@ ; ? * ? 9 I F I>O�? 7 @ ^/*1- p
I>O�A *1+)9 IREM@B?TA 98- +)9<;B- A 9 E 9GF0* ? 9 I F I>O�? 7 @Q:S 9G^8+)9GF:\ ?5IMQ/@$E * ? -�7 @ +w9GF ? 7 @ 9 E *>\ @ 9GF ? 7 @ ; @ FV; @uI>O�? 7 @$EM@ *>F | Y \ S:A5@ ; § 2 « 2 * *>F.+ § 2 « 2 Q-} 2
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H 9G\ S:A5@ § 2 � ª x @ FV;T9 ? 9 J 9 ? e ?5I�?TA *>FV;T^/* ? 9 I F ª ; @ \ EM@ F ? * ? 9 I F WP9 ? 7 ? 7 @ M�70*>F *>F.+ � @ ; @
EMI + @ ^9GF.- IRAT=UIRA * ? 9GF:\ * ;T70* =/@ - I FV; ?TA *>9GF ? 2 687 @ 9GF:9 ? 9/*>^ *1- ? 9 JL@ - I F ?5IRS:A I>O @DC`=U@BA 9 EM@ F ? ; | * } �| Q-} *>F.+ | - } 70*R; Q/@]@ F ?TA *>FV; OoIRATEM@ + Q e * +)9 A5@ - ? = ^/*>F @ ;T9 E 9G^/* A 9 ? e I>OM= * A * EM@B?5@BA ;
ξ0 =

(s0 = 1.0, θ0 = 0.0, µx,0 = 5, µy,0 = 5) 2
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H 9G\ S:A5@ § 2 � ª x @ FV;T9 ? 9 J 9 ? e ?5I A5IR? * ? 9 I F ª ; @ \ EM@ F ? * ? 9 I F WP9 ? 7 ? 7 @ M�70*>F *>F.+ � @ ; @ EMI + @ ^9GF.- IRAT=UIRA * ? 9GF:\ * ;T70* =/@ - I FV; ?TA *>9GF ? 2 687 @ 9GF:9 ? 9/*>^ *1- ? 9 JL@ - I F ?5IRS:A I>O @DC`=U@BA 9 EM@ F ? ; | * } �| Q-} *>F.+ | - } 70*R; Q/@]@ F ?TA *>FV; OoIRATEM@ + Q e * +)9 A5@ - ? = ^/*>F @ ;T9 E 9G^/* A 9 ? e I>OM= * A * EM@B?5@BA ;
ξ0 =

(s0 = 1.0, θ0 = 0.3, µx,0 = 0, µy,0 = 0) 2
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H 9G\ S:A5@ § 2 « ª x @ FV;T9 ? 9 J 9 ? e ?5Ic? 7 @ ;B-3*>^G9GF:\ O *1- ?5IRA ª ; @ \ EM@ F ? * ? 9 I FHWP9 ? 7 ? 7 @ M�70*>F(*>F.+ � @ ; @�EMI + @ ^9GF.- IRAT=UIRA * ? 9GF:\R*N;T70* =U@ - I FV; ?TA *>9GF ? 2| * }
ξ0 = (s0 = 1.5, θ0 = 0.0, µx,0 = 0, µy,0 = 0)

�| Q-}
ξ0 = (s0 = 0.8, θ0 = 0.0, µx,0 = 0, µy,0 = 0)

�| - }
ξ0 = (s0 = 1.5, θ0 = 0.0, µx,0 = 0, µy,0 = 0) 2
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687 @+A5@ ; S ^ ? ; IRQ:? *>9GF @ +�WP9 ? 7 ? 7 @ QL* e @ ;T9/*>F EMI + @ ^¥9GF Y \ S:A5@ ; § 2 ¨3? 2 Q *>F.+ § 2 ¨3? 2 -�* A5@ ;T9 E 9G^/* A?5IZ? 7 I ; @+IRQ:? *>9GF @ +�WP9 ? 7 ? 7 @ M�70*>F *>F.+ � @ ; @qEMI + @ ^ - I F.- @BA F:9GF:\ ? 7 @ ; @ FV;59 ? 9 J 9 ? e WP9 ? 7 A5@ ; =U@ - ??5I3?TA *>FV;T^/* ? 9 I F 2 I I W @BJL@BA �:W @ F IR?5@[? 70* ?�? 7 @ ; @ \ EM@ F ? * ? 9 I F I>O�? 7 @cYVA ; ?bA5@ - ? *>F:\ S ^/* APQ:S 9G^8+)9GF:\O *>9G^<; | Y \ S:A5@ § 2 ¨3? 2 * } 2 687:9<;Z9<;Z9GF:7 @BA5@ F ?1?5I ? 7 @ Q�* e @ ;59/*>F EMI + @ ^�WP7:98-�7�9<; EMIRA5@�=/@BATE 9<;�;T9 JL@*>F.+ * S:? 7 IRA 9Gn @ ; ? 7 @ ; @ \ EM@ F ? * ? 9 I F I>O�IRQ��y@ - ? ; I>O F I F _�S F:9 OoIRATE 9GF ?5@ FV;T9 ? e 2 687:9<; � @DC 9 Q 9G^G9 ? e I>O? 7 @8EMI + @ ^0*R;5; I -B9/* ?5@ +NWP9 ? 7 *[;T70* =/@ - I FV; ?TA *>9GF ?�? 70* ? 9<; ?5I`I \ A5@ * ? |
λ = 10

} E * pL@ ;�9 ?�=/I ;5;59 Q ^ @?5I{@DC`= ^/*>9GF ? 7 @�@BATA5I F @]IRS ; A5@ ; S ^ ?NIRQ:? *>9GF @ + 2 j @ WP9G^G^b; @]@ 9GF!; @ - ? 9 I F § 2 4 7 I W ?5I ; I ^ JL@�? 7:9<;=:A5IRQ ^ @BE WP9 ? 7 * J * A 9/* Q ^ @ W @ 9G\s7 ?
λ 2 ¡ ; OoIRAq? 7 @aA5IR? * ? 9 I F | Y \ S:A5@ § 2 ¨s¨ } �¥9 ? -3*>F QU@ ; @]@ F ? 70* ?? 7 @[E * ? -57:9GF:\ I>O ? 7 @ �q_ ;570* =/@ + Q:S 9G^8+)9GF:\H70*R;P; S - - @]@ + @ + | Y \ S:A5@ § 2 ¨s¨ 2 Q-} � �yS ; ? *R; ? 70* ?qI>O�? 7 @A5@ - ? *>F:\ S ^/* A3Q:S 9G^8+)9GF:\L;Z70*R;K��WP7 @BA5@ *R; ? 7 @ M�70*>FN*>F.+ � @ ; @HEMI + @ ^�70*R; O *>9G^ @ + | Y \ S:A5@ § 2 � 2 Q-} 2¡ ;�W @ 70* JL@[EM@ F ? 9 I F @ + @ * A ^G9 @BA � ? 7 @ F IRATE *>^G9Gn&* ? 9 I F Q e ? 7 @cJ * A 9/*>F.- @[I>O ? 7 @ 9 E *>\ @ 9GFV;T98+ @c? 7 @

*1- ? 9 JL@ - I F ?5IRS:A8E * pL@ ;b9 ?b=/I ;5;59 Q ^ @q?5I3A5@ F.+ @BAb? 7 @ * ?T? *1-57 EM@ F ?q?5I +.* ? * ?5@BATE =:A5@B=/I F.+ @BA *>F ? 9GFIRA + @BAc?5I�IKJL@BA - IREM@3? 7 @ ;570* =/@ - I FV; ?TA *>9GF ?[?5@BATE WP7:98-57 70*1+ ?5@ F.+ @ + ?5I - A5@ * ?5@ ^ I -3*>^ E 9GF:9 E * 2
J 9 pL@ WP9 ? 7 ? 7 @ M�70*>F *>F.+ � @ ; @bEMI + @ ^�� ? 7 @ ; @ FV;T9 ? 9 J 9 ? e ?5@ ; ? WP9 ? 7 A5@ ; =U@ - ?�?5Ic? 7 @ ;B-3*>^G9GF:\ O *1- ?5IRAO *>9G^<; O�IRA�? 7 @[@DC)=U@BA 9 EM@ F ? ;89GF Y \ S:A5@ ; § 2 ¨ = 2 *�*>F.+ § 2 ¨ = 2 Q 2 687:9<;b9<;L+ SV@+?5I * =/I`IRA 9GF:9 ? 9/*>^G9Gn&* ? 9 I F*>F.+F* ^/*1- p�I>O +)9<;B- A 9 E 9GF0* ? 9 I F I>Oq? 7 @�Q:S 9G^8+)9GF:\�9GF ? 7 @ 9 E *>\ @ 2�� F ? 7 @ - I F ?TA * A e ��;T9GF.- @�? 7 @^G9G\s7 ?y_ - I ^ IRA5@ + Q:S 9G^8+)9GF:\H9GF ? 7 @$? 7:9 A + @DC`=U@BA 9 EM@ F ? 9<;P;59GF:\ S ^/* A ^ e +)9ml @BA5@ F ?PO�A5IRE ? 7 @cA5@ ; ?8I>O�? 7 @;B- @ F @ � ? 7 @ ; @ \ EM@ F ? * ? 9 I F�; S - - @]@ +:;PWP70* ?5@BJL@BAc? 7 @uEMI + @ ^ S ; @ + | Y \ S:A5@ § 2 ¨ = 2 - } 2
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H 9G\ S:A5@ § 2 ¨3? ª x @ FV;59 ? 9 J 9 ? e ?5Ic?TA *>FV;T^/* ? 9 I F ª ; @ \ EM@ F ? * ? 9 I FMWP9 ? 7 ? 7 @ Q�* e @ ;T9/*>F EMI + @ ^ *>F.+N;T70* =U@- I FV; ?TA *>9GF ? 2 687 @ 9GF:9 ? 9/*>^L*1- ? 9 JL@ - I F ?5IRS:AHI>Oq@DC`=U@BA 9 EM@ F ? ; | * } � | Q-} *>F.+ | - } 70*R; Q/@]@ F ?TA *>FV; _OoIRATEM@ + Q e *(+)9 A5@ - ?q= ^/*>F @ ;T9 E 9G^/* A 9 ? e I>O�= * A * EM@B?5@BA ;
ξ0 = (s0 = 1.0, θ0 = 0.0, µx,0 = 5, µy,0 = 5) 2
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H 9G\ S:A5@ § 2 ¨s¨ ª x @ FV;59 ? 9 J 9 ? e ?5I�A5IR? * ? 9 I F ª ; @ \ EM@ F ? * ? 9 I F�WP9 ? 7 ? 7 @ QL* e @ ;T9/*>F EMI + @ ^�*>F.+�;T70* =U@- I FV; ?TA *>9GF ? 2 687 @ 9GF:9 ? 9/*>^L*1- ? 9 JL@ - I F ?5IRS:AHI>Oq@DC`=U@BA 9 EM@ F ? ; | * } � | Q-} *>F.+ | - } 70*R; Q/@]@ F ?TA *>FV; _OoIRATEM@ + Q e *(+)9 A5@ - ?q= ^/*>F @ ;T9 E 9G^/* A 9 ? e I>O�= * A * EM@B?5@BA ;
ξ0 = (s0 = 1.0, θ0 = 0.3, µx,0 = 5, µy,0 = 5) 2
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H 9G\ S:A5@ § 2 ¨ = ª x @ FV;59 ? 9 J 9 ? e ?5I ? 7 @ ;9-3*>^G9GF:\ O *1- ?5IRA ª ; @ \ EM@ F ? * ? 9 I F WP9 ? 7 ? 7 @ Q�* e @ ;T9/*>F EMI + @ ^*>F.+ ? 7 @ ;570* =/@ - I FV; ?TA *>9GF ? 2| * }
ξ0 = (s0 = 1.5, θ0 = 0.0, µx,0 = 0, µy,0 = 0)| Q-}
ξ0 = (s0 = 0.8, θ0 = 0.0, µx,0 = 0, µy,0 = 0)| - }
ξ0 = (s0 = 1.5, θ0 = 0.0, µx,0 = 0, µy,0 = 0) 2
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H 9G\ S:A5@ § 2 ¨K¢ ;T7 I Wq; ? 7 @�E * ? -57:9GF:\ A5@ ; S ^ ? WP9 ? 7 ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A�Q *R; @ + I F ? 7 @ 9 E *>\ @ ~ ; � � HL2687 @ 9G^G^ S ; ?TA * ?5@ + E * ? -57:9GF:\L;M9GF ? 7:9<; Y \ S:A5@ * A5@ ;9* ? 9<; O *1- ?5IRA e 2F7 ? ;T7 IRS ^8+�7 I W @BJL@BA�QU@ F IR?5@ +? 70* ?P? 7 @ 9GF:9 ? 9/*>^G9Gn&* ? 9 I F @BATA5IRA 9<;P; E *>^G^ 2 j 9 ? 7 * EMIRA5@ +)9<; ? *>F ? 9GF:9 ? 9/*>^G9Gn&* ? 9 I F©� ? 7 @ - I FV; ?TA *>9GF @ +; @ \ EM@ F ? * ? 9 I F O *>9G^<; | Y \ S:A5@ § 2 ¨E4 } 2 687 @ ; @{@DC`=U@BA 9 EM@ F ? ;:+ @BEMI FV; ?TA * ?5@{? 70* ?X@BJL@ F WP9 ? 7 ? 7 @; = * ? 9/*>^�+)9ml S ;T9 I F I>O�? 7 @ \ A *1+)9 @ F ? 9GF O�IRATE * ? 9 I F©� ? 7 @ *1- ? 9 JL@ - I F ?5IRS:APA5@BE *>9GFV;q; @ FV;T9 ? 9 JL@[?5I1? 7 @9GF:9 ? 9/*>^G9Gn&* ? 9 I F 2 687 @wA5@ *R; I F 9<; ? 7 @
=:A5I>OrS ;T9 I F I>O + @B? *>9G^<;�; S:ATA5IRS F.+)9GF:\ ? 7 @
Q:S 9G^8+)9GF:\�WP7:98-�7@ *R;T9G^ e ?TA * =w? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 9GFK*H^ I -3*>^ E 9GF:9 E3S:E�I>O�? 7 @a@ F @BA \ e OrS F.- ? 9 I F0*>^ 2
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H 9G\ S:A5@ § 2 ¨K¢ ª x @ FV;T9 ? 9 J 9 ? e ?5I 9GF:9 ? 9/*>^G9Gn&* ? 9 I F ª ; @ \ EM@ F ? * ? 9 I F3WP9 ? 7 *>F @ +)\ @D_�Q *R; @ + *1- ? 9 JL@ - I F ?5IRS:A|�� � H } *>F.+ WP9 ? 7 ? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ? 2| * }
ξ0 = (s0 = 1.1, θ0 = 0.1, µx,0 = −4, µy,0 = 1)| Q-}
ξ0 = (s0 = 1.0, θ0 = −0.1, µx,0 = −1, µy,0 = −2)| - }
ξ0 = (s0 = 1.0, θ0 = 0.1, µx,0 = 0, µy,0 = 2) 2



¨s¨ � �����������
	����	�������������������������������	��� !���
"#�$���� &%'�������(�����)	��

�	��
 ���3
 ��� 


H 9G\ S:A5@ § 2 ¨E4 ª x @ FV;T9 ? 9 J 9 ? e ?5I *D+)9<; ? *>F ? 9GF:9 ? 9/*>^G9Gn&* ? 9 I F ª ; @ \ EM@ F ? * ? 9 I F�WP9 ? 7 *>F @ +)\ @D_�Q *R; @ +*1- ? 9 JL@ - I F ?5IRS:A |�� � H } *>F.+ WP9 ? 7 ? 7 @ ;570* =/@ - I FV; ?TA *>9GF ? 2| * }
ξ0 = (s0 = 1.1, θ0 = 0.25, µx,0 = −4, µy,0 = 1)| Q-}
ξ0 = (s0 = 1.0, θ0 = −0.25, µx,0 = −2, µy,0 = −3)| - }
ξ0 = (s0 = 1.0, θ0 = 0.1, µx,0 = −2, µy,0 = 2) 2
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687 @u@DC)=/@BA 9 EM@ F ? ;P9GF ? 7 @$=:A5@BJ 9 IRS ;q; @ - ? 9 I F 70* JL@ ;T7 I WPF ? 70* ?P? 7 @ *1- ? 9 JL@ - I F ?5IRS:A ; S ; @ + W @BA5@; @ FV;59 ? 9 JL@�?5I *<+)9<; ? *>F ? 9GF:9 ? 9/*>^G9Gn&* ? 9 I F WP9 ? 7 A5@ ; =U@ - ?3?5I{? 7 @XIRQ��y@ - ?1?5I
QU@ ; @ \ EM@ F ?5@ +�9GF ? 7 @9 E *>\ @ 2 j @$@DC)= ^/*>9GF ? 7:9<;P; @ FV;T9 ? 9 J 9 ? e Q e ? 7 @ ^/*1- p�I>O +)9<;B- A 9 E 9GF0* ? 9 I F I>O ? 7 @$IRQ��T@ - ?qI>O 9GF ?5@BA5@ ; ?WP9 ? 7 A5@ ; =U@ - ?8?5IN? 7 @$A5@ ; ?PI>O ? 7 @ 9 E *>\ @ *>F.+ Q e ? 7 @$=:A5@ ; @ F.- @uI>O�? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ? WP7:98-�79<;89GF.-B^G9GF @ + ?5I1E * pL@$? 7 @ - I F ?5IRS:Aq?TA * =:=U@ + 9GFX^ I -3*>^ E 9GF:9 E * 2
7 F ? 7:9<;P; @ - ? 9 I F©�)W @$=:A5@ ; @ F ?P? 7 @A5@ ; S ^ ? ;)- I F.- @BA F:9GF:\ ? 7 @�O�S ;T9 I F I>OV? 7 @�v x z WP9 ? 7 ? 7 @ ;9* ?5@ ^G^G9 ?5@ 9 E *>\ @ *>F.+ ? 7 @ ; = * ? 9 I>_�?5@BEH=UIRA *>^;T70* =U@ - I FV; ?TA *>9GF ? 2 j @ WP9G^G^ @DC * E 9GF @�@DC`=U@BA 9 EM@ F ? *>^G^ e ?5I WP70* ?3@DC)?5@ F ?1? 7 @ ; @H? W I ; I ^ S:? 9 I FV;A5@ ; I ^ JL@a? 7 @$=:A5IRQ ^ @BE�I>O�? 7 @ ^ I -3*>^ E 9GF:9 E *MWP7:98-57 =:A5@BJL@ F ?qO�A5IRE *>F @D� -B9 @ F ?cE * ? -57:9GF:\ 2
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H 9G\ S:A5@ § 2 ¨K§ 9G^G^ S ; ?TA * ?5@ ; ? 7 @aA5@ ; S ^ ? ; IRQ:? *>9GF @ +{WP9 ? 7 ? 7 @ �q_ ;570* =/@ + Q:S 9G^8+)9GF:\ *>F.+ ? 7 @ZEMI + @ ^<;=:A5IR=UI ; @ +�9GF @]fgS * ? 9 I FV; |o§ 2 § } *>F.+ |o§ 2 �L} 2 v$@ ; = 9 ?5@ ? 7 @ 9GF:9 ? 9/*>^G9Gn&* ? 9 I F 9GF ?5@ F ? 9 I F0*>^G^ e E *1+ @O * A$OrA5IRE ? 7 @HQ:S 9G^8+)9GF:\
9GF ? 7 @ 9 E *>\ @ � ? 7 @HE * ? -�7:9GF:\{; S - - @]@ +:; 2 687:9<;Z;57 I Wq; ? 70* ?Z? 7 @ \ I¦I ++)9<;B- A 9 E 9GF0* ? 9 I F I>O+? 7 @�Q:S 9G^8+)9GF:\ 9GF ? 7 @ v x z�E *>F0*>\ @ ; ?5I ^ @ *1+ ? 7 @ *1- ? 9 JL@ - I F ?5IRS:AN?5I{? 7 @? * A \ @B? 9GF ? 7 @ 9 E *>\ @ 2 ¡ ?�? 7 @b@ F.+ I>O - I F JL@BA \ @ F.- @ � ? 7 @ - I F ?TA 9 Q:S:? 9 I F I>O¥? 7 @bv x z 9<; A5@ ^/* C:@ + ?5I\s9 JL@8EMIRA5@ W @ 9G\s7 ?�?5I[? 7 @ 9 E *>\ @ 9GFHWP7:98-57 ? 7 @8QUIRS F.+.* A 9 @ ; I>O¥? 7 @8Q:S 9G^8+)9GF:\$* A5@8QU@B?T?5@BA + @DY F @ + 2
H 9G\ S:A5@ § 2 ¨ � 9G^G^ S ; ?TA * ?5@ ; ? 7 @ ;9* EM@+@DC)=/@BA 9 EM@ F ? *R; Y \ S:A5@ § 2 ¨K§ Q:S:? WP9 ? 7 IRS:? 9GF ?5@ \ A * ? 9 I F I>O©? 7 @v x z 2 7 ? -3*>F QU@ ; @]@ F ? 70* ? 9GF ? 7:9<;$-3*R; @1? 7 @ *1- ? 9 JL@ - I F ?5IRS:A + I`@ ;$F IR?uE *>F0*>\ @H?5I ; @ \ EM@ F ?? 7 @uQ:S 9G^8+)9GF:\ 2

| * }

| Q-}

H 9G\ S:A5@ § 2 ¨K§ ª x S - - @ ;5; OrS ^ E * ? -�7:9GF:\�WP9 ? 7F*:+)9<; ? *>F ? 9GF:9 ? 9/*>^G9Gn&* ? 9 I F�*>F.+ 9GFV; @BAT? 9 I F I>OP? 7 @�@DC`_I \ @ F IRS ; v x z 9GF ? 7 @u@ F @BA \ e O�S F.- ? 9 I F0*>^ 2 | * } M�70*>F<*>F.+ � @ ; @$EMI + @ ^�� | Q-} QL* e @ ;T9/*>F EMI + @ ^ 2
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H 9G\ S:A5@ § 2 ¨ � ª H *>9G^ @ + E * ? -57:9GF:\HWP9 ? 7 *$+)9<; ? *>F ? 9GF:9 ? 9/*>^G9Gn&* ? 9 I FK*>F.+ ? 7 @ M�70*>F *>F.+ � @ ; @+EMI + @ ^| F I 9GF.- IRAT=UIRA * ? 9 I F I>O�? 7 @uv x z�} 2

687 @ - IREH= * A 9<; I F I>O[Y \ S:A5@ ; § 2 ¨ � *>F.+ § 2 ¨ � 9G^G^ S ; ?TA * ?5@ ; ? 7 @w@D� -B9 @ F.- e I>O$? 7 @ =:A5IR=UI ; @ +EM@B? 7 I + 2 7 F ? 7 @
@DC)=/@BA 9 EM@ F ? 9GF Y \ S:A5@ § 2 ¨ � WP7 @BA5@{I F:^ e ? 7 @ ;9* ?5@ ^G^G9 ?5@ 9 E *>\ @ +)9 A5@ - ? ; ? 7 @*1- ? 9 JL@ - I F ?5IRS:A | Q�* e @ ;T9/*>F EMI + @ ^ } � ? 7 @ZE * ? -57:9GF:\ O *>9G^<; 2 687 @ +)9<; ? *>F ? 9GF:9 ? 9/*>^G9Gn&* ? 9 I F *>F.+ ? 7 @=:A5@ ; @ F.- @[I>O ;T70*1+ I W @DC)= ^/*>9GF ? 7 @+A5@ ; S ^ ?�IRQ:? *>9GF @ + 2 687 @ ;T70*1+ I W�9<;L*>FR* AT? 9 O *1- ?�? 70* ? 9<;�* Q ; @ F ?O�A5IRE ? 7 @av x z WP7:98-�7 ? 7 @ F E *>F0*>\ @ ; ?5I +)9 A5@ - ?q? 7 @ - I F ?5IRS:Ac?5IH? 7 @ - IRATA5@ - ? ; I ^ S:? 9 I F | Y \ S:A5@§ 2 ¨ �L} 2
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H 9G\ S:A5@ § 2 ¨ � ª H *>9G^ @ + E * ? -57:9GF:\wWP9 ? 7 IRS:?av x z 9GF.- IRAT=UIRA * ? 9 I F©� WP9 ? 7 *R+)9<; ? *>F ? 9GF:9 ? 9/*>^G9Gn&* ? 9 I F*>F.+ ? 7 @ Q�* e @ ;T9/*>F EMI + @ ^ 2
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H 9G\ S:A5@ § 2 ¨ � ª x S - - @ ;5; OrS ^ E * ? -�7:9GF:\�WP9 ? 7F*:+)9<; ? *>F ? 9GF:9 ? 9/*>^G9Gn&* ? 9 I F�*>F.+ 9GFV; @BAT? 9 I F I>OP? 7 @�@DC`_I \ @ F IRS ; v x z 9GF ? 7 @N@ F @BA \ e O�S F.- ? 9 I F0*>^ | Q�* e @ ;T9/*>F EMI + @ ^ O�IRA[? 7 @ 9 E *>\ @ �)M�70*>FD*>F.+ � @ ; @EMI + @ ^ OoIRAP? 7 @uv x z�} 2
J *R; ? ^ e � ? 7 @�@DC)=/@BA 9 EM@ F ? 9GF Y \ S:A5@ § 2 ¨ « 9G^G^ S ; ?TA * ?5@ ; ? 7 @ - IREH= ^ @BEM@ F ? * A 9 ? e I>Oq? 7 @�A5@ \s9 I F9GF OoIRATE * ? 9 I F OrA5IRE ? 7 @$v x z | M�70*>F *>F.+ � @ ; @k} *>F.+ O�A5IRE ? 7 @[QUIRS F.+.* A e @DC)?TA *1- ?5@ + OrA5IRE ? 7 @9 E *>\ @ ~ ;c; @ \ EM@ F ? ; |�� � H } 2 687 @$OoIRA - @ + @BA 9 JL@ + O�A5IRE ? 7 @av x z E *>F0*>\ @ ; ?5IMQ:A 9GF:\ ? 7 @ *1- ? 9 JL@- I F ?5IRS:A -B^ I ; @M?5I ? 7 @HY F0*>^b; I ^ S:? 9 I F Q e IkJL@BA - IRE 9GF:\ ? 7 @ * AT? 9 O *1- ? ;3^G9 pL@ ^ e ?5Iw?TA * = *>F *1- ? 9 JL@

- I F ?5IRS:AaI F:^ e EMIKJL@ + Q e ? 7 @ 9 E *>\ @ ~ ;$\ A *1+)9 @ F ? ; 2 687 @3Q:S 9G^8+)9GF:\ 9<;K�/9GF ? 7 @1@ F.+ �U; S - - @ ;�; OrS ^G^ e; @ \ EM@ F ?5@ + | Y \ S:A5@ § 2 ¨ «L} � S F:^G9 pL@P? 7 @ -3*R; @PI>O/Y \ S:A5@ § 2 = ? WP9 ? 7 IRS:? 9GF.- IRAT=UIRA * ? 9 I F I>O-? 7 @+v x z 2

H 9G\ S:A5@ § 2 ¨ « ª x S - - @ ;5; O�S ^ E * ? -�7:9GF:\3WP9 ? 7 * +)9<; ? *>F ? 9GF:9 ? 9/*>^G9Gn&* ? 9 I F *>F.+M9GFV; @BAT? 9 I F I>O ? 7 @q@DC:I \ @D_F IRS ; v x z 9GF ? 7 @H@ F @BA \ e O�S F.- ? 9 I F0*>^ |�� � H EMI + @ ^ O�IRA$? 7 @ 9 E *>\ @ �)M�70*>F *>F.+�� @ ; @1EMI + @ ^OoIRAP? 7 @av x z�} 2



¨ =O= �����������
	����	�������������������������������	��� !���
"#�$���� &%'�������(�����)	��

�	��
��i%7� ��� �5�6'\� ����� ���3
��8%�'�� � � ��'('\-����L����� �9/�� %��

H 9G\ S:A5@ § 2 = ? ª H *>9G^ @ + E * ? -57:9GF:\wWP9 ? 7 IRS:?av x z 9GF.- IRAT=UIRA * ? 9 I F©� WP9 ? 7 *R+)9<; ? *>F ? 9GF:9 ? 9/*>^G9Gn&* ? 9 I F*>F.+ ? 7 @ � � H EMI + @ ^ 2687 @ ^/*R; ? *1+ J *>F ? *>\ @[I>O�v x z�OrS ;59 I F - I F.- @BA FV; ? 7 @qA5@ + S - @ +R- I F JL@BA \ @ F.- @[? 9 EM@ 2 6)* Q ^ @ § 2 ¢- IREH= * A5@ ; ? 7 @ - I F JL@BA \ @ F.- @�? 9 EM@ ;aWP9 ? 7N*>F.+�WP9 ? 7 IRS:?aEM@BA \s9GF:\ I>O8? 7 @Mv x z ? 70*>F p ; ?5I ? 7 @
-3*>^8- S ^/* ? 9 I F I>O[? 7 @ 9 A1A * ? 9 I 2 687 @X@DC`=U@BA 9 EM@ F ? ; =U@BAyO�IRATEM@ + ?5I�@ ; ? * Q ^G9<;57 ? 7 @ ; @ - IREH= * A 9<; I FV;W @BA5@ -3* ATA 9 @ + IRS:? WP9 ? 7 Q:S 9G^8+)9GF:\L; I>O8Y \ S:A5@ ; § 2 � 2 * *>F.+ § 2 � 2 Q WP9 ? 7 +)9ml @BA5@ F ? 9GF:9 ? 9/*>^G9Gn&* ? 9 I FV; 2j @ ; @]@[? 70* ?P? 7 @ - I F JL@BA \ @ F.- @Z? 9 EM@ ;C* A5@ ;T7 IRAT?5@BA WP9 ? 7 ? 7 @[v x z OrS ;T9 I F 2 687:9<;q9 EH=:A5IKJL@BEM@ F ?9<;�+ SV@[?5IZ? 7 @ \ A5@ * ? +)9<;B- A 9 E 9GF0* ? 9 I F I>O�? 7 @+Q:S 9G^8+)9GF:\N9GF ? 7 @$v x z - IREH= * A5@ +XWP9 ? 7 ? 7 @ 9 E *>\ @ 2x I � ? 7 @ �yI 9GF ?�S:? 9G^G9Gn&* ? 9 I F I>O ? 7 @qv x z�@ F0* Q ^ @ ; ?5I ; S:A5@ ^ e *>F.+ EMIRA5@q@D� -B9 @ F ? ^ e ^ @ *1+ ? 7 @ *1- ? 9 JL@
- I F ?5IRS:AP?5I3? 7 @[? * A \ @B?qIRQ��T@ - ? 2 687 @[A5@ ; S ^ ? ;89GF ? * Q ^ @ § 2 ¢ + @B=U@ F.+ I F ? 7 @ 9GF:9 ? 9/*>^G9Gn&* ? 9 I F I>O�? 7 @*1- ? 9 JL@ - I F ?5IRS:A *>F.+ I>O-? 7 @ 9 E *>\ @qQ/@ 9GF:\$*>F0*>^ e n @ + 2 � @BJL@BAT? 7 @ ^ @ ;5;k� ? 7 @ e ;57 I W * A5@ *>^ ?5@ F.+ @ F.- e?5I 9 EH=:A5IkJL@a? 7 @a@D� -B9 @ F.- e 2

���K"=LI7[\DR=LMNA ratio
�+_ ;T70* =U@ + Q:S 9G^8+)9GF:\V� @DC)=/@BA 9 EM@ F ? ¨ ¨ 2 4� @ - ? *>F:\ S ^/* AqQ:S 9G^8+)9GF:\V� @DC`=U@BA 9 EM@ F ? ¨ ¨ 2 ¢
�+_ ;T70* =U@ + Q:S 9G^8+)9GF:\V� @DC)=/@BA 9 EM@ F ? = = 2 §� @ - ? *>F:\ S ^/* AqQ:S 9G^8+)9GF:\V� @DC`=U@BA 9 EM@ F ? = ¨ 2 ¢

6�* Q ^ @ § 2 ¢ ª � * ? 9 IqQU@B? W @]@ F ? 7 @ - I F JL@BA \ @ F.- @�? 9 EM@ ;�WP9 ? 7 IRS:? *>F.+ZWP9 ? 7 v x z EM@BA \s9GF:\V� ratio =
twithout fusion
twith fusion 2
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	 � 	�� � =LHPF8g ACH � [ AP< @ HCK8@BAP[*S ��AC=LDRK"SVI7@Qg�HP<X@fKe= Y�S M>H&ACI7@Q[\MNA687 @q@DC)=U@BA 9 EM@ F ? 9G^G^ S ; ?TA * ?5@ +�9GF Y \ S:A5@ § 2 = ¨ A5@B=:A5I + S - @ ; ? 7 @q@DC)=U@BA 9 EM@ F ? 9GF Y \ S:A5@ § 2 ¨3? 2 *$WP9 ? 7? 7 @ ; = * ? 9 I>_�?5@BEH=/IRA *>^8W @ 9G\s7 ?HI>OP? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ?H@DC`=:A5@ ;5; @ + 9GF @]f¦S * ? 9 I F |o§ 2 ¨3? } 2 687 @



�� ������
���  E��� �� ��� ����" ����� � ���� � ��� ������� 	��
�
	� �� �
�(� �
�N	�� ��� ����� ¨ = ¢
* EH= ^G9 ?TS + @�I>Ob? 7 @ - I FV; ?TA *>9GF ? W @ 9G\s7 ?3J * A 9 @ ; QU@B? W @]@ F

λmin = 3
*>F.+

λmax = 30
WP7 @ F ? 7 @9GF:9 ? 9/*>^`F I F _ 9GF ?5@BA *1- ? 9 I F +)9<; ? *>F.- @ 9<;

d0 = 7
= 9 C:@ ^<; 2 j 7 @BA5@ *R; ? 7 @�E * ? -57:9GF:\ I>OV? 7 @�A5@ - ? *>F:\ S ^/* AQ:S 9G^8+)9GF:\ O *>9G^ @ + WP9 ? 7 *(- I FV; ? *>F ? ;T70* =U@ - I FV; ?TA *>9GF ? W @ 9G\s7 ? *>F.+ ? 7 @ Q�* e @ ;T9/*>F EMI + @ ^ | Y \ S:A5@§ 2 ¨3? 2 * } �s9 ? ; S - - @]@ +:;�WP9 ? 7 ? 7 @bOoIRATEZS ^/* ? 9 I FHWP7:98-�7 J * A 9 @ ;
*1- - IRA +)9GF:\ ?5I ; = *1- @ *>F.+ ? 9 EM@ | Y \ S:A5@§ 2 = ¨ } 2 687 @ ; @ - I F.+Z9 E *>\ @ 9GF ? 7 @ ; @]fgSV@ F.- @ 9G^G^ S ; ?TA * ?5@ ; ? 7 @�YVA ; ? = 70*R; @�I>O¥? 7 @ *>^G\ IRA 9 ? 7 E ª ;T9GF.- @? 7 @ W @ 9G\s7 ? 9<;q^ I Wa� ? 7 @ - I F ?5IRS:A -3*>F S F.+ @BA \ I�?5IR=UI ^ I \s98-3*>^)-570*>F:\ @ ;c9GF IRA + @BAc?5I ; @ \ EM@ F ?c? 7 @

* A5@ *R;NWP9 ? 7 ;T9 E 9G^/* ANA *1+)9 IREM@B?TA e 2 687:9<;H; @ \ EM@ F ? * ? 9 I F 9<; IRQgJ 9 IRS ;T^ e ^G9 E 9 ?5@ +�9GF ; = *1- @ 2 687 @? 7:9 A +X9 E *>\ @ 9GF ? 7 @ ; @]f¦SV@ F.- @ 9G^G^ S ; ?TA * ?5@ ; ? 7 @ ; @ - I F.+ = 70*R; @ ª ? 7 @ W @ 9G\s7 ? 9GF.- A5@ *R; @ ;P\ A *1+ S *>^G^ e*>F.+R- I F ? 9GF SVIRS ;T^ e WP7:98-�7 ?5@ F.+:; ?5I3=U@ F0*>^G9Gn @ *>F.+ ? 7 @BA5@DO�IRA5@[A5@ + S - @[? 7 @ ; S:AyO *1- @[I>O©? 7 @ ; @ - I F.+A5@ \s9 I F ? 70* ? * =:=/@ * A5@ +X9GF ? 7 @[=:A5@BJ 9 IRS ;P; ?5@B= 2�H 9GF0*>^G^ e � ? 7 @ - I F ?5IRS:A - I F JL@BA \ @ ; I F ? 7 @ - IRATA5@ - ?; I ^ S:? 9 I F 2

H 9G\ S:A5@ § 2 = ¨ ª x @ \ EM@ F ? * ? 9 I FwWP9 ? 7 *3; = * ? 9 I>_�?5@BEH=UIRA *>^ J * A 9/* ? 9 I F I>O�? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ? *>F.+? 7 @ Q�* e @ ;T9/*>F EMI + @ ^ |
λmin = 3

�
λmax = 30

�
d0 = 7

} 2
H 9G\ S:A5@ § 2 =O=w;T7 I Wq;$*X; S - - @ ;5; O�S ^ E * ? -57:9GF:\
WP9 ? 7F*>F�9GF:9 ? 9/*>^G9Gn&* ? 9 I F ? 70* ? 9<;�+)9<; ? *>F ?uO�A5IRE? 7 @X? * A \ @B? 9GF ? 7 @ 9 E *>\ @ 2 687 @ +)9 � - S ^ ? e I>Oc? 7 @ ;9- @ F @ 9<; ? 7 @ =:A5@ ; @ F.- @ I>O * F @ 9G\s7 QUIRA 9GF:\Q:S 9G^8+)9GF:\ | ; fgS * A5@k} WP9 ? 7 A *1+)9 IREM@B?TA 98- =:A5IR=U@BAT? 9 @ ; ? 70* ? * A5@ ;T9 E 9G^/* AZ?5IX? 7 I ; @MI>O8? 7 @NQ:S 9G^8+)9GF:\I>O 9GF ?5@BA5@ ; ? 2 j 7 @ F *R- I FV; ? *>F ? - I FV; ?TA *>9GF ? W @ 9G\s7 ? 9<; S ; @ + | Y \ S:A5@ § 2 = ¢ } �©W @ F IR?5@N? 70* ?u? 7:9<;=U@BA 9 = 7 @BA *>^ Q:S 9G^8+)9GF:\39<;�*>^<; I ; @ \ EM@ F ?5@ + � =:A5@BJL@ F ? 9GF:\ *a;9* ? 9<; O *1- ?5IRA e E * ? -�7:9GF:\ 2
7 F JL@BA ; @ ^ e � ? 7 @; = * ? 9 I>_�?5@BEH=UIRA *>^-;570* =/@ - I FV; ?TA *>9GF ?�=:A5IkJ 98+ @ ; ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A WP9 ? 7�; S)� -B9 @ F ? � @DC 9 Q 9G^G9 ? e ?5I

* S:? 7 IRA 9Gn @ *R-�70*>F:\ @MI>O�?5IR=UI ^ I \ e ?5I *1-�7:9 @BJL@ *R- I * A ; @ ; @ \ EM@ F ? * ? 9 I F I>O�? 7 @HIRQ��T@ - ? | ; @ - I F.+9 E *>\ @ 9GF ? 7 @ ; @]fgSV@ F.- @ 9GF Y \ S:A5@ § 2 =O= } 2 j 7 @ F ? 7 @+S F:9 O�IRATE - I FV; ?TA *>9GF ? 9<; A5@ ; ?5IRA5@ +R* ? *a^/* ?5@BA? 9 EM@ � ? 7 @ ^ I -3*>^ @BATA5IRA ;�9GF ? 7 @ ; @ \ EM@ F ? * ? 9 I FX;T9 ?TS * ?5@ +M9GF ? 7 @PA5@ ^/* C * ? 9 I F ; = *1- @ * A5@+@ ^G9 E 9GF0* ?5@ +
*>F.+K*N; S - - @ ;5; O�S ^ E * ? -57:9GF:\�9<; Y F0*>^G^ e *1-�7:9 @BJL@ + 2

H 9G\ S:A5@ § 2 =O= ª x @ \ EM@ F ? * ? 9 I FwWP9 ? 7 *3; = * ? 9 I>_�?5@BEH=UIRA *>^ J * A 9/* ? 9 I F I>O�? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ? *>F.+? 7 @ Q�* e @ ;T9/*>F EMI + @ ^ |
λmin = 27

�
λmax = 70

�
d0 = 7

} 2
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H 9G\ S:A5@ § 2 = ¢ ª x @ \ EM@ F ? * ? 9 I F WP9 ? 7 *K- I FV; ? *>F ? ;T70* =U@ - I FV; ?TA *>9GF ? W @ 9G\s7 ? *>F.+ ? 7 @ Q�* e @ ;59/*>FEMI + @ ^ |
λ = 50

} 2
687 @ @DC)=/@BA 9 EM@ F ? ;H;T7 I WPF!9GF Y \ S:A5@ § 2 = 4 A5@B=:A5I + S - @ WP9 ? 7�* � @DC 9 Q ^ @ - I FV; ?TA *>9GF ?N? 7 @�@DC`_=U@BA 9 EM@ F ? ; ? 70* ?HO *>9G^ @ + 9GF Y \ S:A5@ § 2 ¨E4 WP9 ? 7 *D- I FV; ? *>F ? ;570* =/@ - I FV; ?TA *>9GF ? W @ 9G\s7 ? *>F.+ ? 7 @@ +)\ @D_�Q *R; @ + EMI + @ ^ |�� � H } 2 687 @ 9 EH=:A5IKJL@BEM@ F ? + SV@+?5Iu? 7 @ - I FV; ?TA *>9GF ?�J * A 9/* ? 9 I FM9<; EMIRA5@ ; S:Q)_? ^ @ WP9 ? 7 ? 7 @ � � H EMI + @ ^ 2C7 F ? 7 @aYVA ; ? -3*R; @ | Y \ S:A5@ § 2 = 4 2 * } � ? 7 @ *1+.* =:? 9 JL@ W @ 9G\s7 ? + I¦@ ;+F IR?E * pL@ 9 ?P=UI ;5;T9 Q ^ @$?5I�IRQ:? *>9GF<* - IRATA5@ - ?qE * ? -57:9GF:\V�-WP7 @BA5@ *R;q9 ? 9<; @D� -B9 @ F ? WP9 ? 7 ? 7 @uIR? 7 @BAq? W I@DC * EH= ^ @ ; 2 j 9 ? 7R*>F @ +)\ @D_�Q *R; @ +R*1- ? 9 JL@ - I F ?5IRS:A8Q *R; @ + I F ? 7 @ 9 E *>\ @ ~ ;�\ A *1+)9 @ F ? � ? 7 @ ; = * ? 9 I>_?5@BEH=UIRA *>^©W @ 9G\s7 ? + I`@ ;PF IR?+@ F0* Q ^ @u?5I *1-�7:9 @BJL@ *N; S - - @ ;�; OrS ^ E * ? -�7:9GF:\�WP9 ? 7<*>F 9GF:9 ? 9/*>^G9Gn&* ? 9 I F? 70* ? 9<; ?5I`I +)9<; ? *>F ? 2 7 F.+ @]@ + � ? 7 @ ; @ + @DOoIRATE * Q ^ @HEMI + @ ^<;$* A5@ * l @ - ?5@ + Q e ? 7 @ 9 E *>\ @ ~ ;u^ I -3*>^9GF OoIRATE * ? 9 I F©�)WP7:98-57 9<;L* =:A5IRQ ^ @BE WP7 @ F ? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ? 9<; A5@ ^/* C)@ + 2 x I �`9 ? 9<; =:A5IRQ * Q ^ @? 70* ?c? 7 @ - I F ?5IRS:A[A5@BE *>9GFV; ?TA * =:=/@ +<+ S:A 9GF:\ ? 7 @Z=/@BA 9 I + WP7 @ F ? 7 @ - I FV; ?TA *>9GF ? W @ 9G\s7 ? 9<;+^ I Wa�WP7:98-�7 =:A5@BJL@ F ? ; S ; O�A5IRE - IRE 9GF:\ -B^ I ; @$?5IH? 7 @aQ:S 9G^8+)9GF:\ ?5IHQU@$E * ? -57 @ +w9GF ? 7 @ 9 E *>\ @ 2
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H 9G\ S:A5@ § 2 = 4 ª x = * ? 9 I>_�?5@BEH=/IRA *>^ J * A 9/* ? 9 I F I>O ^/* E3Q +.* WP9 ? 7 ? 7 @ � � H EMI + @ ^�*>F.+ λmin = 1
�

λmax = 5
�
d0 = 5 ª| * }

ξ0 = (s0 = 1.1, θ0 = 0.25, µx,0 = −4, µy,0 = 1)| Q-}
ξ0 = (s0 = 1.0, θ0 = −0.25, µx,0 = −2, µy,0 = −3)| - }
ξ0 = (s0 = 1.0, θ0 = 0.1, µx,0 = −2, µy,0 = 2) 2
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7 F Y \ S:A5@ § 2 = § W @M=:A5IR=UI ; @M?5I - I F.+ S - ?1@DC)=U@BA 9 EM@ F ? ;1WP9 ? 7�9 E *>\ @ ; ? 70* ? + I F IR?ZQU@ ^ I F:\?5I1? 7 @$A5@BEMIR?5@ ; @ FV;T9GF:\ + IRE *>9GF 2 687 @ ; @ 9 E *>\ @ ; =:A5@ ; @ F ?P? 7 @ ; * EM@ +)9 � - S ^ ? 9 @ ; *R; ? 7 @$A5@BEMIR?5@; @ FV;59GF:\D+.* ? *�9GF *>F S:ATQ *>F @ F J 9 A5I F EM@ F ? � ? 70* ? 9<; ?5I ; * e *�^/*1- p I>O +)9<;B- A 9 E 9GF0* ? 9 I F I>O$? 7 @IRQ��T@ - ?cI>O 9GF ?5@BA5@ ; ? WP9 ? 7 A5@ ; =/@ - ?+?5I 9 ? ; @ F J 9 A5I F EM@ F ? 2 687 @Z@DC)=U@BA 9 EM@ F ? ;[WP9 ? 7
9 E *>\ @ ; § 2 = § 2 **>F.+ § 2 = § 2 Q ;57 I W ? 7 @u@D� -B9 @ F.- e I>O�? 7 @ � @DC 9 Q ^ @ ;T70* =U@ - I FV; ?TA *>9GF ? W @ 9G\s7 ? WP9 ? 7 ? 7 @ Q�* e @ ;59/*>FEMI + @ ^ 2 687 @�S:? 9G^G9Gn&* ? 9 I F I>O * - I FV; ? *>F ? W @ 9G\s7 ?�=:A5@BJL@ F ? ;�*q; S - - @ ;�; OrS ^ E * ? -57:9GF:\ ª ? 7 @ - I F ?5IRS:A ~ ;^/*1- pXI>O � @DC 9 Q 9G^G9 ? e f¦S 98- p ^ e E * pL@ ;q9 ?q?TA * =:=U@ +w9GF<*1^ I -3*>^ E 9GF:9 E3S:E�I>O�? 7 @a@ F @BA \ e O�S F.- ? 9 I F0*>^| Y \ S:A5@ § 2 = �L} 2

| * }

| Q-}

H 9G\ S:A5@ § 2 = § ª x @ \ EM@ F ? * ? 9 I F�WP9 ? 7M; = * ? 9 I>_�?5@BEH=/IRA *>^ J * A 9/* ? 9 I F I>O-? 7 @ ;570* =/@ - I FV; ?TA *>9GF ? W @ 9G\s7 ?| Q�* e @ ;59/*>F EMI + @ ^ } ª | * } λmin = 15
�
λmax = 100

�
d0 = 15

| Q-}
λmin = 50

�
λmax = 100

�
d0 = 10 2

�	��
 ���3


H 9G\ S:A5@ § 2 = � ª H *>9G^ @ + E * ? -57:9GF:\1WP9 ? 7 * - I FV; ? *>F ? ;T70* =U@ - I FV; ?TA *>9GF ? W @ 9G\s7 ? | Q�* e @ ;T9/*>F EMI + @ ^ } ª| * }
λ = 20

| Q-}
λ = 70 2
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J *R; ? ^ e �UW @1=:A5IR=UI ; @3@DC)=U@BA 9 EM@ F ? ;uWP9 ? 7 +)9ml @BA5@ F ? W�* e ; I>O�E * p 9GF:\ ? 7 @ ;T70* =/@ - I FV; ?TA *>9GF ?J * A e *1- - IRA +)9GF:\ ?5I ; = *1- @ *>F.+ ? 9 EM@ 2 687 @+@DC)=/@BA 9 EM@ F ? ;T7 I WPFM9GF Y \ S:A5@ § 2 = � 2 * A5@B=:A5I + S - @ ; ? 7 @I F @ 9GF Y \ S:A5@ § 2 =O= 2 * Q:S:? WP9 ? 7 IRS:? ; = * ? 9/*>^ A5@ ^/* C * ? 9 I F I>O�? 7 @ - I FV; ?TA *>9GF ? � I F:^ e ? 7 @Z?5@BEH=UIRA *>^J * A 9/* ? 9 I F{9GF * EH= ^G9 ?TS + @3I>O�@]f¦S * ? 9 I F |o§ 2 ¨3? } 9<; S ; @ + 2 j @ F IR?5@Z? 70* ? - I F ?TA * A e ?5IM? 7 @ ; = * ? 9 I>_?5@BEH=UIRA *>^
-3*R; @ � ? 7 @ ; @ \ EM@ F ? * ? 9 I F O *>9G^<; 2 687 @ * Q ; @ F.- @HI>O�A5@ ^/* C * ? 9 I F 9GF ? 7:9<; -3*R; @ + I`@ ;$F IR?*>^G^ I W ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A ?5I�QU@ ; S)� -B9 @ F ? ^ e � @DC 9 Q ^ @{?5I - I * A ; @ ^ e ; @ \ EM@ F ? ? 7 @ IRQ��T@ - ?XI>O9GF ?5@BA5@ ; ?�QU@DO�IRA5@q? 7 @PA5@ ; ?5IRA * ? 9 I F I>O/? 7 @+S F:9 O�IRATE - I FV; ?TA *>9GF ? 2 687 @PS:? 9G^G9Gn&* ? 9 I F I>O *$^ I W @BA�J *>^ SV@
λmin
?5I3=:A5IKJ 98+ @ \ A5@ * ?5@BA � @DC 9 Q 9G^G9 ? e W IRS ^8+ O *>9G^/9GFV; I>O * A *R; ? 7 @ � @DC 9 Q 9G^G9 ? e \s9 JL@ FXW IRS ^8+ F IR?�QU@; = * ? 9/*>^G^ e QUIRS F.+ @ + 2 687 @ - I F ?5IRS:A W IRS ^8+ ? 7 @ F�; @ \ EM@ F ?Z? 7 @�=/@BA 9 = 7 @BA *>^ IRQ��y@ - ? ; ? 70* ? 70* JL@? 7 @ ;9* EM@ ; ? * ? 9<; ? 98-3*>^ =:A5IR=U@BAT? 9 @ ;�*R; ? 7 @q? * A \ @B? 2 687 @+@DC)=U@BA 9 EM@ F ? 9GF Y \ S:A5@ § 2 = � 2 Q A5@B=:A5I + S - @ ;? 7 @a@DC)=U@BA 9 EM@ F ? ;T7 I WPF{9GF Y \ S:A5@ § 2 = § 2 Q 2 ¡ ; = * ? 9 I>_�?5@BEH=/IRA *>^ W @ 9G\s7 ? 9<;�*>^<; IHS ; @ + � Q:S:? WP9 ? 7*N;T9 EH= ^ @BAqO�IRATE3S ^/* ? 9 I F I>O�? 7 @ ; = * ? 9/*>^ =:A5I>Y ^ @ ª

λflex(ψ(x), t) = λa (t)

{
|ψ(x)|
2d(t) if |ψ(x)| < 2d(t)

1 otherwise

|o§ 2 ¨s¨ }

WP7 @BA5@
ψ
9<; ? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ? ^ @BJL@ ^�; @B? �

d(t)
*>F.+

λa (t)
* A5@ + @DY F @ + 9GF @]f¦S * ? 9 I F |�§ 2 ¨3? } 2687 @$= 9 @ - @ WP9<; @ ^G9GF @ * A8OoIRATEZS ^/* ? 9 I F I>O ? 7 @ ; = * ? 9/*>^ A5@ ^/* C * ? 9 I F I>O�@]f¦S * ? 9 I F |o§ 2 ¨s¨ } 9<;�- @BAT? *>9GF:^ eEMIRA5@ 9GF ?TS 9 ? 9 JL@ ? 70*>F ? 70* ?wI>OH@]fgS * ? 9 I F |o§ 2 ¨3? } 2 � @BJL@BAT? 7 @ ^ @ ;5;K� ? 7 @�@DC)=/@BA 9 EM@ F ? 9GF Y \ S:A5@§ 2 = � 2 Q�S ;T9GF:\ ? 7:9<; ? e =U@NI>O�OoIRATEZS ^/* ? 9 I F O *>9G^<; 2 687 @N=:A5IRQ ^ @BE WP9 ? 7 ? 7:9<; ? e =U@NI>O�=:A5I>Y ^ @ 9<; *>F@DC - @ ;5;T9 JL@ ; ?TA5@ F:\ ? 7 @ F:9GF:\ I>Oc? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ? 9GF ? 7 @XJ 98-B9GF:9 ? e I>O[? 7 @ ^ @BJL@ ^Pn @BA5I I>O

ψ 2x I � ? 7 @ - I FV; ?TA *>9GF ? 9<;+F IR?[A5@ ^/* C:@ + *R; EZS -�7D*R;+WP9 ? 7 ? 7 @Z=:A5@ ; @ F.- @1I>O *�; ?5@ *1+ e =UI 9GF ?$I>O�? 7 @@DC)=/I F @ F ? 9/*>^ OoIRATEZS ^/* ? 9 I F�9GF @]f¦S * ? 9 I F |o§ 2 ¨3? } 2�7 F.- A5@ *R;T9GF:\ ? 7 @ ;T9Gn @PI>OU? 7 @8A5@ ^/* C * ? 9 I F�; = *1- @ d0W IRS ^8+XF IR?PQ/@ * J 9/* Q ^ @ ; I ^ S:? 9 I Fw;59GF.- @ WP7 @ F ? 7 @ ^/* ?T?5@BA 9<; ?5I`IN@DC`?5@ FV;T9 JL@ � ? 7 @ *1- ? 9 JL@ - I F ?5IRS:AW IRS ^8+ QU@ ^G9 pL@ ^ e ?5IuQ/@ 9GF � SV@ F.- @ + Q e ? 7 @ ; S:ATA5IRS F.+)9GF:\�* AT? 9 O *1- ? ;�*>F.+ IRQ��y@ - ? ;K� =:A5@BJL@ F ? 9GF:\ ? 7 @
- I * A ; @ ; @ \ EM@ F ? * ? 9 I F I>O�? 7 @uIRQ��T@ - ?+I>O 9GF ?5@BA5@ ; ?qQU@DO�IRA5@$? 7 @uA5@D_ @ ; ? * Q ^G9<;T7 EM@ F ?[I>O�? 7 @$S F:9 OoIRATE
- I FV; ?TA *>9GF ? 2 687 @ *1+ J *>F ? *>\ @NI>O�? 7 @ ; = * ? 9/*>^ =:A5I>Y ^ @3I>Ob@]fgS * ? 9 I F |o§ 2 ¨3? } 9<; ? 70* ? 9 ? * S:? 7 IRA 9Gn @ ;* \ A5@ * ?HA5@ ^/* C * ? 9 I F JL@BA e -B^ I ; @X?5I�? 7 @X=:A 9 IRA ;T70* =U@ WP7:9G^ @ pL@]@B= 9GF:\N* 7:9G\s7�- I FV; ?TA *>9GF ? * ? *\ A5@ * ?5@BA +)9<; ? *>F.- @ 2'J *R; ? ^ e � ? 7 @q@DC)=/@BA 9 EM@ F ? 9GF Y \ S:A5@ § 2 = � 2 - A5@B=/@ * ? ; ? 7 @+@DC)=/@BA 9 EM@ F ? 9GF Y \ S:A5@§ 2 =O= 2 *
WP9 ? 7F*
;T9 EH= ^ @BAaOoIRATEZS ^/* ? 9 I F I>OP? 7 @M?5@BEH=UIRA *>^ =:A5I>Y ^ @ 2 687 @M?5@BEH=UIRA *>^ J * A 9/* ? 9 I FV; I>O
λa (t)

*>F.+
d(t)

* A5@$A5@B= ^/*1- @ + Q e I @ * J 9<;598+ @ ; ?5@B=XO�S F.- ? 9 I FV; ? 70* ? * A5@uA5@ ; =U@ - ? 9 JL@ ^ e 9GF.- A5@ *R;T9GF:\
*>F.+ + @ - A5@ *R;T9GF:\ 2 687 @1A5@ ; ?5IRA * ? 9 I F I>O�? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ? 9<; ? 7 S ;$*1-57:9 @BJL@ +D* Q:ATS:=:? ^ e *>F.+F IR? \ A *1+ S *>^G^ e 2C7 F ? 7:9<;�-3*R; @ � Y \ S:A5@ § 2 = � 2 -1;T7 I Wq; ? 70* ?c? 7 @ ; @ \ EM@ F ? * ? 9 I F O *>9G^<; 2 687 @ZA5@ *R; I FOoIRA ; S -�7D* A5@ ; S ^ ? - I F.- @BA FV; ? 7 @ + e F0* E 98- @ ; ? 9 E * ? 9 I F I>O�? 7 @

Tsim
= * A * EM@B?5@BA ; @ F0* Q ^G9GF:\ ? 7 @9GF J * A 9/*>F.- @NI>O�? 7 @ ;570* =/@ - I FV; ?TA *>9GF ?[O�A5IRE +)9 A5@ - ?[= ^/*>F @ ;T9 E 9G^/* A 9 ? e 2 j 7 @BA5@ *R; ? 7 @aA5@ ^/* C * ? 9 I F; = *1- @ 9<; @ l @ - ? 9 JL@ � ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A - I * A ; @ ^ e ; @ \ EM@ F ? ; ? 7 @bIRQ��T@ - ?�I>O 9GF ?5@BA5@ ; ? 9GF ? 7 @ 9 E *>\ @ 2687 @+Q/IRS F.+ @ + ; = * ? 9/*>^ J * A 9/* ? 9 I FV; I>O©? 7 @ *1- ? 9 JL@ - I F ?5IRS:A WP9 ? 7 A5@ ; =U@ - ?�?5IZ? 7 @qA5@DOo@BA5@ F.- @ ;T70* =U@E * e ;T^G9G\s7 ? ^ e Q 9/*R; ? 7 @b@ ; ? 9 E * ? 9 I F I>OV? 7 @

Tsim
= * A * EM@B?5@BA ; 2 x I � WP7 @ F ? 7 @�S F:9 O�IRATE - I FV; ?TA *>9GF ?9<; A5@ ; ?5IRA5@ +�; S + + @ F:^ e � ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A3A5@ ; @BEZQ ^ @ ; ? 7 @MA5@DOo@BA5@ F.- @ ;570* =/@�?TA *>FV; O�IRATEM@ + Q e

Tsim
WP7 I ; @ = * A * EM@B?5@BA ;:* A5@w=UI`IRA ^ e @ ; ? 9 E * ?5@ + 2 M I FV; @]fgSV@ F ? ^ e � ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A E * eQU@ O�IRS F.+ O * ANO�A5IRE ? 7 @ IRQ��y@ - ?H?5I�QU@ ; @ \ EM@ F ?5@ +t9GF ? 7 @ 9 E *>\ @ *>F.+�WP9 ? 7 * S F:9 OoIRATE *>F.+; ?TA5I F:\X;T70* =U@ - I FV; ?TA *>9GF ? �UWP7:98-57 E * pL@ ;c9 ?cJL@BA e ; @ FV;59 ? 9 JL@Z?5I�? 7 @ ^ I -3*>^ E 9GF:9 E * ? 70* ? W @ * A5@; @]@Bp 9GF:\ ?5I * JLI 98+ 2�7 F JL@BA ; @ ^ e � * \ A *1+ S *>^ A5@D_ @ ; ? * Q ^G9<;T7 EM@ F ?ZI>O�? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ?3@ F0* Q ^ @ ;? 7 @1@ ; ? 9 E * ?5IRAuI>O�? 7 @

Tsim
= * A * EM@B?5@BA ; | 7 @BA5@3? 7 @ ;T9 EH= ^ @DC¥}P?5I�E * pL@ *>F @ ; ? 9 E * ? 9 I F ? 70* ? 9<;^ @ ;5;�*>F.+X^ @ ;5; Q 9/*R; @ + WP7 @BA5@ *R; ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A - I F JL@BA \ @ ; I F ? 7 @u? * A \ @B? | Y \ S:A5@ § 2 = � 2 - } 2
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H 9G\ S:A5@ § 2 = � ª H *>9G^ @ + E * ? -57:9GF:\ | Q�* e @ ;59/*>F EMI + @ ^ } WP9 ? 7 ª | * } ;59GF:\s^ @�?5@BEH=UIRA *>^ J * A 9/* ? 9 I F I>O¥? 7 @;T70* =U@ - I FV; ?TA *>9GF ? WP9 ? 7
λmin = 30

�
λmax = 70

| F I ; = * ? 9/*>^ A5@ ^/* C * ? 9 I F } � | Q-} ; = * ? 9 I>_�?5@BEH=/IRA *>^J * A 9/* ? 9 I F I>Oq? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ? WP9 ? 7�*w; = * ? 9/*>^ =:A5I>Y ^ @ + @DY F @ +!9GF @]f¦S * ? 9 I F |o§ 2 ¨s¨ } *>F.+
λmin = 27

�
λmax = 70

�
d0 = 7

� | - } ; = * ? 9 I>_�?5@BEH=UIRA *>^ J * A 9/* ? 9 I F I>O8? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ?WP9 ? 7KI @ * J 9<;T98+ @ ; ?5@B=XOrS F.- ? 9 I FV; O�IRA
λa (t)

*>F.+
d(t) 2

Q @ ;T98+ @ ; ? 7 @H=/I ;�;T9 Q 9G^G9 ? e I>O8@ FV; S:A 9GF:\<* EMIRA5@HA5IRQ:S ; ? - I F JL@BA \ @ F.- @ � ? 7 @ ; = * ? 9 I>_�?5@BEH=UIRA *>^� @DC 9 Q 9G^G9 ? e I>O ? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ? W @ 9G\s7 ? *>^<; IN@ F0* Q ^ @ ; ?5I ;T9G\sF:9 Y -3*>F ? ^ e ; =U@]@ + S:=X? 7 @ - IREN_=:S:? * ? 9 I F0*>^ ? 9 EM@ | ? * Q ^ @ § 2 4 } 2 7 F.+ @]@ + � + S:A 9GF:\ ? 7 @NYVA ; ?a= 70*R; @ � ? 7 @ W @ * p ;T70* =U@ - I FV; ?TA *>9GF ?=:A5IkJ 98+ @ ;�*3; S)� -B9 @ F ? + @ \ A5@]@[I>O � @DC 9 Q 9G^G9 ? e ; IZ? 70* ? 9 ?8@D� -B9 @ F ? ^ e - IREM@ ;�-B^ I ; @q?5I3? 7 @+? * A \ @B? 9GF? 7 @ 9 E *>\ @ 2 687 @qS F:9 O�IRATE *>F.+ - I FV; ? *>F ? - I FV; ?TA *>9GF ? WP7:98-57 ?5@ F.+:; ?5I ;T^ I WG+ I WPF ? 7 @ - I F ?5IRS:A ~ ;EMIkJL@BEM@ F ? 9<; I F:^ e A5@D_ @ ; ? * Q ^G9<;T7 @ + * ?�? 7 @P@ F.+ I>O/? 7 @8=:A5I - @ ;�; ?5I[A5@ \ S ^/* A 9Gn @P? 7 @ ; @ \ EM@ F ? * ? 9 I F 26�* Q ^ @ § 2 4 - IREH= * A5@ ; ? 7 @ - I F JL@BA \ @ F.- @$? 9 EM@ ;�WP9 ? 7 IRS:? *>F.+�WP9 ? 7R*3; = * ? 9 I>_�?5@BEH=/IRA *>^ J * A 9/* ? 9 I FI>O�? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ?PS ;T9GF:\ ? 7 @ -3*>^8- S ^/* ? 9 I F I>O�? 7 @ 9 A8A * ? 9 I 2�J 9 pL@[OoIRA�? 7 @ -3*R; @$I>O©O�S ;T9 I F I>O@DC:I \ @ F IRS ;C+.* ? *)� ? 7 @$@DC`=U@BA 9 EM@ F ? ; =/@BAyOoIRATEM@ + ?5IN@ ; ? * Q ^G9<;T7 ? 7 @ ; @ - IREH= * A 9<; I FV;PW @BA5@ -3* ATA 9 @ +IRS:? WP9 ? 7 ? 7 @MQ:S 9G^8+)9GF:\L;39GF Y \ S:A5@ § 2 � 2 *K*>F.+ § 2 � 2 Q WP9 ? 7N+)9ml @BA5@ F ? 9GF:9 ? 9/*>^G9Gn&* ? 9 I FV; 2 J 9 pL@�? 7 @A5@ ; S ^ ? ;�WP9 ? 7 v x z�O�S ;T9 I F©� ? 7 @q?5@ F.+ @ F.- e ;57 I WPF�9<; *>FM9 EH=:A5IKJL@BEM@ F ? 9GF @D� -B9 @ F.- e �¦WP7:98-57 *>^<; I
+ @B=U@ F.+:; I F ? 7 @ 9GF:9 ? 9/*>^G9Gn&* ? 9 I F *>F.+ I F ? 7 @ ;B- @ F @aQ/@ 9GF:\ *>F0*>^ e n @ + 2

���K"=LI7[\DR=LMNA ratio
�+_ ;T70* =U@ + Q:S 9G^8+)9GF:\V� @DC)=/@BA 9 EM@ F ? ¨ ¨ 2 �� @ - ? *>F:\ S ^/* AqQ:S 9G^8+)9GF:\V� @DC`=U@BA 9 EM@ F ? ¨ ¢ 2 ¨
�+_ ;T70* =U@ + Q:S 9G^8+)9GF:\V� @DC)=/@BA 9 EM@ F ? = 4 2 ¢� @ - ? *>F:\ S ^/* AqQ:S 9G^8+)9GF:\V� @DC`=U@BA 9 EM@ F ? = = 2 ?
�+_ ;T70* =U@ + Q:S 9G^8+)9GF:\V� @DC)=/@BA 9 EM@ F ? ¢ =
� @ - ? *>F:\ S ^/* AqQ:S 9G^8+)9GF:\V� @DC`=U@BA 9 EM@ F ? ¢ ¨ 2 ¢

6�* Q ^ @ § 2 4 ª � * ? 9 IcQU@B? W @]@ F ? 7 @ - I F JL@BA \ @ F.- @P? 9 EM@ ;�WP9 ? 7 IRS:? *>F.+NWP9 ? 7H; = * ? 9 I>_�?5@BEH=UIRA *>^¥;T70* =U@- I FV; ?TA *>9GF ? ª ratio =
tuniform constraint

tspatio−temporal constraint 2
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v 9G\s9 ? *>^ E * = ;�* A5@+I>Or?5@ F ? *>9GF ?5@ +MWP9 ? 7 @BATA5IRA ; Q/@ -3* S ; @8? 7 @ e * A5@P? 7 @PA5@ ; S ^ ?�I>O/E *>F S *>^ =:A5I - @ ;5; _9GF:\V�RWP7:98-�7H9<; 9GF O *1- ? 9 EH=U@BAyO�@ - ? *>F.+N; S:Q��T@ - ? 9 JL@ 2)7 O¥? 7 @ ; @b@BATA5IRA ;�-3*>F Q/@�EMI + @ ^ @ + Q e - IREH=UI ;T9 _? 9 I F I>O * ?TA *>FV;T^/* ? 9 I F©� A5IR? * ? 9 I F *>F.+�;B-3*>^G9GF:\V� IRS:A�EM@B? 7 I +HWP9G^G^ Q/@ -3* = * Q ^ @qI>O IKJL@BA - IRE 9GF:\ ? 7:9<;;T9GF.- @+? 7 @ ;570* =/@ - I FV; ?TA *>9GF ?P@ F @BA \ e ?5@BATE 9<;�9GF J * A 9/*>F ?bO�A5IRE +)9 A5@ - ?b= ^/*>F @ ;T9 E 9G^/* A 9 ? e 2 � ; S *>^G^ e �? 7 @ @BATA5IRA ; IRQ ; @BATJL@ + 9GF ? 7 @XE * = * A5@ ^ I -3*>^ *>F.+�-3*>F:F IR?MQU@XEMI + @ ^ @ +�*>F.+G- IRATA5@ - ?5@ + Q e *\s^ IRQ *>^ ?TA *>FV; O�IRATE * ? 9 I F | ; @]@ ; @ - ? 9 I F = 2 ¢ + @B? *>9G^G9GF:\ ? 7 @Z@BATA5IRA ; I>O Uinterpretation } 2L7 ? 9<; ? 7 @BA5@D_OoIRA5@Z=UI ;5;T9 Q ^ @3? 70* ? 9GF = ^/*1- @ ;K� ? 7 @ -3* AT?5I \ A * = 7:98- IRQ��T@ - ? *>F.+{9 ? ;[7 IREMI ^ I \ IRS ; A5@B=:A5@ ; @ F ? * ? 9 I F9GF ? 7 @ 9 E *>\ @aE * e Q/@ 9GF.- I 7 @BA5@ F ? WP9 ? 7 IRS:?cIRQ/@ e 9GF:\ *>F e = * AT? 98- S ^/* A+ATS ^ @ ; | Y \ S:A5@ § 2 = �L} 2

H 9G\ S:A5@ § 2 = � ª x S:=/@BA 9 EH=UI ;T9 ? 9 I F I>O�? 7 @ \ A5IRS F.+ ?TATS:? 7 | \ A * e @ + } *>F.+<*N^ I -3*>^G^ e @BATA5I F @]IRS ;�-3* Ay_?5I \ A * = 7:98- =/I ^ e \ I F 2

687 @ -3* AT?5I \ A * = 7:98- @BATA5IRA ;3WP9G^G^�70* JL@ *>F�9 EH= *1- ?3I F ? 7 @MA5@ ; S ^ ? ; I>OP? 7 @ ; @ \ EM@ F ? * ? 9 I F�*R;9G^G^ S ; ?TA * ?5@ +X9GF Y \ S:A5@ ; § 2 = « *>F.+ § 2 ¢)¨ 2
7 F Y \ S:A5@ § 2 = � W @ -3*>Fw; @]@[? 70* ? * - IRATA5@ - ? 9 I F 9GF JLI ^ J 9GF:\* A5IR? * ? 9 I F�W IRS ^8+ 9 EH=:A5IkJL@�? 7 @ME * ? -57 QU@B? W @]@ F ? 7 @HE * = *>F.+ ? 7 @ \ A5IRS F.+ ?TATS:? 7 E *1+ @HQ e70*>F.+ 2 I I W @BJL@BA � ? 7 @ ^ I -3*>^ 9GF.- I FV;T9<; ?5@ F.-B9 @ ; A5@BE *>9GF ª ? 7 @ - @ F ?TA *>^ Q * A[I>O�? 7 @ �+_ ;T70* =U@ 9<;cF IR?WP98+ @H@ F IRS \s7�9GF ? 7 @NE * = � ? 7 @ ^ @DO�?y_ 70*>F.+ Q * A 9<;$F IR? ^ I F:\ @ F IRS \s7 @ 9 ? 7 @BA �©WP7 @BA5@ *R; ? 7 @ ;T9Gn @I>O�? 7 @ZA 9G\s7 ?y_ 70*>F.+ Q * A ; @]@BE ; ?5I�Q/@ - IRATA5@ - ?[@BJL@ F 9 O 9 ? * =:=U@ * A ; ?5I�Q/@Z?5I¦I WP98+ @ 2 687 @ZA5@ ; S ^ ?I>O�? 7 @[E * ? -�7:9GF:\HWP9 ? 7:*3^ I -3*>^G^ e @BATA5I F @]IRS ; E * = 9<; ? 7 @ F * ?TA *1+ @D_ I l Q/@B? W @]@ F ? 7 @ 9 E *>\ @ *>F.+? 7 @ - IRATATS:=:?5@ + ;T70* =U@ - I FV; ?TA *>9GF ? 2 H 9G\ S:A5@ § 2 = « 9G^G^ S ; ?TA * ?5@ ; ? 7 @w@DC * EH= ^ @{I>O[? 7 @ �q_ ;T70* =U@ +Q:S 9G^8+)9GF:\ ; @ \ EM@ F ? * ? 9 I FtWP9 ? 7 ? 7 @ Q�* e @ ;59/*>F EMI + @ ^ 2FH 9G\ S:A5@ ; § 2 ¢O? *>F.+ § 2 ¢)¨ 9G^G^ S ; ?TA * ?5@X? 7 @A5@ ; S ^ ? WP9 ? 7 ? 7 @ � � H _�Q *R; @ + EMI + @ ^VWP9 ? 7 IRS:?�@BATA5IRA ; I F ? 7 @PE * = | Y \ S:A5@ § 2 ¢O? } *>F.+HWP9 ? 7M^ I -3*>^;T70* =U@[@BATA5IRA ; | Y \ S:A5@ § 2 ¢)¨ } 2 687 @c=:A5@ ; @ F.- @$I>O ^ I -3*>^ @BATA5IRA ;b9GF ? 7 @cE * = 9<;L* =:A5IRQ ^ @BE ;T9GF.- @ W @WP9G^G^ S ; @$? 7 @BE�?5I *R;5;T9<; ? *>F.+K- I FV; ?TA *>9GF ? 7 @uE * ? -�7:9GF:\ =:A5I - @ ;5; 2�7 F ? 7 @ F @DC`? -�70* =:?5@BA W @ WP9G^G^=:A5IR=UI ; @a?5I�IKJL@BA - IREM@1? 7:9<; IRQ ; ? *1-B^ @aQ e E * p 9GF:\ ? 7 @ 9GF.- IRAT=UIRA * ? 9 I F I>O�? 7 @ ;T70* =U@ - I FV; ?TA *>9GF ?EMIRA5@ � @DC 9 Q ^ @ 2
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H 9G\ S:A5@ § 2 ¢O? ª z * ? -�7:9GF:\ Q e � � H _�Q *R; @ +�*1- ? 9 JL@ - I F ?5IRS:A *>F.+�WP9 ? 7G* F I F _ @BATA5I F @]IRS ; =:A 9 IRA;T70* =U@ 2
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H 9G\ S:A5@ § 2 ¢)¨ ª z * ? -57:9GF:\ Q e � � H _�Q *R; @ +R*1- ? 9 JL@ - I F ?5IRS:A *>F.+�WP9 ? 7K*>F @BATA5I F @]IRS ; =:A 9 IRA ;T70* =U@+ @BA 9 JL@ + O�A5IRE�? 7 @$E * = 2
"$#�� �t.q( 2 � 03� 45.q(
687 @ \ I *>^ I>O�? 7:9<;�-�70* =:?5@BA W�*R; ?5I ;T7 I W ? 7 @ - I F ?TA 9 Q:S:? 9 I F E *1+ @[Q e ? 7 @ 9GF.- IRAT=/IRA * ? 9 I F I>O�? 7 @;T70* =U@ - I FV; ?TA *>9GF ?+OoIRAq? 7 @$Y F @ZE * =)_�?5I>_ 9 E *>\ @ZE * ? -�7:9GF:\ Q e *1- ? 9 JL@ - I F ?5IRS:A ; 2 687 @a=:A5IR=UI ; @ +E * ? -�7:9GF:\ ?5@ -57:F:9 f¦SV@a@ F0* Q ^ @ ; ?5INE * ? -57
9GF.+)9 J 98+ S *>^G^ e @ *1-57 Q:S 9G^8+)9GF:\�; e E3Q/I ^G9Gn @ +w9GF ? 7 @$E * =I FM9 ? ;�7 IREMI ^ I \ IRS ; A5@B=:A5@ ; @ F ? * ? 9 I F 9GF *$7:9G\s7 _�A5@ ; I ^ S:? 9 I F = *>F.-�7 A5IRE * ? 98-c;9* ?5@ ^G^G9 ?5@ 9 E *>\ @ 2 687 @@ F.+ _�=:S:AT=UI ; @ 9<; ?5I A5@ + S - @N? 7 @N@DC)I \ @ F IRS ; E * =)_�?5I>_ 9 E *>\ @MJ * A 9/* Q 9G^G9 ? 9 @ ;u9GF IRA + @BAu?5I 9 EH=:A5IkJL@? 7 @ - I FV;T9<; ?5@ F.- e QU@B? W @]@ F ? 7 @ ; @Z? W I�A5@B=:A5@ ; @ F ? * ? 9 I FV; @ F0* Q ^G9GF:\:* EMIRA5@ZA5@ ^G9/* Q ^ @ ^/* ?5@BA + @B?5@ - _? 9 I F I>O F I F _ -570*>F:\ @ 2

� C`=U@BA 9 EM@ F ? *>^ A5@ ; S ^ ? ; @ F0* Q ^ @ + ?5I3EM@ *R; S:A5@[? 7 @ - I F ?TA 9 Q:S:? 9 I F I>O�? 7 @c=:A 9 IRA ;570* =/@ + @BA 9 JL@ +O�A5IRE ? 7 @8E * = 9GF IRA + @BA�?5I - IREH=/@ FV;9* ?5@bOoIRA�? 7 @ +)9 � - S ^ ? 9 @ ;�9GF:7 @BA5@ F ?�?5I[S:ATQ *>FM9 E *>\ @ ; 2 687 A5@]@? e =U@ ; I>O *1- ? 9 JL@ - I F ?5IRS:A ;bW @BA5@cS ; @ + *>F.+ ? 7 @ e ;T7 I W @ + *$- @BAT? *>9GF ; @ FV;T9 ? 9 J 9 ? e ?5I 9GF:9 ? 9/*>^G9Gn&* ? 9 I F
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A5@DOo@BA5@ F.- @ ;T70* =U@ 2�7 F ?5@BATE ; I>O ^ @BJL@ ^�; @B? ;K� ? 7 @ F IRATE *>^<;�* A5@ ∇φ (x)
*>F.+ ∇ψ (x) ��� 2 687 @ F @ W@ F @BA \ e ?5@BATE OoIRATEZS ^/* ?5@ + I F ? 7 @uQ *R;T9<; I>O�@]fgS * ? 9 I F |54 2 §64 } 9<; ? 7 @ F ª

Jshape (φ, ψ) = λpara

∫

Ω
|∇φ (x) −∇ψ (x)|2 (H (φ (x)) −H (ψ (x)))2 dx

| � 2 ¨ }
687 @[@BJLI ^ S:? 9 I F @]fgS * ? 9 I F:*R;5; I -B9/* ?5@ +MWP9 ? 7:* O�S F.- ? 9 I F0*>^

J = Jimage +Jshape
A5@]fgS 9 A5@ ; ? 7 @

-3*>^8- S ^/* ? 9 I F I>Oq? 7 @ \ A *1+)9 @ F ?
Jshape

WP9 ? 7 A5@ ; =U@ - ?1?5I
φ 2 687 @ + @B? *>9G^ I>Oq? 7 @ -3*>^8- S ^/* ? 9 I FV;N9<;\s9 JL@ Fw9GFK* =:=U@ F.+)9 C �q�0*>F.+ A5@ ; S ^ ? ;P9GF ª

φt (x, t) = −∂Jimage
∂φ

+4λparaδα (ψ (x, t)) (〈∇φ (x) ,∇ψ (x)〉 − 1) [Ha (φ (x, t)) −Ha (ψ (x, t))]

+2λpara (∆φ (x) − ∆ψ (x)) [Ha (φ (x, t)) −Ha (ψ (x, t))]2
| � 2 = }687 @ ^/*R; ?�? W I3?5@BATE ; I>O©@]fgS * ? 9 I F | � 2 = } * A5@+? 7 @+A5@ ; S ^ ?�I>O©? 7 @ 9GFV; @BAT? 9 I F I>O©? 7 @ F @ W @ F @BA \ e?5@BATE 2 687 @ZYVA ; ?uI F @Z?5@ F.+:; ?5I W�* A +:;un @BA5I WP7 @ F ? 7 @ F IRATE *>^ ?5I ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 70*R; ? 7 @;9* EM@XIRA 9 @ F ? * ? 9 I F *>F.+�+)9 A5@ - ? 9 I F *R; ? 70* ?HI>Oc? 7 @X=:A 9 IRA ;570* =/@ 2 I I W @BJL@BA � ? 7:9<; ?5@BATE 70*R; *JL@BA e ^ I -3*>^ @ l @ - ? ;T9GF.- @ 9 ? 9<;�W @ 9G\s7 ?5@ + Q e ? 7 @uv 9 A *1- +)9<; ?TA 9 Q:S:? 9 I F WP7:98-�7K+ @B=U@ F.+:;87 @BA5@uI F
ψ 2x I �UWP7 @ F ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A WP9G^G^ QU@aO * A[OrA5IRE�? 7 @1A5@DO�@BA5@ F.- @ ;T70* =U@ | Q/@ e I F.+�; IREM@1= 9 C:@ ^<; }? 7:9<; ?5@BATE WP9G^G^�F IR? 70* JL@ *>F e 9GF � SV@ F.- @ 2 687 @ ; @ - I F.+ ?5@BATE 9<;aF IR? ^ I -3*>^��)*>F.+ 9 ? 9 EH=/I ; @ ;,*- I FV; ?TA *>9GF ?bI F ? 7 @ - S:ATJ * ?TS:A5@+I>O ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A WP9 ? 7 A5@ ; =U@ - ?�?5Iu? 70* ?bI>OU? 7 @+=:A 9 IRA ;T70* =U@ 2

7 ? 9<; ? 7:9<; ?5@BATE�? 70* ? WP9G^G^ E *>9GF:^ e - I F ?TA 9 Q:S:?5@N?5I 9 EH=/I ;59GF:\ ? 7 @1= * A *>^G^ @ ^G9<; E - I FV; ?TA *>9GF ? 2 687 @=:A5IR=UI ; @ + = * A *>^G^ @ ^G9<; E - I FV; ?TA *>9GF ? * =:= ^G9 @ ; ?5I�? 7 @ ^ @BJL@ ^�^G9GF @ ; I>O�? 7 @Z=:A 9 IRA ;T70* =U@
ψ
�-7 I W @BJL@BA? 7 @ ; @ * A5@ - S:ATJL@ + O * AbOrA5IRE ? 7 @ \ @]IREM@B?TA 98-a;T9GF:\ S ^/* A 9 ? 9 @ ; | - IRA F @BA ; }bI>O�? 7 @ ^ @BJL@ ^ ? I>O�? 7 @$=:A 9 IRA;T70* =U@ 2 687:9<;�WP9G^G^ A5@ ; S ^ ? 9GF ? 7 @ *1- ? 9 JL@ - I F ?5IRS:AbQU@ 9GF:\ A5IRS F.+ @ + I l WP7 @ F�9 ?�EMIKJL@ ;�*]WL* e O�A5IRE? 7 @uA5@DOo@BA5@ F.- @ ;T70* =U@ | ; @]@[Y \ S:A5@�� 2 ¨ } 2

�a#� � ��(3��,U4 2 � ,U45.P,��u(3.
� � � �   �¤�$�	� 0 � � ,U�8*-4 2 ��. � � � �

7 F IRA + @BAw?5I A5@ ; I ^ JL@ ? 7 @�S FgW @ ^8- IREM@!A5IRS F.+)9GF:\ @ l @ - ? * ?w? 7 @ ^ @BJL@ ^ I>ON? 7 @{h - IRA F @BAyi�? e =U@\ @]IREM@B?TA 98-�;T9GF:\ S ^/* A 9 ? 9 @ ;k�qW @ WP9G^G^$9GF ?TA5I + S - @ *F- IRATA5@ - ? 9 JL@ @ F @BA \ e ? 70* ? *>9 E ; ?5I�O * JLIRAX? 7 @OoIRATE * ? 9 I F I>O - IRA F @BA ;�* ?P« ? ◦ *>F.+ A5@ - ? 9G^G9GF @ * A ; @ \ EM@ F ? ; 2 j @c? 7 S ;b9GF ?TA5I + S - @ *u\ @ F @BA 98-$;T70* =U@- I FV; ?TA *>9GF ? 9GFK*1+ +)9 ? 9 I F ?5I1? 7 @ ; =/@ -B9 Y - I F @[A5@B=:A5@ ; @ F ?5@ + Q e ? 7 @$=:A 9 IRA ;570* =/@ 2 687 @uf¦S *1+ A * ? 98-@ F @BA \s9 @ ;�+ @ ;9- A 9 Q/@ +�9GF ; @ - ? 9 I F 4 2 = 2 ¢ 70* JL@HQU@]@ F *1+ IR=:?5@ + ?5I - IRATA5@ - ?u? 7 @NA5IRS F.+)9GF:\ @ l @ - ?aI>O? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 2
�� �h�5'('����J�X��/7��� ��/�� � +�%�P� ��� +5%
|∇φ| = 1

��' �5��� � )P'����92����7������/�� �9/!��' �(2 �7�X� %!1�2 � � ��� ���h� -�� �82�����%������ ��� �������/7�
φ
-���% � ����+5% ���h� � �9/0� ��� 2 ������+5% +�- ��/��e����+�� ������+5% ��� �7������+�%���� /7� ��+5%��� ����+�%

|∇ψ0| = 1
� 'h�5��� ��)P'���� 2����7��'(��% ������/7��1P2���+52>'(/��513�"��'X%7+5� ��1 7�������� �P+

|∇ψ0| = |∇ψ| = 1
'(��% � �"��/������������6'(� ��'

ψ0

�5%!
ψ
+�%�� )"P��#��928�&)�5% ��'(+5�J� �(2�� �h�(2 �5%7'\- +52�������� +5%$�/7� � /%���&)$P����%�� ��� +5%%�&�+&� 'X%�+5�>�'#�� � ���/7��P� '\� ��% ���h- �7% � ����+�%%�( � /��h��+ � �5�)�� - +52���������+5%7' - +�2 ���� �&)J��/��81���2 �5����������'(� ��2������+*���� )J��+O�3�8��%7/����7� ����;�&)J��/��8��%,����2�����% ���8�C)J��/��

�� 2�� � �e1�����%7��'(���J������2�� �i) ��' � �5����
���-P1�2���'('(�� ��% ��� ��������+5%,�/.&� 0'.�
1�32N+5%7'(��� �7� %C��� )��%� ����- ��� ��P���5%&) ��%,�5��2�� �5% ���- 2�+5� �5� +5�����7�(2 �5%�'\- +52���������+�%���%O��/7��' � /���1���� 2�� �*-4� � �7'(� ��/�� %7+5� ������+�%�+5-���/7� 1P2����C��+ �7' � /��51P��� 2�'5� ���/7��%O/7�����
ψ = ψ0 ◦ Tsim = ψ0

�/7� 2��
Tsim

��' ��/7���+P��%&�����*)��
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 ��� ��	� � ��� � �����
φ

ψ

∇φ
∇φ

∇ψ

� �$�� ��� �������	�
ψ

∇ψ

H 9G\ S:A5@ � 2 ¨ ª � IRS F.+)9GF:\ @ l @ - ? * ? \ @]IREM@B?TA 98-3*>^ ;T9GF:\ S ^/* A 9 ? 9 @ ;L+ SV@q?5I3? 7 @ F @ W ;T70* =U@ - I FV; ?TA *>9GF ?@ F @BA \ e Q *R; @ + I FwF IRATE *>^<;�*>^G9G\sF @BEM@ F ?

��� ����� � �B�7�7�9! ���/16� � ����8��7� �7��! �9�4���75�
!	#"	�� 	�� $ S ?8=Lgj @u=:A5IR=UI ; @$?5I *1+ + ? 7 @uO�I ^G^ I WP9GF:\ - IRATA5@ - ? 9 JL@Zf¦S *1+ A * ? 98- @ F @BA \ e ?5I | � 2 ¨ } ª

Jcorrection (C) =

∮ ∮
dsds′ (sin 2θ)2 Ψ

(∣∣C (s) −C
(
s′
)∣∣) | � 2 ¢ }

WP7 @BA5@
θ
9<; ? 7 @ *>F:\s^ @1QU@B? W @]@ F ? 7 @3? *>F:\ @ F ? ; ?5I ? 7 @ - I F ?5IRS:A&%

C
* ?$? 7 @ * A -1^ @ F:\ ? 7 =UI 9GF ? ;

s
*>F.+

s′
| ; @]@1Y \ S:A5@ � 2 = } 2 Ψ

9<;$* + @ - A5@ *R;T9GF:\ OrS F.- ? 9 I FN*R; e EH=:?5IR? 98-3*>^G^ e ?5@ F.+)9GF:\ ?5I W�* A +:; ?
*>F.+ + @DY F @ ; ? 7 @ 9GF ?5@BA *1- ? 9 I F =UIR?5@ F ? 9/*>^ Q/@B? W @]@ F

C (s)
*>F.+

C (s′) 2�7 ? ;T7 IRS ^8+ Q/@ F IR?5@ + ? 70* ?? 7 @ 9GF ?5@ \ A * ? 9 I F<+ IRE *>9GF I>O
Jcorrection

9<; ? 7:9<; ? 9 EM@[? 7 @ - I F ?5IRS:A 9 ? ; @ ^ O *>F.+�F IR?
Ω 2 687:9<; ? e =U@I>O+@ F @BA \ e WP9G^G^ E * pL@ 9 ?1=/I ;�;T9 Q ^ @H?5I
O * JLIRAZ? 7 @�O�IRATE * ? 9 I F I>OqA5@ - ? 9G^G9GF @ * A3= * AT? ; *>F.+F- IRA F @BA ;WP9 ? 7:9GF ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 2 687 @ 9 EH=UI ;T9 ? 9 I F I>O�IRAT? 7 I \ I F0*>^G9 ? e - I FV; ?TA *>9GF ? ;870*R;L*>^ A5@ *1+ e QU@]@ F=:A5IR=UI ; @ + Q e I 2 � A 9 IR? 9GFN; � 41A 9GF ? 7 @uO�A * EM@ W IRATp{I>O�Q:S 9G^8+)9GF:\X; @ \ EM@ F ? * ? 9 I F Q e ;TF0* pL@ ; 2 j @?5I`IRp
IRS:A 9GFV; = 9 A * ? 9 I F OrA5IRE�? 7:9<;[98+ @ * ?5I�=:A5IR=UI ; @1? 7 @3O�IRATE3S ^/* ? 9 I F�\s9 JL@ F�9GF @]f¦S * ? 9 I F | � 2 ¢ } 2I I W @BJL@BA ��- I F ?TA * A e ?5I�? 7 @ W IRATp ; I>O I 2 � A 9 IR? WP7:98-57 + I F IR?cS ; @Z=:A 9 IRA ;T70* =/@ ;k�VW @3=:A5IR=UI ; @?5IZO�IRATE3S ^/* ?5@ * f¦S *1+ A * ? 98-�*>F.+�F IR? *u^G9GF @ * AP@ F @BA \ e - A 9 ?5@BA 9 I F �`O�S:AT? 7 @BATEMIRA5@ W @+A5@B=:A5@ ; @ F ?8? 7 @

*1- ? 9 JL@ - I F ?5IRS:A 9 EH= ^G98-B9 ? ^ e 2
Q e F IR? 9GF:\ ? 70* ?

sin 2θ = 2 sin θ cos θ
� ? 7 @ - IRATA5@ - ? 9 I F @ F @BA \ e -3*>F Q/@ W A 9 ?T?5@ F *1- - IRA +)9GF:\?5I ª

Jcorrection (C) = 4

∮ ∮
dsds′

{
cos2 θ − cos4 θ

}
Ψ
(∣∣C (s) −C

(
s′
)∣∣) | � 2 4 }

687:9<; @ F @BA \ e 9<; E 9GF:9 E *>^ O�IRA
θ = 0, π2 , π,

3π
2 ª

' �*%;��/7��' �+ � �7�J��%&� �N���� ��� ��+�%�'(� P� 2��/����
C
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~t(s)C(s)

C(s′)

~t(s′)

θ

H 9G\ S:A5@ � 2 = ª J I F:\ _�A *>F:\ @ 9GF ?5@BA *1- ? 9 I F + SV@+?5Ia? 7 @ - IRATA5@ - ? 9 JL@cf¦S *1+ A * ? 98- @ F @BA \ e 2 687 @q? *>F:\ @ F ? ;JL@ - ?5IRA ; ~t(s) *>F.+ ~t(s′) WP9G^G^ ?5@ F.+ ?5INQU@uIRAT? 7 I \ I F0*>^ IRA - I ^G^G9GF @ * A 2

✽ 7 O θ = 0 2 687:9<; 9 EH= ^G9 @ ; ? 70* ?�? 7 @�? *>F:\ @ F ? ;
* A5@ *>^G9G\sF @ +19GF ? 7 @ 9GF ?5@BA *1- ? 9 I FNF @ 9G\s7 QUIRA 7 I`I ++ @DY F @ + Q e ? 7 @a=:A5I>Y ^ @
Ψ 2 687 @ZA5@ - ? 9G^G9GF @ * A 9 ? e I>O�? 7 @3IRQ��y@ - ? ; @DC`?TA *1- ?5@ + Q e ? 7 @ *1- ? 9 JL@- I F ?5IRS:A WP9G^G^ QU@ ; ?TA5@ F:\ ? 7 @ F @ + 2 687:9<; =:A5IR=U@BAT? e 9<; + @ ;T9 A5@ +�;T9GF.- @NQ:S 9G^8+)9GF:\L; JL@BA e I>O�?5@ F@DC 7:9 Q 9 ?qA5@ - ? 9G^G9GF @ * AcA5I¦I>O�@ +)\ @ ; | 7:9G\s7:^ e =UI ^ e \ I F0*>^ IRQ��T@ - ? ; } 2

✽ 7 O θ = π
2 modulo π 2 687:9<;�-3*R; @8A5@B=:A5@ ; @ F ? ; ? 7 @PIRQ��y@ - ? 9 JL@ *>9 EM@ + O�IRA�Q e ? 7 @8O�IRATE3S ^/* ? 9 I FI>O©? 7 @ - IRATA5@ - ? 9 JL@$@ F @BA \ e ª ? 7 @ - IRA F @BA ;�* ?b« ? ◦ * A5@qO * JLIRA5@ + ?5I - IRS F ?5@BA *1- ?P? 7 @+A5IRS F.+)9GF:\@ l @ - ? 2

✽ 7 O θ = π 2�7 F ? 7:9<;L-3*R; @c? 7 @+? *>F:\ @ F ? ;C* A5@ *>F ? 9 _�= * A *>^G^ @ ^ 2 687 @ 9GF ?5@BA *1- ? 9 I F F @ 9G\s7 QUIRA 7 I`I ++ @DY F @ + Q e
Ψ
70*R;,* ; = * ? 9/*>^ @DC)?5@ F ?NI>O8? 7 @�IRA + @BA3I>O ; IREM@�= 9 C)@ ^<; Q/@DOoIRA5@M?5@ F.+)9GF:\ ?5I>_W�* A +:; ? 2�7 F ? 7 @ -3*R; @3I>ObQ:S 9G^8+)9GF:\L;K� *>F ? 9 _�= * A *>^G^ @ ^ ? *>F:\ @ F ? ; I - - S:A WP7 @ F ? 7 @ +)9<; ? *>F.- @

|C (s) −C (s′)| 9<;3\ A5@ * ? *>F.+�WP7 @BA5@M? 7 @HO�S F.- ? 9 I F Ψ
9<;,*>^ A5@ *1+ e f¦S *R;T9�F S ^G^ 2 x I � ? 7 @@ l @ - ?$I>O�IR=:=/I ;59GF:\ ? *>F:\ @ F ? ;$9<;+F @ \s^G9G\s9 Q ^ @ 9GF IRS:A -3*R; @ 2 687:9<;�-3*R; @ W IRS ^8+ I - - S:A 9 O�? 7 @IRQ��y@ - ?�?5IuQ/@qE * ? -57 @ +�70*R; Y F @+IRA ^/* Q e A 9GF ? 7:9GF @ ; ?TATS - ?TS:A5@ ;K�¦WP7:98-57 9<; ? 7 @ -3*R; @qI>O A5I *1+:;9 E *>\ @ + I FK*N; E *>^G^�;9-3*>^ @ � Q:S:? F IR?q? 70* ?+I>O�Q:S 9G^8+)9GF:\L;�* ?qJL@BA e 7:9G\s7 A5@ ; I ^ S:? 9 I F 2

Q @DOoIRA5@ + @ + S -B9GF:\ ? 7 @ fgS *1+ A * ? 98- OoIRA - @�OrA5IRE ? 7 @ + @BA 9 J * ? 9 I F I>O
Jcorrection

WP9 ? 7 A5@ ; =U@ - ?N?5I
C
� @]f¦S * ? 9 I F | � 2 4 } WP9G^G^c70* JL@�?5I�QU@{A5@ W A 9 ?T?5@ F�9GF * O�IRATE ? 70* ? 9<; 9GF.+ @B=/@ F.+ @ F ?XOrA5IRE ? 7 @= * A * EM@B?5@BA 9Gn&* ? 9 I F I>OP? 7 @ - I F ?5IRS:A 2 6 I + Iw? 7:9<;K�©^ @B?aS ;,- I FV;T98+ @BA *>FN* ATQ 9 ?TA * A e = * A * EM@B?5@BA pWP7 I ; @aA5@ ^/* ? 9 I FV;T7:9 = WP9 ? 7 ? 7 @ * A -B^ @ F:\ ? 7

s
9<; ª

dC

ds
=
dC

dp

dp

ds

| � 2 § }
WP7:98-�7
\s9 JL@ ;

ds

dp
=

∣∣∣∣
dC

dp

∣∣∣∣
| � 2 �L}
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7 F ? 7 @uA5@ ; ?qI>O�? 7:9<;C-570* =:?5@BA �¥W @ *1+ IR=:?+? 7 @$O�I ^G^ I WP9GF:\�F IR? * ? 9 I FV; ª
C ≡ C (p)

C′ ≡ C
(
p′
)

R
(
p, p′

)
=
∣∣C−C′

∣∣

R
(
p, p′

)
≡ R

R̃ ≡
(
C−C′

)
R−1

687 @ + @BA 9 J * ? 9 I F�WP9 ? 7 A5@ ; =/@ - ?$?5I ? 7 @1= * A * EM@B?5@BA 9Gn&* ? 9 I F I>O�? 7 @ - I F ?5IRS:A 9<;[; e E3Q/I ^G9Gn @ + Q e *=UI 9GF ? ª Ċ = dC
dp 2 687 @N? *>F:\ @ F ?ZJL@ - ?5IRA ;�* ?a=/I 9GF ? ; p *>F.+ p′ ? 7 @ F Q/@ - IREM@ ª Ċ *>F.+

Ċ′ 2 Q eS ;T9GF:\ ? 7 @ ; @ F IR? * ? 9 I FV;K� ? 7 @uf¦S *1+ A * ? 98- @ F @BA \ e ?5INQU@$E 9GF:9 E 9Gn @ + 9GF @]f¦S * ? 9 I F | � 2 4 }�QU@ - IREM@ ; ª
Jcorrection (C) ∼

∮ ∮
dpdp′

{〈
Ċ, Ċ′

〉2 ∣∣∣Ċ
∣∣∣
−1 ∣∣∣Ċ′

∣∣∣
−1

−
〈
Ċ, Ċ′

〉4 ∣∣∣Ċ
∣∣∣
−3 ∣∣∣Ċ′

∣∣∣
−3
}

Ψ(R)| � 2 �s}
!	#"	�� 	�� � M>=6I ��� � I�@f?h[i=LMNAj 9 ? 7 * J 9 @ W ?5I
Y F.+)9GF:\ ? 7 @ +)9ml @BA5@ F ? 9/*>^ @]f¦S * ? 9 I F�\ IkJL@BA F:9GF:\ ? 7 @�@BJLI ^ S:? 9 I F I>O+? 7 @ *1- ? 9 JL@
- I F ?5IRS:A WP9 ? 7 f¦S *1+ A * ? 98-�- IRATA5@ - ? 9 I F©� ? 7 @+J * A 9/* ? 9 I F I>O

Jcorrection
WP9 ? 7 A5@ ; =/@ - ?b?5I

C
EZS ; ?8QU@

-3*>^8- S ^/* ?5@ + ª
∆Jcorrection = Jcorrection

(
C + δC̃

)
− Jcorrection (C)

| � 2 �L}WP7 @BA5@
∆Jcorrection

9<; ? 7 @XJ * A 9/* ? 9 I F I>O$@ F @BA \ e
Jcorrection

\ @ F @BA * ?5@ + Q e ? 7 @ 9GF Y F:9 ?5@ ;59 E *>^
+ @BJ 9/* ? 9 I F I>O©? 7 @ - I F ?5IRS:A

δC̃ 2 687 @ -3*>^8- S ^/* ? 9 I F I>O ∆Jcorrection 9<;�^ I F:\ *>F.+ O *R; ? 98+)9 IRS ;�*>F.+�9<;; S:EHE * A 9Gn @ +{9GF * =:=U@ F.+)9 C � 2 Q e *R;5; S:E 9GF:\ ? 70* ?[? 7 @ - S:ATJL@ 9<; = * A * EM@B?5@BA 9Gn @ + *>\ *>9GF Q e ? 7 @* A -B^ @ F:\ ? 7©� ? 7 @u@ F @BA \ e J * A 9/* ? 9 I Fw9<; Y F0*>^G^ e ª
∆Jcorrection =

∮ ∮
dsds′Ψ(R)

〈
α̃
(
s, s′

)
, δC̃

〉

+

∮ ∮
dsds′Ψ′ (R)

〈
β̃
(
s, s′

)
, δC̃

〉 | � 2 «L}
WP7 @BA5@

α̃
(
s, s′

)
= 2

〈
Ċ, Ċ′

〉2
(

1 − 3
〈
Ċ, Ċ′

〉2
)

C̈

+4

(
1 − 6

〈
Ċ, Ċ′

〉2
)〈

Ċ′, C̈
〉(〈

Ċ, Ċ′
〉

Ċ− Ċ′
) | � 2 ¨3? }

*>F.+
β̃
(
s, s′

)
= 2

(
1 −

〈
Ċ, Ċ′

〉2
)〈

Ċ, Ċ′
〉2

R̃ + 4
〈
Ċ, R̃

〉〈
Ċ, Ċ′

〉(
2
〈
Ċ, Ċ′

〉2
− 1

)
Ċ′

+2
〈
Ċ, R̃

〉〈
Ċ, Ċ′

〉2
(

1 − 3
〈
Ċ, Ċ′

〉2
)

Ċ
| � 2 ¨s¨ }
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Q e F IR? 9GF:\ ? 70* ?
C̈ = κn

WP7 @BA5@
n
9<; ? 7 @uS F:9 ? F IRATE *>^ ?5I

C
�.*>F.+

κ
9<; ? 7 @ - I F ?5IRS:A ~ ;[;T9G\sF @ +

- S:ATJ * ?TS:A5@ � ? 7 @af¦S *1+ A * ? 98- OoIRA - @
Fquad(s)

-3*>^8- S ^/* ?5@ + * ?q? 7 @ * A -B^ @ F:\ ? 7 =UI 9GF ?
s
9<; ª

Fquad(s) =

〈
∂Jcorrection

∂C
,n

〉
=

∮
ds′Ψ(R)

〈
α̃
(
s, s′

)
,n
〉

+

∮
ds′Ψ′ (R)

〈
β̃
(
s, s′

)
,n
〉

| � 2 ¨ = }WP7 @BA5@
〈
α̃
(
s, s′

)
,n
〉

= 2κ

{〈
Ċ, Ċ′

〉2
(

1 − 3
〈
Ċ, Ċ′

〉2
)
− 2

〈
Ċ′,n

〉2
(

1 − 6
〈
Ċ, Ċ′

〉2
)}

| � 2 ¨K¢ }〈
β̃
(
s, s′

)
,n
〉

= 2

(
1 −

〈
Ċ, Ċ′

〉2
)〈

Ċ, Ċ′
〉2 〈

R̃,n
〉

+4
〈
Ċ, R̃

〉〈
Ċ, Ċ′

〉(
2
〈
Ċ, Ċ′

〉2
− 1

)〈
Ċ′,n

〉 | � 2 ¨E4 }687 @ ;T70* =U@ - I FV; ?TA *>9GF ?1EMI + @ ^�* S:? 7 IRA 9Gn]9GF:\ = * A *>^G^ @ ^ EMIKJL@BEM@ F ? ;NWP9 ? 7 A5@ ; =/@ - ?1?5Iw? 7 @�=:A 9 IRA;T70* =U@ WP9 ? 7 f¦S *1+ A * ? 98-�- IRATA5@ - ? 9 I F
9<; Y F0*>^G^ e \ IkJL@BA F @ + Q e ? 7 @u@]f¦S * ? 9 I F ª
φt (x, t) = −∂Jimage

∂φ

+4λparaδα (ψ (x, t)) (〈∇φ (x) ,∇ψ (x)〉 − 1) [Ha (φ (x, t)) −Ha (ψ (x, t))]

+2λpara (∆φ (x) − ∆ψ (x)) [Ha (φ (x, t)) −Ha (ψ (x, t))]2 − λquadFquad,ext(x) |∇φ (x)|| � 2 ¨K§ }WP7 @BA5@
Fquad,ext(x)

9<; ? 7 @ - IRATA5@ - ? 9 JL@uOoIRA - @$@DC`?5@ F.+ @ + ?5IH@BJL@BA e =UI 9GF ? 9GF ? 7 @ + IRE *>9GF + @DY F @ +Q e ? 7 @ F0* ATA5I W Q *>F.+w; S:ATA5IRS F.+)9GF:\ ? 7 @ n @BA5I ^ @BJL@ ^ I>O�? 7 @$O�S F.- ? 9 I F
φ
=/@BAq@]f¦S * ? 9 I F | � 2 ¨ �L} 2

��� ���,+ � �/5B�B��� �����
687 @a@BJLI ^ S:? 9 I F *>^G\ IRA 9 ? 7 E�I>O�? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 9<; ? 7 @ F ª¨ 2 M I FV; ?TATS - ? 9 I F I>O φ (x, t = 0)

9GF *�F0* ATA5I W Q *>F.+ � - I FV; ?TATS - ? 9 I F I>O
ψ (x, t = 0)

I F ? 7 @9 E *>\ @ + IRE *>9GF
Ω 2

= 2 � C`?TA *1- ? 9 I F I>O�? 7 @ - I F ?5IRS:A C 2¢ 2 ML*>^8- S ^/* ? 9 I F I>Oa? 7 @
? *>F:\ @ F ? *>F.+ I>O$? 7 @ - S:ATJ * ?TS:A5@wOoIRA�@ *1-�7 =UI 9GF ?XI>Ou? 7 @ - I F ?5IRS:A 2j 7 @ F ? 7 @u=UI 9GF ? 70*R;qF I F _ 9GF ?5@ \ @BA - I`IRA +)9GF0* ?5@ ;K� ? 7 @ \ @]IREM@B?TA 98- fgS *>F ? 9 ? 9 @ ;�* A5@ ^G9GF @ * A ^ e9GF ?5@BAT=UI ^/* ?5@ + QU@B? W @]@ F ? 7 @u? W I -B^ I ; @ ; ? F @ 9G\s7 QUIRA ;c; S:ATA5IRS F.+)9GF:\ ? 7 @u=/I 9GF ? 24 2 ML*>^8- S ^/* ? 9 I F I>O�? 7 @$O�IRA - @ Fquad(s) OoIRAq@ *1-57 =UI 9GF ?cI>O�? 7 @ - I F ?5IRS:A 2§ 2 � C`?5@ FV;59 I F I>O�? 7 @uO�IRA - @ ª Fquad(s) → Fquad,ext(x)
*1- - IRA +)9GF:\ ?5IH@]f¦S * ? 9 I F | � 2 ¨ �L} 2

� 2 � JLI ^ S:? 9 I F I>O�? 7 @ *1- ? 9 JL@ - I F ?5IRS:A+S ;T9GF:\ @]f¦S * ? 9 I F | � 2 ¨K§ } 2
� 2 � @D_ 9GF:9 ? 9/*>^G9Gn&* ? 9 I F I>O�? 7 @ +)9<; ? *>F.- @uOrS F.- ? 9 I F I>O ^ @BJL@ ^�; @B? φ 2
� 2 J I¦IR= ; ?5@B= ; = ?5I �3S F ? 9G^)- I F JL@BA \ @ F.- @ 9<; *1-57:9 @BJL@ + 2



� ���� !� ���
	C�� E��� ��� �L�
���
	  � �
	� E��	�� �(� � � �
" �L��   ¨K¢ «
!	#"	�� 	�� � @QgiY6F>gi@BAP[iS M SVZ�AP<X=��FX@f?8I7@BAP[*Y`Z9SVI7Y�=687 @NOoIRA - @

Fquad(s)
9<;$*>F 9GF ?5@ \ A *>^ I FN* -B^ I ; @ +D- I F ?5IRS:A WP7:98-�7�W @ * =:=:A5I]C 9 E * ?5@MS ;T9GF:\ ? 7 @

� @ W ?5I F _ M IR?5@ ; ?TA * =U@ n @uEM@B? 7 I + 2
7 O W @ W A 9 ?5@ Fquad(s) 9GF ? 7 @uO�IRATE ª
Fquad(s) =

∮
ds′f

(
s, s′

)

687 @u?TA * =U@ n I 98+.*>^)* =:=:A5IKC 9 E * ? 9 I F WP9G^G^ QU@ ª
F̂quad(s) =

L−1∑

s′=0

f (s, s′) + f (s, s′ + 1)

2

∣∣C
(
s′
)
−C

(
s′ + 1

)∣∣ | � 2 ¨ �L}
WP7:98-�7
W @ -3*>FK*>^<; I W A 9 ?5@ 9GF ? 7 @$OoIRATE ª

F̂quad(s) =
L−1∑

s′=0

f (s, s′)

2

(∣∣C
(
s′ − 1

)
−C

(
s′
)∣∣+

∣∣C
(
s′
)
−C

(
s′ + 1

)∣∣) | � 2 ¨ �s}
WP7 @BA5@ ª L 9<; ? 7 @ ^ @ F:\ ? 7 I>O©? 7 @ - I F ?5IRS:A WP7:98-57 70*R; ? 7 @ - e -B^G98-�- I F.+)9 ? 9 I FV; ª f (s, 0) = f (s, L)

�
C (0) = C (L) 2 687 @ F S:EM@BA 98-3*>^89GF ?5@ \ A * ? 9 I F O�IRATE3S ^/*w\s9 JL@ F!9GF @]f¦S * ? 9 I F | � 2 ¨ �L} 9 EH= ^G98-B9 ? ^ e9 EH=UI ; @ ; ? 70* ?�? 7 @�=UI 9GF ? ;

C (s)
I>OV? 7 @ - I F ?5IRS:A ;57 IRS ^8+ QU@�IRA + @BA5@ + ?5I+@ F0* Q ^ @�? 7 @ - IREH=:S:? * ? 9 I FI>O+? 7 @ f¦S *>F ? 9 ? e |C (s′) −C (s′ + 1)| 2 j 7 @ F ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 70*R; QU@]@ F @DC`?TA *1- ?5@ + Q e+ @B?5@ - ? 9 I F I>Oa? 7 @ n @BA5I ; I>Oa? 7 @ ^ @BJL@ ^$; @B?

φ
� ? 7 @ - I F ?5IRS:AX?TA *1-B9GF:\ *>^G\ IRA 9 ? 7 E�=:A5IR=UI ; @ + Q e

� * J ^G98+)9<;+9GFD; « 4 A 9<; S ; @ + ?5IMIRA + @BAq? 7 @a=/I 9GF ? ; I>O C 2
!	#"	�� 	�� ��� AC= MXH�[*SNM S ZJAP<>= Z S I�Y6=
� C)?5@ FV;T9 I F I>O�? 7 @ZO�IRA - @ - I FV;T9<; ? ; I>O�Y ^G^G9GF:\ J *>^ SV@ ; I>O

Fquad,ext(x)
* ?[@ *1-�7�^ I -3* ? 9 I F

x
I>O�? 7 @F0* ATA5I W Q *>F.+{WP9 ? 7 ? 7 @ZJ *>^ SV@

F̂quad(s)
I>O�? 7 @ - I F ?5IRS:A ~ ; =UI 9GF ? -B^ I ; @ ; ?c?5I

x 2 687 @1@DC`?5@ F.+ @ +J *>^ SV@NI>O�? 7 @3O�IRA - @ 9<; ? 7 S ; - I FV; ? *>F ? *>^ I F:\ ? 7 @ F IRATE *>^<; ?5I ? 7 @ ^ @BJL@ ^�^G9GF @ ; I>O
φ 2 687 @3OoIRA - @@DC)?5@ FV;T9 I F ?5@ -�7:F:9 fgSV@ ;�* A5@+A5@DO�@BA5@ F.- @ +�9GF<; ¨s¨s¨EA 2 687 @+EMI ; ?�=UIR=:S ^/* A WL* e - I FV;T9<; ? ; I>O A5@ ; I ^ J 9GF:\? 7 @a@]f¦S * ? 9 I FwWP9 ? 7 = * AT? 9/*>^)+ @BA 9 J * ? 9 JL@ ; =:A5IR=/I ; @ + Q e ? 7 @ * S:? 7 IRA ; I>O ; ¨ A ª

∂Fquad,ext(x)

∂t
+ sign (φ)

〈 ∇φ
|∇φ| ,∇Fquad,ext(x)

〉
= 0

| � 2 ¨ �L}
687 @ + @B? *>9G^<; A5@ ^/* ? 9 JL@u?5IN? 7 @a@DC)?5@ FV;T9 I F I>O

Fquad,ext(x)
* A5@ \s9 JL@ F
9GF ; ¨3? = A 2
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- @ F ?5@BA �©9 2 @ 2 ? 7 @NI F @ - IRATA5@ ; =/I F.+)9GF:\ ?5I�? 7 @ ; E *>^G^ @ ; ?uA5I¦IR? 2 x¦9GF.- @N? 7 @f¦S *>F ? 9 ? e
α
9<;q; ?TA 98- ? ^ e =UI ;T9 ? 9 JL@ � ? 7 @ ; E *>^G^ @ ; ?PA5I¦IR? 9<; ª

u0 =
−β −

√
β2 − 4αγ

2α

7 F ?5@BA ; @ - ? 9 I F I I>O *>^ ? 9 ?TS + @ h 9<; ? 7 @BA5@DO�IRA5@




xI = xC + u0V
′
x

yI = yC + u0V
′
y

zI = zC + u0V
′
z

| M 2 § }
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¡ ; =:A5IR=/I ; @ + Q e z 2 � IRS ;5; I F�9GF�; ¨3?s¢6A �U9 ? 9<; S ; @ ^ @ ;5; ?5I 9GF ?5@ \ A *>^G^ e -3*>^8- S ^/* ?5@N? 7 @1EM@ *>F *>F.+? 7 @ J * A 9/*>F.- @ I>Oc? 7 @ = 9 C)@ ^<;N9GF ? 7 @ 9 E *>\ @ 9GFV;T98+ @ *>F.+ IRS:? ;T98+ @ ? 7 @ *1- ? 9 JL@ - I F ?5IRS:A * ?H@ *1-�79 ?5@BA * ? 9 I F 2 7 F.+ @]@ + � ? 7:9<; IR=/@BA * ? 9 I F E3S ; ?uQU@3=U@BAyOoIRATEM@ + I F.- @ * ?u? 9 EM@ t = 0 2,H IRAu? 7 @ ^/* ?5@BA@ ; ? 9 E * ? 9 I F I>O�? 7 @ ; ? * ? 9<; ? 98-3*>^ f¦S *>F ? 9 ? 9 @ ;K�:9 ? 9<;P; S)� -B9 @ F ?q?5I 98+ @ F ? 9 ? e ? 7 @$= 9 C:@ ^<;89GF ? 7 @ 9 E *>\ @? 70* ?u@ F ?5@BA *>F.+{^ @ * JL@N? 7 @3A5@ \s9 I F + @ ^G9 E 9 ?5@ + Q e
C (t)

9GF IRA + @BA[?5I - IRATA5@ - ?$? 7 @3J *>^ SV@ ; I>O�? 7 @EM@ *>F *>F.+ I>O�? 7 @[J * A 9/*>F.- @$IRQ:? *>9GF @ + QU@DO�IRA5@ 70*>F.+ 2�J @B? Ωout,in
Q/@c? 7 @ ; @B?bI>O = 9 C)@ ^<; @DC -B^ S + @ +O�A5IRE ? 7 @ - I F ?5IRS:A * ?a? 9 EM@

t
*>F.+�9GF.-B^ S + @ + 9GF ? 7 @ - I F ?5IRS:A * ?

t + 1 2 687 @ -3* A +)9GF0*>^ I>Ob? 7:9<;; @B? 9<;
nout,in 2�J @B? Ωin,out

Q/@a? 7 @ + S *>^ I>O
Ωout,in

WP9 ? 7 -3* A +)9GF0*>^
nin,out 2 Q e + @DY F:9 ? 9 I F©� ? 7 @EM@ *>Fw9GFV;598+ @u? 7 @ - I F ?5IRS:A * ?q? 9 EM@

t+ 1
9<; ª

cin (t+ 1) =
1

nin (t+ 1)

∫

Ωin(t+1)
I (x) dx

687:9<; O�S F.- ? 9 I Fw9<; @DC)=:A5@ ;5; @ +<*1- - IRA +)9GF:\ ?5I
cin (t)

9GF ? 7 @[O�I ^G^ I WP9GF:\�W�* e ª
cin (t+ 1) =

1

nin (t) + nout,in − nin,out

{
nin (t) cin (t) +

∫

Ωout,in

I (x) dx −
∫

Ωin,out

I (x) dx

}

| v 2 ¨ }
J 9 pL@ WP9<; @ �:W @$Y F.+ ? 7 @$O�I ^G^ I WP9GF:\ @DC)=:A5@ ;5;T9 I F I>O�? 7 @uEM@ *>F I F ? 7 @aIRS:? ;598+ @ ª
cout (t+ 1) =

1

nout (t) − nout,in + nin,out

{
nout (t) cout (t) −

∫

Ωout,in

I (x) dx +

∫

Ωin,out

I (x) dx

}

| v 2 = }Q e A5@BE * ATp 9GF:\ ? 70* ?+? 7 @uJ * A 9/*>F.- @ZI>O * A *>F.+ IRE�J * A 9/* Q ^ @
X
9<; ª

σ2 (X) = E
(
X2
)
−E (X)2

= ?s¢



= ?64 ���
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W @u? 7 @ Fw70* JL@
σ2
in (t+ 1) =

1

nin (t+ 1)

∫

Ωin(t+1)
I2 (x) dx− c2in (t+ 1)

WP7:98-�7
W @Z@DC`=:A5@ ;5;�*1- - IRA +)9GF:\ ?5I
σ2
in (t)

*>F.+ ?5I
cin (t)

? 70*>F p ; ?5I | v 2 ¨ } ª
σ2
in (t+ 1) =

1

nin (t) + nout,in − nin,out

{
nin (t)

[
c2in (t) + σ2

in (t)
]
+

∫

Ωout,in

I2 (x) dx

−
∫

Ωin,out

I2 (x) dx

}
− c2in (t+ 1)

| v 2 ¢ }
687 @ + S *>^ @DC`=:A5@ ;5;59 I F

σ2
out (t+ 1)

9<;�*>F0*>^ I \ ª
σ2
out (t+ 1) =

1

nout (t) − nout,in + nin,out

{
nout (t)

[
c2out (t) + σ2

out (t)
]
−
∫

Ωout,in

I2 (x) dx

+

∫

Ωin,out

I2 (x) dx

}
− c2out (t+ 1)

| v 2 4 }
687 @ *1+ J *>F ? *>\ @qI>O/? 7:9<; ? e =U@bI>OU?5@ -57:F:9 f¦SV@ 9<; ? 70* ? 9 ?�I F:^ e IR=/@BA * ?5@ ; I F ? 7 @

Ωin,out
*>F.+

Ωout,in; = *1- @ ;�WP7 I ; @ -3* A +)9GF0*>^<; * A5@8JL@BA e ^ I W�- IREH= * A5@ +MWP9 ? 7 ? 7 I ; @8I>O
Ωin

*>F.+
Ωout 2 687 @8A5@ + S - ? 9 I F9GF -3*>^8- S ^/* ? 9 I F ? 9 EM@ 9<;c;59G\sF:9 Y -3*>F ? ;T9GF.- @Z? 7 @ -3*>^8- S ^/* ? 9 I F - IREH= ^ @DC 9 ? e Q/@ - IREM@ ; =:A5IR=UIRAT? 9 I F0*>^?5I�? 7 @ ^ @ F:\ ? 7 I>O�? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 2 7 FN; ¨3?s¢6A � z 2 � IRS ;�; I F @DC)=/@BA 9 EM@ F ? *>^G^ e + @BEMI FV; ?TA * ?5@ ;? 7 @ ; * J 9GF:\ E *1+ @ 9GF ? 7 @ - IREH=:S:? * ? 9 I F0*>^ ? 9 EM@ 2
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	 �!���� 	
���� � ������� 	���� � ��� � � � ����!�� 	��������

�t#&% � � . � 0 */45.q( ��� 0 �P*-45.q( �1��,/4 � � � �B,U.+� *-�1� � �3� � � 2 .q( � *-,/�q4�(+*
� 0 ( 2 *-45.+(3� � �[� �14�����,U��( 2 � .���(1.P,U��� � �

J @B?ZS ;�- I FV;T98+ @BAZ? 7 @ ;570* =/@ - I FV; ?TA *>9GF ?3@ F @BA \ e ?5@BATE Q *R; @ + I F ? 7 @ +)9ml @BA5@ F.- @MQU@B? W @]@ F ? 7 @S F:9 ? F IRATE *>^ I>O�? 7 @ *1- ? 9 JL@ - I F ?5IRS:A 9 EH= ^G98-B9 ? ^ e A5@B=:A5@ ; @ F ?5@ + Q e ? 7 @ ^ @BJL@ ^©; @B?
φ
*>F.+ ? 70* ?qI>O *A5@DOo@BA5@ F.- @ ;T70* =U@$A5@B=:A5@ ; @ F ?5@ + Q e

ψ ª
Jshape (φ, ψ) =

∫

Ω
|∇φ (x) −∇ψ (x)|2 (H (φ (x)) −H (ψ (x)))2 dx

| � 2 ¨ }
687 @3@BJLI ^ S:? 9 I F @]f¦S * ? 9 I F<- I FV;59<; ? ; I>O�Y F.+)9GF:\ ? 7 @aJ *>^ SV@ ; I>O

φ
? 70* ?cE 9GF:9 E 9Gn @Z? 7 @aOrS F.- ? 9 I F0*>^

Jshape (φ, ψ, t) 2 6 I *1-�7:9 @BJL@{? 7:9<;k��W @ *1+ IR=:? ? 7 @ -B^/*R;�;T98-w^ I -3*>^ E 9GF:9 E 9Gn&* ? 9 I F Q e \ A *1+)9 @ F ?+ @ ;B- @ F ? ;B-�7 @BEM@ ª
∂Jshape (φ, ψ, t)

∂φ
= −φt (x, t)

| � 2 = }
687 @$@DC)=:A5@ ;5;T9 I F I>O ∂Jshape(φ,ψ,t)

∂φ

9<;L+ @ + S - @ + OrA5IRE ? 7 @ ��� ?5@ * S)C + @BA 9 J * ? 9 JL@$I>O
Jshape (φ, ψ, t)WP9 ? 7 A5@ ; =/@ - ?P?5I

φ
9GF +)9 A5@ - ? 9 I F

φ̃ ª
(
∂Jshape (φ, ψ, t)

∂φ

)

φ=φ̃

=
〈
Jshape (φ, ψ, t) , φ̃

〉
=

∫

Ω

∂Jshape (φ, ψ, t)

∂φ
φ̃ (x, t) dx

| � 2 ¢ }
687 @ ��� ?5@ * S)C + @BA 9 J * ? 9 JL@ZI>O�? 7 @[OrS F.- ? 9 I F0*>^ 9<; @DC)=:A5@ ;5; @ +X9GF ? 7 @[OoIRATE ª
(
∂Jshape (φ, ψ, t)

∂φ

)

φ=φ̃

= lim
ε→0

1

ε

(
Jshape

(
φ (x, t) + εφ̃ (x, t) , ψ, t

)
− Jshape (φ (x, t) , ψ, t)

)

| � 2 4 }
J @B?+S ;C+ @B? *>9G^ ? 7 @ -3*>^8- S ^/* ? 9 I F I>O�? 7 @u@]f¦S * ? 9 I F | � 2 4 } ª

Jshape

(
φ (x, t) + εφ̃ (x, t) , ψ, t

)
=

∫

Ω

〈
∇φ (x) + ε∇φ̃ (x, t) −∇ψ (x) ,∇φ (x) + ε∇φ̃ (x, t) −∇ψ (x)

〉
.

= ?s§



= ? � ���
�
����"� �	 �� ��� ����� � � �� ��� ��� �
����	 �� � � %���	  !� �� E��� �S  

(
H
(
φ (x) + εφ̃ (x, t)

)
−H (ψ (x))

)2
dx

| � 2 § }F IR? 9GF:\ ? 70* ? ª

δa (φ (x, t)) = lim
ε→0

Ha

(
φ (x, t) + εφ̃ (x, t)

)
−Ha (φ (x, t))

εφ̃ (x, t)

| � 2 �L}
*>F.+ Q e + @BJL@ ^ IR= 9GF:\ @]fgS * ? 9 I F | � 2 § } �VW @ 70* JL@ ª

Jshape

(
φ (x, t) + εφ̃ (x, t) , ψ, t

)
=

Jshape (φ (x, t))

+2ε

∫

Ω
φ̃ (x, t) δa (φ (x, t)) (H (φ (x)) −H (ψ (x))) 〈∇φ (x) −∇ψ (x) ,∇φ (x) −∇ψ (x)〉 dx

+2ε

∫

Ω
(H (φ (x)) −H (ψ (x)))2

〈
∇φ (x) −∇ψ (x) ,∇φ̃ (x, t)

〉 | � 2 �s}
Q e 9GF ?5@ \ A * ? 9GF:\ Q e = * AT? ; ? 7 @ ^/* ?T?5@BAq?5@BATE�I>O�@]f¦S * ? 9 I F | � 2 �s} �VW @aIRQ:? *>9GF ª

Jshape

(
φ (x, t) + εφ̃ (x, t) , ψ, t

)
− JShape (φ (x, t)) =

+2ε

∫

Ω
φ̃ (x, t) δa (φ (x, t)) (H (φ (x)) −H (ψ (x))) .

(
|∇φ (x)|2 + |∇ψ (x)|2 − 2 〈∇φ (x) ,∇ψ (x)〉

)
dx

+2ε
{[

(H (φ (x)) −H (ψ (x)))2 (φx (x, t) + φy (x, t) − ψx (x, t) − ψy (x, t)) φ̃ (x, t)
]
Ω

+

∫

Ω
φ̃ (x, t) [2 (H (φ (x)) −H (ψ (x))) ((δa (φ (x, t)) + δa (ψ (x, t))) 〈∇φ (x) ,∇ψ (x)〉

+δa (φ (x, t)) |∇φ (x)|2 − δa (ψ (x, t)) |∇ψ (x)|2

+(H (φ (x)) −H (ψ (x)))2 (∆ψ (x) − ∆φ (x))
]
dx
} | � 2 �L}

687 @P?5@BATE [
(H (φ (x)) −H (ψ (x)))2 (φx (x, t) + φy (x, t) − ψx (x, t) − ψy (x, t)) φ̃ (x, t)

]
Ω9<;HF S ^G^c;T9GF.- @ 9 ? 9<; *>^GW�* e ; =UI ;5;T9 Q ^ @ ?5I�Y F.+ * A5@ - ? *>F:\ S ^/* A ; = *1- @

Ω
? 70* ? -3*>F 9GF.-B^ S + @
? 7 @;T70* =U@ ; A5@B=:A5@ ; @ F ?5@ + Q e

φ
*>F.+

ψ 2 x I � O * A�OrA5IRE ? 7 @ ^ @BJL@ ^ ? I>OZ? 7 @ ^ @BJL@ ^$; @B? ;K�PW @ 70* JL@
H (φ (x)) = 0 = H (ψ (x)) 2 687 @ +)9ml @BA5@ F.- @ZI>O�@ F @BA \s9 @ ; QU@ - IREM@ ; ª

Jshape

(
φ (x, t) + εφ̃ (x, t) , ψ, t

)
− JShape (φ (x, t)) =

2ε

∫

Ω
φ̃ (x, t)

{
(H (φ (x)) −H (ψ (x)))

(
δa (φ (x, t))

(
|∇ψ (x)|2 − |∇φ (x)|2

)

−2δa (ψ (x, t)) |∇ψ (x)|2 + 2δa (ψ (x, t)) 〈∇φ (x) ,∇ψ (x)〉
)



� �� �"���	  P%�� �� P%�� ��� ������������"�	�� �� E� ����	�	 ������ ��� �
����	 � � = ? �

+(H (φ (x)) −H (ψ (x)))2 (∆ψ (x) − ∆φ (x))
}
dx

| � 2 «L}
687 @�@ F @BA \ e \ A *1+)9 @ F ? ? 7 @ F$- IREM@ ; +)9 A5@ - ? ^ e �O*>F.+$F IR? 9GF:\ ? 70* ?�? 7 @ F IRATE *>^<;)* A5@�S F:9 ? | |∇ψ (x)|2 =
1 = |∇φ (x)|2 } ª

∂Jshape (φ, ψ, t)

∂φ
= 4 (H (φ (x)) −H (ψ (x))) {δa (ψ (x, t)) (〈∇φ (x) ,∇ψ (x)〉 − 1)}

+2 (H (φ (x)) −H (ψ (x)))2 (∆ψ (x) − ∆φ (x))
| � 2 ¨3? }687 @a@BJLI ^ S:? 9 I F @]fgS * ? 9 I F{9<;C+ @ + S - @ + Q e -�70*>F:\ @aI>O ;59G\sF<*1- - IRA +)9GF:\ ?5IH@]f¦S * ? 9 I F | � 2 = } 2

�t#y� � ��,U4 � �8*-4 � � .��{*-�1� � 0 ���3,U�8*-4 2 2 .q,-,U� 2 */45.q( ��(3��,   �
687 @a@ F @BA \ e 9GF ?TA5I + S - @ +w9GF ?5I�@]f¦S * ? 9 I F | � 2 �s} -3*>F QU@ ; = ^G9 ? *1- - IRA +)9GF:\ ?5I ª

Jcorrection (C) = J1 (C) − J2 (C)
| � 2 ¨s¨ }

WP9 ? 7
J1 (C) =

∮ ∮
dpdp′

〈
Ċ, Ċ′

〉2 ∣∣∣Ċ
∣∣∣
−1 ∣∣∣Ċ′

∣∣∣
−1

Ψ(R)
| � 2 ¨ = }

*>F.+
J2 (C) =

∮ ∮
dpdp′

〈
Ċ, Ċ′

〉4 ∣∣∣Ċ
∣∣∣
−3 ∣∣∣Ċ′

∣∣∣
−3

Ψ(R)
| � 2 ¨K¢ }

� �,+��D� � �4���75
�
J1 (C)

J1

(
C + δC̃

)
=

∮ ∮
dpdp′

〈
Ċ+δ

˙̃
C, Ċ′ + δ ˙̃

C′
〉2 ∣∣∣Ċ+δ

˙̃
C

∣∣∣
−1 ∣∣∣Ċ′ + δ ˙̃

C′
∣∣∣
−1

Ψ
(
R̃
)

| � 2 ¨E4 }687 @af¦S *>F ? 9 ? e
Ψ
(
R̃
) 9<; A5@ W A 9 ?T?5@ F<*1- - IRA +)9GF:\ ?5I ª

Ψ
(
R̃
)
≈ Ψ(R) +

〈
R̃, δC̃ − δC̃′

〉
Ψ′ (R)

| � 2 ¨K§ }
*>F.+ ∣∣∣Ċ+δ

˙̃
C

∣∣∣
−1 9<; ª

∣∣∣Ċ+δ
˙̃
C

∣∣∣
−1

≈
∣∣∣Ċ
∣∣∣
−1
(

1 −
〈
Ċ, δ

˙̃
C
〉 ∣∣∣Ċ

∣∣∣
−2
) | � 2 ¨ �L}

Q e + @BJL@ ^ IR= 9GF:\ ? 7 @ ; fgS * A5@[I>O�? 7 @ ;B-3*>^/* Ab=:A5I + S - ? �`WP7:9G^ @[A5@B= ^/*1-B9GF:\
Ψ
(
R̃
) WP9 ? 7 | � 2 ¨K§ } �.*>F.+

∣∣∣Ċ+δ
˙̃
C

∣∣∣
−1 WP9 ? 7 | � 2 ¨ �L} *>F.+�9G\sF IRA 9GF:\ ? 7 @ 9GF Y F:9 ?5@ ;59 E *>^ J * A 9/* ? 9 I FV; I>Oc? 7 @ IRA + @BAH? W I ��W @70* JL@ ª

J1

(
C + δC̃

)
= J1 (C) + 2

∮ ∮
dpdp′Ψ′ (R)

〈
Ċ, Ċ′

〉2 〈
R̃, δC̃

〉 ∣∣∣Ċ
∣∣∣
−1 ∣∣∣Ċ′

∣∣∣
−1
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−2

∮ ∮
dpdp′Ψ(R)

〈
Ċ, Ċ′

〉2 ∣∣∣Ċ
∣∣∣
−3 ∣∣∣Ċ′

∣∣∣
−1 〈

Ċ, δ
˙̃
C
〉

+4

∮ ∮
dpdp′Ψ(R)

〈
Ċ, Ċ′

〉 ∣∣∣Ċ
∣∣∣
−1 ∣∣∣Ċ′

∣∣∣
−1 〈

Ċ′, δ
˙̃
C
〉 | � 2 ¨ �s}

Q e 9GF ?5@ \ A * ? 9GF:\ ? 7 @ ^/*R; ?P?5@BATE�Q e = * AT? ;K�)W @ 70* JL@ �kª
J1

(
C + δC̃

)
− J1 (C) = 2

∮ ∮
dpdp′Ψ′ (R)

〈
Ċ, Ċ′

〉2 ∣∣∣Ċ
∣∣∣
−1 ∣∣∣Ċ′

∣∣∣
−1 〈

R̃, δC̃
〉

+2

∮ ∮
dpdp′

[
Ψ(R)

(
2
〈
Ċ, Ċ′

〉〈
C̈, Ċ′

〉 ∣∣∣Ċ
∣∣∣
−3 ∣∣∣Ċ′

∣∣∣
−1

− 3
∣∣∣Ċ
∣∣∣
−5 ∣∣∣Ċ′

∣∣∣
−1 〈

Ċ, Ċ′
〉2 〈

C̈, Ċ
〉)

+Ψ′ (R)
〈
Ċ, R̃

〉〈
Ċ, Ċ′

〉2 ∣∣∣Ċ
∣∣∣
−3 ∣∣∣Ċ′

∣∣∣
−1
] 〈

Ċ, δC̃
〉

+2

∮ ∮
dpdp′Ψ(R)

〈
Ċ, Ċ′

〉2 ∣∣∣Ċ
∣∣∣
−3 ∣∣∣Ċ′

∣∣∣
−1 〈

C̈, δC̃
〉

−4

∮ ∮
dpdp′

[
Ψ(R)

(〈
Ċ′, C̈

〉 ∣∣∣Ċ
∣∣∣
−1 ∣∣∣Ċ′

∣∣∣
−1

−
〈
Ċ, Ċ′

〉〈
C̈, Ċ

〉 ∣∣∣Ċ
∣∣∣
−3 ∣∣∣Ċ′

∣∣∣
−1
)

+Ψ′ (R)
〈
Ċ, R̃

〉〈
Ċ, Ċ′

〉 ∣∣∣Ċ
∣∣∣
−1 ∣∣∣Ċ′

∣∣∣
−1
]〈
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˙̃
C

∣∣∣
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∣∣∣
−3 〈
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∣∣∣
−3

− 15
∣∣∣Ċ
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∣∣∣
−3
]〈
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Ċ, Ċ′

〉2 〈
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Ċ′, δC̃
〉 | � 2 = ¨ }

� �,+�� � � � ��� � 1������/� �7�/��� �B? ���4� ���4����5
�
Jcorrection (C)

Q e \ A5IRS:= 9GF:\ ? 7 @uA5@ ; S ^ ? ; I>O | � 2 ¨ �L} *>F.+ | � 2 = ¨ } �:W @ 70* JL@ ª
Jcorrection

(
C + δC̃

)
− Jcorrection (C) =

∮ ∮
dpdp′Ψ(R) {

2
〈
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Ċ, Ċ′

〉2 ∣∣∣Ċ
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∣∣∣
−2
)〈
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〉
= 0
��- @BAT? *>9GF ?5@BATE ;�-3*>F.- @ ^ @ *1-�7 IR? 7 @BAqIRS:? 2 Q e *R;5; S:E 9GF:\ ? 70* ? p 9<;? 7 @ * A -B^ @ F:\ ? 7©� ? 7:9<;q^/*R; ?q@]f¦S * ? 9 I FK-3*>F QU@ ;T9 EH= ^G9 Y¥@ +K*>F.+ 9<; @]fgS 9 J *>^ @ F ?q?5I | � 2 «L} 2



= ¨3? ���
�
����"� �	 �� ��� ����� � � �� ��� ��� �
����	 �� � � %���	  !� �� E��� �S  



� ��� ��������� �

� 	 ��� ��������� � 	� 	������ � � �� �������� ���������

��#�% �����V� 2 *-4 � ���+(�� ����*/�3. �1. � .   �687 @�A5@ ; S ^ ? ; I>O`? 7 @ -570* =:?5@BA ¢ ;T7 I W @ + ? 70* ? W @ W @BA5@ * Q ^ @�?5I \ @ F @BA * ?5@ *>F IRAT? 7 IRA5@ - ? 9 Y¥@ + v 9G\s9 ? *>^x S:AyO *1- @Nz{I + @ ^ | v x z�}qI>O *>F S:ATQ *>F�;B- @ F @ 2 687:9<; *>^ ? 9 ?TS + @ 9GF O�IRATE * ? 9 I FD-3*>F Q/@3?TA *>FV; Oo@BATA5@ +?5I1? 7 @ = v Q:S 9G^8+)9GF:\ +)9G\s9 ? *>^ E * = 9GF IRA + @BAP?5I *1+ + * ? 7:9 A +:+)9 EM@ FV;59 I F 2 687:9<; * =:=U@ F.+)9 C ;T7 I Wq;* E 98+ +)^ @ ^ @BJL@ ^ ¢ v A5@B=:A5@ ; @ F ? * ? 9 I F I>OP? 7 @HQ:S 9G^8+)9GF:\L;3WP7:98-57!W�*R;,- I + @ +�9GF � � z J | � � 	 �� � '� # � ' � ()�� � � # ' � � �	� ��� � � � ��# } 2 687:9<;1W IRATp W�*R;(*1-57:9 @BJL@ + Q e ¡ F.+�
 I ^ ¡ e n&*1-s��9GF ?5@BA F�* ?3? 7 @
J 7 ¡ z ¡ OrA5IRE ¡ =:A 9G^ ?5I ¡ S \ S ; ? = ?O?64 2
��# � � . �1� � 45(  �� ,/45( 2 4 �1� �
Q S 9G^8+)9GF:\L;(* A5@MEMI + @ ^ @ + Q e = * A *>^G^ @ ^ @B= 9 =U@ +:;3WP7 I ; @�=UI ^ e \ I F0*>^ Q *R; @ ; * A5@ + @BA 9 JL@ + OrA5IRE ? 7 @E * = 2 687 @ 7 @ 9G\s7 ? *R;�;T9G\sF @ + ?5I�@ *1-�7 Q:S 9G^8+)9GF:\ 9<; ? 7 @ZEM@ *>F *>^ ? 9 ?TS + @3J *>^ SV@ + @BA 9 JL@ + O�A5IRE�? 7 @v x z WP9 ? 7:9GF ? 7 @ -3* AT?5I \ A * = 7:98- =UI ^ e \ I F 2 x S -�7 EMI + @ ^G9GF:\H9<;C-B^ @ * A ^ e 9GF0*1+ @]f¦S * ?5@$OoIRA8? 7 @ ; I ^ @\ I *>^ I>O * A5@ *>^G9<; ? 98- A5@B=:A5@ ; @ F ? * ? 9 I F | J 9 AT?TS *>^ J 9<;59 ?$I>O * -B9 ? e } 2 � @BJL@BAT? 7 @ ^ @ ;5;K�U9 ? 9<; OrS ^G^ e * S:?5I>_E * ? 98-$*>F.+
; S)� -B9 @ F ?c?5INEMI + @ ^©F I 9<; @uIRA * ?TEMI ; = 7 @BA 98- =UI ^G^ S:? 9 I F 2

7 F IRA + @BAw?5I�E * pL@�? 7 @�A5@B=:A5@ ; @ F ?5@ + ;9- @ F @�EMIRA5@�A5@ *>^G9<; ? 98- ? 70*>F�*!7 @ * = I>OZh @DC)?TATS + @ +QUI]C:@ ; i �¦W @ W A * =:=/@ + *>F IRAT? 7 I>_ 9 E *>\ @ | �TI 9GF ? ^ e \ @ F @BA * ?5@ + WP9 ? 7 ? 7 @[v x z�} *>F.+�; IREM@PO *1-3*1+ @ ;?5@DC)?TS:A5@ ; 2 687 @ O *1-3*1+ @w?5@DC)?TS:A5@ 9<; *D- I ^G^ @ - ? 9 I F I>O 98+ @ F ? 98-3*>^ = * ?T?5@BA FV;�WP7:98-57 + @ FV;T9 ? e | =U@BA= 9 C:@ ^ } 9<;�* = * A * EM@B?5@BA[I>O�? 7 @Z=:A5I \ A * E 2 687 @Z= * ?T?5@BA FV;�* A5@3@ 9 ? 7 @BA+= 98- ?TS:A5@ ; I>O�O *1-3*1+ @ ; ? * pL@ F9GF�Q @ 9 � 9GF:\V� IRA ; e F ? 7 @B? 98- 9 E *>\ @ ; 2 687 @BA5@w@DC 9<; ? ; * =:=:A5IKC 9 E * ? 9 JL@ ^ e ?5@ F�-B^/*R;�; @ ; I>O$= * ?T?5@BA FV;A *>F.+ IRE ^ e = ^/*1- @ + I F ? 7 @NQ:S 9G^8+)9GF:\L; 2 ¡ ^/*R; ?$IR=:? 9 I F I>O�? 7 @N=:A5I \ A * E @ F0* Q ^ @ ; ?5I EMI + @ ^ ? 7 @?5@BATA *>9GF J * A 9/* ? 9 I FV;c9 O * v 9G\s9 ? *>^ 6 @BATA *>9GF z I + @ ^ | v 6 z�} 9<;�* J *>9G^/* Q ^ @ 2 687 @Zv 6 z 9<; EMI + @ ^ @ +Q e Q _ ; = ^G9GF @ ;+WP7:98-57{; EMI¦IR? 7:9GF:\ @ l @ - ? 9<;PF IR? *1^G9 E 9 ? * ? 9 I F *R; S:ATQ *>F A5@ ^G9 @DO 9<;q; @ ^8+ IRE 7:9G^G^ e 2
��#  ��� �¥0 � * � . � ��,�t��4��V4�(   2 4y*`�
H 9G\ S:A5@ HL2 ¨ 9G^G^ S ; ?TA * ?5@ ; ? 7 @ ¢ v A5@B=:A5@ ; @ F ? * ? 9 I F I>O8? 7 @ ; ? *1+)9 S:E Q:S 9G^ ?uOoIRAu? 7 @ ¡ ;59/*>F � * EM@ ;7 @ ^8+ 9GF Q @ 9 � 9GF:\M9GF ¨ «s« ? 2

= ¨s¨



= ¨ = ���
�
�
��"� 	 �� �&" 	 �
�
	�� ���
�(� � �� ��� ��� ��� ��	 �L��� �����
���

H 9G\ S:A5@ H�2 ¨ ª ¢ v J 9<; S *>^G9Gn&* ? 9 I F I>O Q @ 9 � 9GF:\ -B9 ? e _ WP9 ? 7 ?5@DC)?TS:A5@ ; *>F.+ F IMv 6 z 2



� ��� ���������	��
� �

;�� A�� 2�������������� ��!�����"#!$��!��&%�')(*� �,+-�.��!�/10 �32 �54�687:9�;#<-6 7>=@?-957>AB;#<C; � 2,D 7 2 <-68A>;E< � 28F ;G9 AH7>A 2 6IAH<F�2 � 2 F 6 2 7KJ 2 7 � ;GL�6 /�%M"#N-O,!P���Q"�RTSU"#VXW-N-�Y���,��"#!P����Z�+\[*�,��]5�_^\` �ba �dcEcEcfe /PgGh*gEg3'
i gkj�Z)'l�nmf"#N-O,���d/ � 'Pop�d��O��q/qrs'Ptu"#N-!M�,OY��v*���d/w��!��x�y'z(\���8RB��!-���3���G/U{ 4@|w7>?\=8A}<*~�4E<zL�JI;dL 28F A}<*~

~ 2 ;�~#=,4@| � AB9X;M�H� 2 957U9 � 4#<*~ 2d� 4s6�|34E7>AB;E7 2 J�|3;#=,4 F ~f4 � 2 7B7 2�2 = �@=,4#J 28� ;#=@� /3Z�+�"#��"#mEOY��VXVI� �,O,��]� !-mE��!��5� O,��!-m������ VI"#����(*� !��,��!-m��z� a gE�E�E� e /-!�"-' � �3/ � gEg���h � gE�E�3'
i�� j�Z)')�nmf"#N-O,���d/�rs'�t�"#N-!\�,OY��v\���d/���!��$��'�(\���8RB��!-���3���d/T� ?37�;#JI4E7 2 L�6�|34E7>AB;E7 2 J�|3;#=,4 F 9 � 4#<\~ 2

L 2 7 2 957>AB;#<	A}<$LEA�~#A>7�4 F 4 2 =8A>4 F AHJI4d~ 2 =8� /w��� O�"E��� !����IgE�E�E�3/Q(*ZT� � Z�O�"*]5�5�5�3��!-mf�d/q�f"#��'l�M�E����/
gE�E�E�3/�W-W�'PgGh � g3'

i �#j�Z)'M��mf"#N-O,���d/\��'\(\���8R���!-���3���d/3��!���(l'\r:[\R>�Y��v\���d/ � A � 2 = 2 <P7>AB4 F 68<z4�� 2 6 � ;#=198�*4#<*~ 2 L 2 7 2 9d7>A>;#<
AH<�=�;G4fL	6 2 ~#J 2 <P7H6 /:Z�+�"#��"#mEOY��VXVI� �,O,��] � !-mE��!��5� O,��!-m������ VI"#��� (*� !��,��!-m�� 	 a gE�E� �Ge /
!�"-' � g3/ � � c3� h � � cEc '

i �kjsrX'�o���������!�� � '¡%�'�¢1������/z� <z;#£ 28F J 2 7H�*;GL�; ��Lf4E7�4�4#<z4 F ��6@A}6_4#<zL¤|34E7B7 2 =8<¥9 F 4�6Y68A � 9Y4E7>A>;E< /¦ �5]�+�'PO�� Wl"#O,�d/z(\�Y��!��*RB"#O��§���5���d��O�]�+x�¨!��,�,���,N-���E/�tu� !-��"IZ���O,vl/lSU��/-©ª(*��/ �dcE« �3'
i « j � '\o��������Y�d�\�.�#�d/-(l'*tu�#��"#!�/3��!�� � '-(\�Y������V¬��!-!�/U 6 2 ; �p® 0 � 6�¯�®1° � 6:4#<zLX;#= 7H�*;#AHJI4d~ 2 6

7�;I6@?G|f|3;E=87p�8?\A F L#A}<*~ 2,D 7>=�4f9d7>A>;#< /-Z�O�"\]E'3±¥"#O,v3�,+�"#W§"#!¥² ��N-��"#V¬���,��]¤�8³*�,OY�#] �,��"#!§"�R)V¬��!3´
V¬�#�-��"#µ3¶,�5] ���¤R>O�"#V·�#� O,�.������!��$��WP�#]5�I��V¬��mf�5�G² a ��'�r:O,N�� !¹¸y' � N�� µ-��� Od/�Z�')��mf"#N-O,���d/
�5�q' e /Poº��O,v*+P��N���� O¼»T� O,�.��m�/ �dcEc �3'

i¾½ j � '*o��������Y�d�\�.�#�G/-¿T' � +P��!-m�/���!��À¢�' � ����� !\µl� �����G/ ®1° � ~ 2 < 2 =,4E7>AB;#<&4#<zLXAH<P7 2 =8AB;#=1;E=@A 2 <P7�4#Á
7>AB;#< L 2 7 2 =8JsA}<z4f7>A>;#< ;�ÂnÃY��;#<z;#6:AHJI4d~ 2 6ª?\6@AH<\~�4¬7 2 687 Ä 28F L¬AH<§° � A>7.Å 2 = F 4#<zL /3Z�O�"*]E'-��(*ZK�:(
¢1��!-!�"d�f� O1±¥"#O,v3�,+�"#W�"#!Æ² ¢���mE+3´��n�5��"#��N-�,��"#! � ��O,�,+ ��V¬��mE��!-m�R>"#O1r1�5"E�,WP���,�.������!3RB"#O,V¬�k´
�,��"#!Q²#/zgE�E�E�3'

i�Ç j � 'PZ)'Po��������Y�5�*�.�#�d/z��'Pr:O,È-!�/l��!��x¿T'�»K��! r1"*"#� a �5�-�d' e /w� ?*7�;#JI4E7>AB9 2,D 7>=,4f957>AB;#<b;�Â¤JI4#<PÁ
JI4fL 2 ;\�H� 2 957H6KÂ8=�;#JÉ4 2 =8A>4 F 4#<zLI6�|34f9 2 A}JI4d~ 2 6 /-�f"#��' � /��y'¡�y'-op����vf� V¬�3/zgE�E� � '

i c j � '¡Z�'ºop�������@�5�*�.�#�d/_Ê �H� 2 957 2,D 7>=,4f957>AB;#<Ë4#<zLb= 2 £dA.68A>;E<��8�¥AHJI4d~ 2 4#<z4 F ��6@A}6�?\6@AH<\~ 2�D A.6 7>A}<*~
~ 2 ;�6�|-4E7>A>4 F Lf4E7�4�4#<zLI�G<z; ��F�2 LG~ 2d� °z7�4E7 2 ÁÌ;�Â8Á¨7H� 2 ÁÌ4#= 7�4#<zLs6 7 2 |P6_7�; � 4E=�L�6_;@| 2 =�4f7>A>;#<l4 F 6@��68Á
7 2 J�6 /-��!\��� O,!P���,��"#!P������O�]�+-���f�5�¼"�R�Z�+�"#��"#mEOY��VXVI� �,O,[f/l�n� VI"#���_(*� !��,��!-m¬��!��x(\WP���,�.���Q�¨!3´
RB"#O,V¬���,��"#! (*] ��� !�]5�5�:Í�` a gE�E�Eg e /-!�"-'Pg3/ � � h*gEg3'

i � �kj�%P'qop��O,O�"#!�/ � 'qÎ)���5� �d/���!��b(l'qop�d��N�]�+�� VX��!�/�Ï 2 =HÂ ;E=@JI4#<z9 2 ;,ÂX;8|l7>A>9Y4 F � ; � 7 2 98�M<PA>Ð ? 2 6 /
�¨!M�d'P%�'zSU"#VXW-N-�d'-»:���ª^3Ñ a �dcEc � e /-!�"-' � /3� � h ½E½ '

g � �



g � � ���������
�	��
�������

i �E� j�t	'Qo���È-VXvf� OX��!��bÎp'¡%�')¢�� ��VI�5�G/��
28� 9�4 F AB�8=,4E7>AB;#< 4#<lLu9Y;#J�|z?*7>AH<\~ J 2 7H�3;dLyÂ ;E=�L#AH= 2 9d7

~ 2 ;#= 2 Â 2 = 2 <l9 A}<*~I;�ÂpA}JI4d~ 2 4#<lL16 9Y4#<�< 2 =nLM4E7�4ª?\6@AH<\~�7H� 2 |3;#6@A>7>A>;#<�4#<zL�4#<\~#? F 4E=nLf4E7�4y;�Â¼4#<
�\�f� =@ABL§AH< 2 = 7>AB4 F <z4#£dA�~f4E7>AB;#<$6@��687 2 J /qZ�O�"*]E'�¸ �T� Z � ´�±¥"#O,v3�,+�"#W$"#!b�¨!M��� mEOY�����5�	(*� !���"#O
¸�O,��� !\�Y���,��"#!�/lgE�E� � 'i � gkj�¿K'zop� !M�Y��µw� �d/�(l'P%f"*�-"#N-��!�/ � '��z��"#N�/w��!��x%�'z»K�������.��!�]5"#N-O,�d/ � ;d4fL�£ 2 957�;#=@6y?G|3Lf4f7 2 ?\6@AH<\~
° � � A}JI4d~ 2 =@� � 4�68<z4�� 2 �,4#6 2 L1J 2 7H�3;dL /�� �T�K��¦ OY��!��Y�#] �,��"#!��Q��!sr1�5"E��] ��� !�]5�K��!��¤��� VI"#���
(*� !�����!-m�`�^ a gE�E� � e /�!�"-' Ç / � ½#Ç �Gh � Ç � � '

i � � j��y'-oU�.��vf�_��!��§t	'-�¨�@��O��q/P� 957>AH£ 2 9�;#<z7�;#?\=@6 /l(\W-O,��!-mf� O�´�»T� O,�.��m�/ �dcEc Ç '
i � �#j�Z)'¼oU�.��!�]E/ ®��8£ 28F ;8|f| 2 J 2 <P7�L 2 J��57H�*;dL 2 6�|3;#?*= F 4CL�� 7 2 9d7>A>;#< L 2 98�*4#<\~ 2 J 2 <P7 /1Z�+�' � '

�,+��5�����d/ � ]5"#���_�-�5�ntx��!��5�¼�-�_Z)��O,���d/ �dcEcEc '
i � �kj � 'fop"#���-"y��!��I¢�'M¿��¼tu� !�/ � 2 JI;E7 2 6 2 <-68A}<\~�JI;dL 2 F 4fLM4@|l7�4E7>AB;#<À7�;�£ 2 =8�_�MA�~��I= 2 6 ; F ?37>A>;E<

LEA�~#A>7�4 F A}JI4d~ 2 6�;�ÂI?*=5��4#< 4#= 2 4�6 /�� �T�K��� ��(*ZK�:(b%f"#��!M�s±¥"#O,v3�,+�"#W$"#!	�n� VI"#���À(*� !��,��!-m
��!�� � ���Y�IÎ-N��,��"#!x"G�f� On©nO,µP��!��nO��d�#�d/�gE�E� � /�W-W�'PgE�Gh*g���'

i �d« j��y'KoUN���]Y+�/ � 2 £dA}6@AB;#< ;�Âu� ?\A F 7>Á¨?d| 4E= 2 4#6�AH<�4��KÃY°�?M68A}<\~b654E7 28FHF A>7 2 A}JI4d~ 2 =@�Æ4#<zL��KÃY°
LM4E7�4 /KZTO�"\]E'��,(*ZT�:(Æ(\[*VXWw"E�,��N-V "#!�r1��(b´¤op� � �U�5� !��*���,��"#!��I��!��C��W-W-����]d���,��"#!��d/º�f"#��'� g � ��/ �dcEc Ç '

i � ½ j_»s'�Sp�#�Y� �����5�d/#ÎU'ESp���,���E/ ¦ '�SU"#����/f��!���Îp' � ��µw"E�d/#� ~ 2 ;#J 2 7>=8AB9¼JI;dL 2 F Â5;#=p4f957>AH£ 2 9Y;#<P7�;#?*=Y6 /! N-VI� O,����]Y+��_t ���,+�� V¬���,��vÀ�z� a �dcEc � e /-!�"-' � / � h � � 'i � Ç j_»s'*Sp�#�Y� �����5�d/3�_'�"1��VXVI� ��/-��!��Àrs'*(3��W-��O�"-/)Ê <¬~ 2 ;GL 2 6@AB9s4f957>AH£ 2 9�;E<P7�;#?*=Y6 /*�¨!M��� O,!P���,��"#!P���
%M"#N-O,!P����"�RKSU"#VXW-N-��� On»:���,��"#!�ÑPÑ a �dcEc ½ e /-!�"-' � / «3� h ½ c '

i �dc j ¦ 'qSº+P��!u��!��u¿T'P»T�5���E/w� 957>AH£ 2 9�;E<P7�;#?*=Y6 � AH7H�*;E?*7 2 Ld~ 2 6 /w� �T�T��¦ OY��!��d'l"#!��¨V¬��mf�yZ�O�"�´
]5�5�Y�,��!-mx^$#

a gE�E� �Ge /-!�"-'Pg3/�g «E« h*g ½E½ '
i gE�kj /P� F�2 £ 28F 6 2 7º4 F ~f;E=@A>7H�MJËÂ5;#=1JyAH<�AHJsA�Å5A}<\~s7H� 2 � ?*JpÂ ;#=,L#Á�°��*4��1Â@?*<z957>AB;#<z4 F AH<§AHJsÁ

4G~ 2 |z=�;G9 2 6Y68A}<*~ / � ���T� �T�K� ±¥"#O,v3�,+�"#WI"#!X»K��O,�.���,��"#!P���z��!��I¿�� �f� �z(*� �Ttu� �,+�"*�-����!�SU"#Vs´
W-N-��� On»����,��"#!�/zgE�E� � /-W-W�' �d«3� h �d« Ç 'i g � j ¦ 'nSº+P��! ��!���±�'%�z+MN�/ � 2 £ 28F 6 2 7¬�,4#6 2 LC6Y�*48| 2 |z=8AB;#=x6 2 ~#J 2 <P7�4f7>A>;#< / ¦ �5]�+�'�O�� Ww"#O,�d/
©ªSU¿��y/PgE�E� � '

i gEgkj'&X'�Sº+�� !�/-Îp'*¢�NP��!-m�/-¢y' ¦ ��mM��O��E/�t	'*�:�#"-/ � '3± ������"#!�/-��!�� � '3�y'-rª� ����� Od/p 68A}<\~1|z=8A>;#=
6@�*4@| 2 4#<zL1AH<P7 2 <�6@A>7>��|z=,;�Ä F�2 AH<XJ 2 L#AB9�4 F A}JI4d~ 2 6 2 ~EJ 2 <P7�4E7>AB;#< /EZ�O�"*]E'G�,S�Sº»)(�gE�E� � /#�f"#��'�g3/
gE�E� � /�W�' �E�E� ½ '

i g � j'&X':Sº+�� !�/_¢�' ¦ ��mM��O��E/y(l' ¦ +-��O,N-�f� !-v#�#����V§/yÎp'n¢�NP��!-m�/ � '¼± ������"#!�/	"X':rª"#W-��!P���,+�/
��'�oUO,��mEmf�d/U��!�� � 'Kr1� ����� Od/� 68A}<\~�|z=8A>;#=�6@�*4@| 2 6�AH<	~ 2 ;#J 2 7>=8A>9 4f957>AH£ 2 9�;#<P7�;E?\=@6§A}<�4
£�4#=@AB4E7>AB;#<z4 F Â@=,4#J 28� ;#=@� /*��!\��� O,!P���,��"#!P���l%f"#N-O,!P���w"�RQSU"#VXW-N-��� Oº»:���,��"#!+*,#

a gE�E�Eg e /\!�"-' � /� � �Gh � g Ç 'i g��#j'&X'qSº+�� !�/q(l' ¦ +-��O,N-�f� !-vE�#����V§/�¢�' ¦ ��mM��O��E/qÎp'l¢nNP��!-m�/ � 'P± ������"#!�/w��!�� � 'z�y'lrª� ����� Od/
Ê < 7H� 2 A}<z9Y;#=�|-;#=�4f7>A>;#<�;�Â§6@�*4@| 2 |z=@AB;#=@6�AH<P7�; ~ 2 ;#J 2 7>=8AB9$4f9d7>A}£ 2 9�;#<P7�;#?*=@6 /:� �T�K� � �,�
±¥"#O���+�"#Wx"#!§»K��O,�.���,��"#!P����Î�OY��VI�-�º"#O,vx��!��§¿�� �f� ��(*� ���¼VI� �,+�"*�-�d/�gE�E� � /-W-W�' � �M�Gh � �Eg3'



������� �
�	��
 �  ��� g � �

i gE�kj'&X'GSº+�� !�/f(l'¡�_' ¦ +-��O,N-�f� !-vE�#����V§/ "X'¾(l'kr1"#W-��!P���,+�/E��!��¤��' ± '5oUO,��mEmf�d/ ����� AHJI4d~ 2 = 2 ~#A}6@Á
7>=,4E7>AB;#<�?M68A}<\~y7H� 2 � ?*JpÂ ;E=�L#Á�°��*4���Â8?\<l957>A>;E<z4 F 4#<zL¤6Y�34@| 2 AH<dÂ ;E=@JI4E7>AB;#< /#�¨!M�,�zSU"#!3RB� O�� !�]5�
"#!���!3RB"#O,V¬���,��"#!u(\[3�,��� VI�d/-��!P����[*�,������!��x(\[\!\�,+��5�,���d/PgE�E�Eg3'

i g « j � '-¿T'lSº+�"#W-W�/K{ ;#J�|z?37>A}<\~¬JsA}<PA}JI4 F 6@?*=HÂ 4f9 2 6¤£dAB4 F�2 £ 28F 6 2 7U9 ?*=@£k4f7>?\= 2�� ; � /-%f"#N-O,!P����"�R
SU"#VXW-N-�Y���,��"#!P����Z�+\[*�,��]5�_^ #z� a �dcEc � e /-!�"-' � / ½E½ h c3� '

i g ½ j�¿K' � '�SU"#+�� !�/�Ê < 4f957>AH£ 2 9�;#<P7�;#?*=ªJI;dL 28F 6�4#<zL��,4 FHF ;G;#<-6 /PSU"#VXW-N-��� On»����,��"#!�/Pr1OY��W-+-��]5�d/
��!��x��V¬��mf�¤ZTO�"\]5�5������!-m�'-��V¬��mf�¤©�!��-� O��,�Y��!��3��!-m *�Í a �dcEc3�Ge /-!�"-'Pg3/Pg �E� h*g � Ç '

i g Ç j ¦ '¡Îp'zSU"*"#���5�d/ � 'PSU"*"#Wl� Od/lS:'¡%�' ¦ �d[\��"#Od/w��!��À%�'zr1OY��+P��V§/l� 9d7>A}£ 2 6@�*4@| 2 JI;dL 2 F 6_Á�7H� 2 A}=
7>=,4#AH<�AH<\~�4E<zL�48|f| F A>9�4f7>A>;#< /)SU"#VXW-N-��� Oy»����,��"#!b��!��b��V¬��mf�I©�!��-� O��,�Y��!��3��!-m&�q^ a �dcEc � e /
!�"-' � / �EÇ h*� c '

i g c j � '¥SºO�� VI� O��d/ °z7�4E7>A}687>AB9�4 F 6@�*4@| 2 �k<z; ��F�2 Ld~ 2 AH<·£k4#=8A>4E7>AB;#<z4 F A}JI4d~ 2 6 2 ~#J 2 <z7�4E7>A>;E< /
ZT+�' � '��,+��5�����d/ � � WP��O,�,VI� !M�¬"�R:tu���,+�� V¬���,��]5�¬��!��CSU"#VXW-N-��� O�(*] ��� !�]5�E/U©n!-���f� O�������[$"�R
t ��!-!-+�� ��V§/lrª� O,V¬��!M[f/zgE�E�Eg3'

i�� �kj � '�SºO�� VI� O��G/_(l'n¸:�,+�� Od/¤��!�� (l'n(*"f���,��"-/	� 2 =8< 28F L 2 <-6@A>7>� 2 687>AHJI4E7>A>;E< 4#<zLCA}<z7>=@AH<-6@AB9
4 F A�~#<�J 2 <P7KÂ ;E=��k<z; ��F�2 Ld~ 2 Á�L#=8A}£ 2 <�6 2 ~#J 2 <z7�4E7>A>;E< � 7 2 4f98�MAH<\~ F�2 £ 28F 6 2 7H6§7�; � 4 F � /UZ�O�"*]E'� �nr1t (�����/:g « �,+ËZ)���,��� O,! ���5]5"#mE!-���,��"#! (\[\VXWw"E�,��N-V§/¼¿ ! S�( � � ½ �3/:(\W-O,��!-mf� Od/1gE�E����/
W-W�' � « hM�E��'

i�� � j � '�SºO�� VI� O��¼��!��§(l'3(*"f���,��"-/P� |P6 2 ?3LM;#ÁÌL#A}687�4E<z9 2 Â ;E=n6@�*4@| 2 |z=8A>;#=@6�AH< F�2 £ 28F 6 2 7�6 2 ~#J 2 <�Á
7�4f7>A>;#< /�g�!��	� �T�T� �¨!M�,��'�±¥"#O,v*�,+�"#W¹"#!b»K��O,�.���,��"#!P����/pr1�5"#VI� �,O,��]���!��$¿�� �f� �n(*� � a g�!��� �T�T� �¨!M�,��'�±¥"#O,v3�,+�"#Wb"#!$»K��O,�.���,��"#!P���pr1�5"#VI� �,O,��]À¸y'�ÎP��N-mf� OY�#�G/ ! 'qZ���OY��mE��"E� a � �-�d' e
��!���¸y'fÎP��N-mf� OY�#� ! 'EZ)��OY��mE��"E� a � �-�d' e ¿�� �f� �w(*� �Ut�� �,+�"*�-� a »1¿�(*t e / ! ��]5�E/\�5�-�d' e /*gE�E� � /
W-W�' �d«Ec h � ½ « '

i�� gkj � '¼SºO�� VI� O��d/ ! '¼(*"*]�+�� !�/1��!�� S:'�(*]Y+-!�
#O,Od/§0 ; � 4E=�L�6u= 2 9�;�~#<�A>7>AB;#<�Á���4�6 2 L £�4#=@AB4E7>AB;#<z4 F
6 2 ~#J 2 <P7�4f7>A>;#<b?M68A}<\~�6Y�*4@| 2 |z=8A>;#=@6y4#<lL§L#�#<z4#JsAB9 F 4M� 2 F AH<\~ /q�¨!M�,��'qSU"#!3R�'l"#!¥(*]d�����8´Ì(\WP�#]5�¦ +��5"#O,���5�n��!uSU"#VXW-N-��� On»:���,��"#!�/-¿ ! S�(Àg «Ec �3/z(\W-O,��!-mf� Od/lgE�E� � /-W-W�' �EÇEÇ hM�M�E�3'

i��E� j � 'MSºO�� VI� O��d/\Îp' ¦ ����]�+-+P��N��Y� Od/M%�'E±¥� ��]Yvf� O,�d/*��!���S:'M(*]�+-!�"#O,Od/ ®ªA ��?M68A>;E<�68<z4�� 2 6 � AH<P7>=�;EÁ
LE?39 AH<\~y6 7�4E7>A}687>AB9�4 F 6@�*4@| 2 �G<z; ��F�2 Ld~ 2 A}<P7�;s7H� 2 Jy?*JpÂ ;E=�L#Á�6Y�*4#�¼Â@?*<z957>AB;#<z4 F /M�¨!M��� O,!P���,��"#!P���
%M"#N-O,!P����"�RKSU"#VXW-N-��� On»:���,��"#! * #

a gE�E�Eg e /-!�"-' � /�g c �Gh � � � '
i�� �#j � 'MZ)'*SºO,���,�º��!��¬�_'\S:'\Sº��]5"#!��E/-� |P�M��68A>9�4 F}F �#Á��,4�6 2 LX7>=,4#<-6HÂ ;#=8JI4E7>AB;#<§;�Â 0 � 2 JI4E7>AB9 � 4@|zÁ

| 2 =§Lf4E7�4&Á 0 � 2 0 � 7�4#6Y6 2 F�2 L	9�4@| /K� �T�T� ¦ OY��!��d'Tr1�5"E��] ��'��n� VI"#���x(*� !��d'TÑzÑ a �dc Ç � e /
!�"-'zg3/�gE� « h*g « � '

i�� �kj�t	' � �-�xr:N-!����d/�� <z; ��F�2 Ld~ 2 �,4#6 2 LbA}<z7 2 =�|l= 2 7�4f7>A>;#<�;�Â§4 2 =8A>4 F AHJI4d~ 2 6ªÂ5;#=�?d|3LM4E7>A}<*~$;�Â
=,;d4fL�JI4@|z6 /-Z�+�' � '-�,+��5�,���G/ ¦ �5]�+-!-��]d����©�!-���f� O��,����[À"�R � � ��R>�d/ �dcEcE« '

i�� « j�t	' � �-�Ir:N-!��,�ª��!���%�' � 'l�-� ! ¢1��O,��"#m�/� <z; ��F�2 LG~ 2 Á���4�6 2 Lu?G|3Lf4f7>A}<\~�;�Â_JI4@|z6X�8��AH<P7 2 =8Á
|l= 2 7�4f7>A>;#<¥;�Â_4 2 =@AB4 F AHJI4d~ 2 6 /-Z�O�"*]E'���SUZK�_/ �dcEc ��/-W-W�' Ç �E� h Ç � ��'

i��f½ j'&X' � N3RB"#N-O,!P��N��q/\S:'E(*]�+-VX���q/M��!��s��'G¢:"#OY��N��q/ Ã@JX4G~ 2 JI4E7�98�\A}<\~ � AH7H��6 9�4 F�2 4fL��8?M6 7>J 2 <P7 /
SU"#VXW-N-��� O�»�������"#!x��!��§��V¬��mf�_©n!��-� O��,�Y��!��3��!-m��PÍ a gE�E��� e / � ½ �Gh �dc ��'



g �d« ���������
�	��
�������

i��EÇ jsSº+�' � ���-� !Mµw� !��f/�Sº+�'�"¤�#�5�Y� Od/���!�� � 'qo��������Y�d�\�.�#�G/)�ª0ºÊ � ÃyÁ � ?37�;#JI4E7 2 L�= 2 9�;#<-6 7>=@?-9 Á
7>AB;#<Æ;�ÂI7�;@|3;Y~#=�48|P�MAB9§;M�H� 2 957H6nÂ8=,;#J 4 2 =8AB4 F AHJX4G~ 2 6I?\6@AH<\~�£ 2 957�;#=8A�Å 2 L JI4@|ÆAH<dÂ ;E=@JI4E7>AB;#< /
�¨!M��� O,!P���,��"#!P������O�]�+-���f�5�n"�R�Z�+�"#��"#mEOY��VXVI� �,O,[x��!��§��� VI"#����(*� !��,��!-m�/-�f"#��'zg � /�gE�E�E�3'

i�� c j � ©��¼¸ªS�¸ !:¦ ��¸:¿¹��!��§��R � ! / � �U°����xA}J�| F�2 J 2 <P7�4E7>AB;#<uJI4#<�?-4 F�� £ 2 =Y68A>;E<
	��� / �dcEc Ç '
i �M�kj��y'EÎ�"#N-��"#!-!��d��N�/º < 2 9�;E<P7>=@A��8?37>A>;E<�� F�� AH<P7>=,;dL#?-957>A>;E<ÀL 2 9Y;#<P7>=,4#A}<z7 2 6º~��,;#J�� 7>=8ABÐ ? 2 61Lf4#<�6F�2 6�9�;E<P7�;#?*=Y6y4M957>A Â@6�;#=8A 2 <P7 �@6¤= �B~#AB;#< /PZT+�' � 'P�,+��5�,���d/�©�!-���f� O��,������¿�"#N-���nZ��#�,��� N-O¼´�(\�,OY�#��´

µw"#N-O,m¬�8/ � �5]5� V_µw� O�gE�E����'
i � � j��y'�Î�"#N-��"#!-!��d��N�/wZ)'wSº+P��O,µw"#!-!-��� Od/w��!��xÎp'P¢:� �����f/ � 2 ;EJ 2 7>=@AB9�6Y�*48| 2 |z=8A>;E=Y6TÂ5;#=¤= 2 ~#AB;#<�Á

��4�6 2 L&4M957>A}£ 2 9�;#<P7�;#?*=@6 /)� �T�K� �¨!M�d'�SU"#!3R,'��¨V¬��mf�IZ�O�"*]5�5���,��!-m�/)��SU�ÌZ gE�E� � /�(*� W-��� V_µw� O
gE�E� � '

i �Mgkj�t	'Qr1� O,vf�I��!��¥�y'woUN���]�+�/�� 2 =@A Äº9�4f7>A>;#<Æ;�Â¬4�L#A�~EAH7�4 F =,;d4fL Lf4f7�4M�,4�6 2 ?\6@AH<\~�ÃY��;#<z;�6XAHJsÁ
4G~ 2 =8� /QZ�O�"\]E'q�,(*ZT�1(x¢1��!-!�"d�f� O_±¥"#O,v*�,+�"#W¥"#!C² ¢���mE+3´��n�5��"#��N-�,��"#! � ��O,�,+b��V¬��mE��!-m�RB"#O
rª�5"E�,WP���,�.���Q�¨!3R>"#O,V¬���,��"#!Q²#/ztu�d[�gE�E�E�3'

i � � j�%P'ºr1"#VI�5�¬��!���¸y'TÎz��N-mf� OY�#�d/ � 2 9�;#<z95A F A}<*~	LEA.6 7�4#<z9 2 Â@?*<z957>AB;#<-6§4#<zL F�2 £ 28F 6 2 7H6 / ¦ �5]Y+�'
��� Wl"#O,� � «E«E« /P� ! �n�Ì��/ �dcEcEc '

i �E�#j��y'Tr:O,È-!�/U� Lf4@|l7�4f7>A}£ 2§F�2 4�687ª6 Ð ?-4#= 2 9�;E=@= 28F 4E7>A>;E< � 4�|3; �º2 =HÂ@? F A}JI4d~ 2 JI4E7�98�MAH<\~b7 2 98�MÁ
<PA>Ð ? 2 /w(*"#N-�,+x�¼R>O,��]d��!x%f"#N-O,!P���)"�R�ZT+�"#��"#mEOY��VXVI� �,O,[f/l��� VI"#����(*� !��,��!-m���!��uSp��O,��"#mEOY�k´
W-+\[&^\` a �dc Ç � e /�!�"-' � / � ½ �Gh � Çf½ '

i �M�kj��y'-r:O,È-!�/ � '¡Z�'3o��������Y�d�\�.�#�d/-��!��§¸y'*¢�� !-O,��]5���Y"#! a �5�-�d' e /�� ?37�;#JI4E7>AB9 2,D 7>=,4f957>AB;#<&;�Â�JI4#<PÁ
JI4fL 2 ;\�H� 2 957H6KÂ8=�;#JÉ4 2 =8A>4 F 4#<zLI6�|34f9 2 A}JI4d~ 2 6 /-�f"#��'�g3/�oU��O,v*+P��N���� O¼»T� O,�.��m¬o��#��� ��/ �dcEc ½ '

i � « j ¦ '-r:N�"s��!�� &s' &º�#�,N�"#v#�3/�{ ;#J¬�8AH<�AH<\~��MA�~��¬= 2 6 ; F ?37>A>;E<§6 4f7 28F}F A>7 2 A}JI4d~ 2 =@�¬4E<zLI4#AH=5��;#=@< 2F 4�6 2 =y6 9�4#<P<�A}<*~xLf4E7�4¤Â ;E=1~ 2 < 2 =,4E7>A}<*~u�,4E= 2IF 4E<zL�®�� � AH<¥?*=5�,4E<¹4#= 2 4�6 /�Z�O�"*]E'w��!\��� O,!P�k´
�,��"#!P���Q±¥"#O,v*�,+�"#W�"#!§»�����NP�������G���,��"#!���!��§��!-��V¬���,��"#!u¸nR�¿���!��-��]d��Wl�E/lgE�E�Eg3'

i � ½ j / °P<z4#� 2 Á���4�6 2 L�4@|f|z=,;d4f9 �nÂ ;E=:�8?*A F L#AH<\~ 2,D 7>=,4f957>AB;#<¤Â8=�;EJ �MA�~��MÁ¨= 2 65; F ?*7>AB;#<�6 4f7 28F}F A>7 2
AHJI4d~ 2 6�4E<zL&� 2 A�~#�\7XLf4E7�4bA}< ?\=d�,4#< 4E= 2 4#6 /�Z�O�"*]E'K"�Rª�,+���g � O�� �����.��! SU"#!3R>� O�� !�]5��"#!
��� VI"#����(*� !��,��!-m�/PgE�E�Eg3'

i � Ç j ! '_¢1�E���.� ��!�� »s'¤±b������� Od/§� ?*7�;EJX4f7>A>9�9 F 4�6Y68A ÄU9�4E7>AB;#< ;,ÂC?\=d�,4#< 2 <P£dA}=,;#<�J 2 <z7H6§Â ;#=
LM4E7�4M�,4�6 2 = 2 £dA.68A>;E<u?\6@AH<\~��QÃ,® � � 4#<lL�9Y; F ;E=�4 2 =8A>4 F A}JI4d~ 2 =@� /-�Ì��ZK�:(l/3�f"#��' � g3/ �dcEcEc '

i � c js(l'l¢1��vf� Od/w(l'z�n!-mf� !�� !\�d/q��' ¦ ��!-!�� !MµP��N-V§/���!��x�_' "1��v\��!-���G/ � ;#<zL#A}687�;#= 7>AH<\~ � 4f7B7 2 <�AH<\~
JI4@|z6U4#<zL17H� 2�� ®�£dA}6@?-4 F A.654E7>A>;E<¬;�ÂU9�; F ;#< {¼0 AHJI4d~ 2 6 /kZ�O�"*]E'Gtu�,S�SU��� a gE�E�E� e / � � Ç h � «E« '

i �E�kj�Îp'¡%�'3¢1��O,O,���d/�Ê <�7H� 2 ?\6 2 ;�Â � AH<zLf; � 6QÂ ;E=n�*4E=@JI;#<�AB9¤4#<l4 F ��68A.6 � A>7H��7H� 2 L#A}6 9 = 2 7 2 Â5;#?*=@A 2 =
7>=,4#<-6HÂ ;E=@J /-Z�O�"*]E'�� �T�T� /-�f"#��' «E« /-W-W�'�� � ´ ÇEÇ a �dc ½#Ç e '

i � � j�%P'¡%y¢:� ��VI��� !�/3� 9�;#J�|34#=8A}6 ;#<x;�Â:7H� 2 7H�M= 2�2 Á�L#A}J 2 <�6@AB;#<z4 F |P�*;f7�; F A>7H�*;�~E=�4@|z�M�IL 2 £ 28F ;@|zJ 2 <z7
J 2 7H�3;dL�6 /PZ�+�' � '-�,+��5�,���d/ �K� S�(l/�©�!-���f� O��,����[À"�RKSp������R>"#O,!-�.�3/zoU� O,vf� ��� [f/ �dcEc ��'

i �Egkj�Z)'*»y'3S:'\¢:"#N-mE+�/ � 2 7H�*;GL�614#<lLsJ 2 4#<-6)Â ;#=:= 2 9�;�~#<PA�Å5A}<\~�9�;#J�| F�2,D |34E7B7 2 =8<-6 /*©y'¾(l'MZ������ !M�� � «EcX« ����/ �dcE« g3'



������� �
�	��
 �  ��� g � ½

i � � j��y'P¢�N�� O,�Y�#����!��u�_' ! � �E���,�.�3/ ® 2 7 2 957>AH<\~§9 �*4#<\~ 2 6�AH<&4 2 =@AB4 F £dA 2 � 6y;�Â¤JI4#<�JI4fL 2 687>=8?39 Á
7>?*= 2 6 /z��V¬��mf�1»:���,��'PSU"#VXW-N-�d'�^�� a gE�E�E� e /-!�"-' Ç /�� ÇE� h*� cE« '

i ���#js¸y'Q%M��VI� �d/:{ ;EJn|-4#=�4EA.65;#<$£ 2 957 2 ?*=Y68Á�AHJI4d~ 2 6_|3;#?*= F 4�L��57 2 957>AB;#<CL 2 98�*4#<\~ 2 J 2 <P7H6�L � ?\< 2
��4�6 2 L 2 Lf;E<�< � 2 6_7�;8|3;�~#=,4@|P�MABÐ ? 2 6 /lZ�+�' � '-�,+��5�,���G/ ��! ( ¦ / �dcEc Ç '

i �E�kj���'P%f�d��!��Y"#N-����!�/ � 2 6_AHJI4d~ 2 6yJy? F 7>A}Á�6 ;#?*=�9 2 6 2 <¥7 � F ��L�� 7 2 957>AB;#< /qZT+�' � 'z�,+��5�,���d/l©�!-���f� O��,�����
Z���N-��(3��µP���,��� Od/ ¦ "#N-��"#N����E/PÎ-OY��!�]5�E/ �dc Ç g3'

i � « js(l'K%f� +P��!3´�op�5����"#!�/ � ;dL�� F�2 6�L 2 9�;E<P7�;#?*=Y6�4f9d7>A Â@6§��4�6 �@6§= �B~#AB;#<-6s|-;#?\= F 4¥6 2 ~#J 2 <z7�4E7>A>;E<
L � AHJI4d~ 2 6 2 7UL 2 £dABL��,;�6 /PZ�+�' � '-�,+��5�,���G/-©n!-���f� O��,�����_�-� ! ��]5�8´Ì(*"#W-+-�.�¬�n!\�,��Wl"#�����d/zgE�E� � '

i � ½ j�%P'\%f� !��Y� !�/ Ã@<z7>=�;dLE?3957�;E=@�¬L#A�~#A>7�4 F AHJI4d~ 2 |l=�;d9 2 6Y68A}<\~ � 4s= 2 JX;f7 2 6 2 <-6@AH<\~n| 2 =@6�| 2 957>AH£ 2 /P©�W3´
Ww� O�(3�#�-�3���_�n���f� Od/ ! %���Z�O�� !M�,��]5�8´�¢1������/ �dcEcE« '

i � Ç j�t	' "¤�#�Y�d/���'K± ���,v*��!�/n��!�� � ' ¦ � O��d"#Ww"#N-��"E�d/ °P<z4�� 2 6 � 4f957>AH£ 2 9�;E<P7�;#?*=�JI;dL 2 F 6 / � �,�
�¨!M��� O,!P���,��"#!P���TSU"#!3RB� O�� !�]5�¤"#!uSU"#VXW-N-��� On»:���,��"#!�/3W-W�'PgE� c ´¨g « Ç a �dc Çf½ e '

i � c j���'$"ª�5]�vw/ � 2 AH<�A>7>A>4 F A�Åd4E7>AB;#<_Â5;#= F�2 £ 28F 6 2 7KJ 2 7H�*;dL�6 /�Z�+�' � '3�,+��5�,���d/-©�!-���f� O��,����[À"�R "¤������� O�´
���.��N-��� O,!�/ �dcEc Ç '

i « �kj���'$"ª� O,���f� !�/ ��Ð ?-4E7>AB;#<-6_4#? D L �8=@AH£ � 2 6p|34#= 7>A 28FHF�2 6 �U2 £�; F ?37>AB;#<-6�L 2 9�;#?*=5� 2 6 2 7UL 2 68?\=HÂ54f9 2 62 7 2 6�|34f9 2 6�L � 2 98� 2 F}F�2d� � |f| F A>9Y4E7>A>;E<-6 � F 4�£dA}6@AB;#<§|-4#=�;#=,L#AH<z4E7 2 ?*= /�Z�+�' � 'Q�,+��5�,���d/ � ]5"#���! ���,��"#!P�����¤�-�5��Z�"#!\����� ��Sº+P��N���� �5�5�d/ � �5]5� V_µw� O �dcEc ½ '
i «3� j ¦ ' "1!MN��-��� !Æ��!��¥�y' ! ��� ���Y� !�/ ® 2 7 2 957>AB;#<�;�Â�� ?\A F LEA}<\~#6¬7H�M=�;E?#~��¥Js? F 7>AH£k4#=8AB4E7 2 4#<z4 F ��6@A}6

;,Â16�| 2 9d7>=�4 F � 7 2�D 7>?\=,4 F � 4#<lLI6@�*4@| 2 �,4#6 2 L:Â 2 4E7>?*= 2 6 /PZTO�"\]E'��,r1�:�:(-(l/-gE�E����'
i « gkj ¦ ',"1!MN��-��� !���!��xo:'l¸������ !�/z� ?37�;#JI4E7 2 L�98�*4#<*~ 2 L 2 7 2 9d7>A>;#<sÂ5;#=ª?G|3Lf4E7 2 6s;�Â_L#A�~#AH7�4 F JI4@|

LM4E7�4M�,4�6 2 6 /nZ�+�"#��"#mEOY��VXVI� �,O,��] � !-mE��!��5� O,��!-mC� ��� VI"#��� (*� !��,��!-mC� � a gE�E� � e /�!�"-' �E� /� g Ç c h � g cE« '
i « � js¸y' "1N�� µ-��� Od/�Z)'Q��mf"#N-O,���d/���!��b�y'�r:O,È-! a �5�-�G' e /�� ?37�;#JI4E7>AB9 2�D 7>=�4M957>A>;E<�;�ÂXJI4#<�Á�JI4fL 2;\�H� 2 957H6KÂ8=�;#JÉ4 2 =8A>4 F 4#<zLI6�|34f9 2 A}JI4d~ 2 6 /�oU��O,v*+P��N���� O¼»T� O,�.��m�/ �dcEc �3'
i « �#j�Îp'p¿Q��Ww"#O,��� O,���E/ �U£k4 F ?34f7>A>;#<�;�Â 7H� 2 Ð ?-4 F AH7>��;�Â¬|34#<l98�M=,;#JI4E7>A>9�¯ Js? F 7>A}6�| 2 9d7>=�4 F Â8?\6@AB;#<4 F ~f;E=@A>7H�MJy6¬| 2 =}Â5;#=8J 2 L�;#< AHJI4d~ 2 6u6@AHJs? F 4E7>AH<\~C7H� 2 Â8?*7>?*= 2 | F�2 AB4fL 2 6 6 4f7 28F}F A>7 2 6 /1Z�O�"*]E'

g�!��xrª�:(-( � �,(*ZT�:(¤¶,"#��!M� �º"#O,v3�,+�"#W§"#!ÀO�� VI"#���ª��� !�����!-mI�����Y��RHN��,��"#!À"G�f� O�N-O,µP��!x��O��d�#�a ©:�nop� ! gE�E� � e /�t �5[§gE�E� � '
i « �kj�%P'z¿�� ���,��" � /q(l'P¢���!��f/l��!��u©�'l(\�,�����.�3/ � 2 �MA>9 F�2 Ð5? 2 ? 2 L 2 7 2 957>AB;#<¥AH<b9�;#J�| F�2,D ?*=5��4#<$4#= 2 4�6

� � 2,D 7>=,4f957>AB;#<¹4E<zL§4#<z4 F ��6@A}6y;�Â F A}< 2 4#=UÂ 2 4f7>?\= 2 6 /�Z�O�"*]E'l�,(*ZT�1(§¢1��!�"d�f� Oª±¥"#O,v3�,+�"#W&"#!
² ¢���mE+3´��n�5�Y"#��N-�,��"#! � ��O,�,+x�¨V¬��mE��!-mXRB"#O�r1�5"E�,WP���,�.���Q�¨!3RB"#O,V¬���,��"#!Q²#/zgE�E�E�3'

i «E« j�t	'f¿�� �f� !\��"#!�/ � '\r:O,��VI��"#!�/3��!���¸y'fÎz��N-mf� OY�#�d'�/ °l7�4E7>A.6 7>A>9Y4 F 6@�*4@| 2 AH< � ? 2 <l9 2 AH<s~ 2 ;dL 2 68A>9
4M957>A}£ 2 9�;#<P7�;#?*=@6 /zSU"#VXW�'-»:���,��"#!x��!��§Z����,�d'P���5]5"#!�' a Sº»1ZT� e /�gE�E�E�3/-W-W�' � �d« h � g � '

i « ½ j���'3¿q�������5�,�,OY��!��q/U0 2 98�\<�A>Ð5? 2 6TÂ5;#=¤98�*4E<\~ 2 L 2 7 2 9d7>A>;#< /�� �K�T��¦ OY��!��d'PSU"#VXW-N-�d'zÑw^ a �dc ½ g e /
!�"-' ½ / « ����h « � c '



g � Ç ���������
�	��
�������

i « Ç j�t	'G��!�� � 'GÎP����� VX��/M� < 2�� 95A 2 <z7 � AH<P7 2 =HÂ54f9 2 Á�|z= 2 6 2 =8£dAH<\~ F�2 £ 2 F 6 2 7l= 2 L#A.6 7�4#<z9 AH<\~¤4 F ~f;E=@A>7H�MJ
4E<zL�AH7H6�48|f| F A>9�4f7>A>;#<¥7�;�AH<P7 2 =HÂ54f9 AB4 F AH<z9�;#J�|z= 2 6Y68AB� F�2 � ?*A>L � ; � /w(*�¨�:t %�'l(*] ��'wSU"#VXW-N-�d'
Ñ,#

a �dcEcEcfe /P!�"-'3��/ �E�d« �Gh �E�dc3� '
i «Ec j���'\t �����.�#�3����!���%P'¡� (*� �,+-�.��!�/ � 2 £ 28F 6 2 7TJ 2 7H�*;dL�6�Â ;E=19 ?*=8£k4E7>?*= 2 � ; � � A}JI4d~ 2�2 <-�*4E<z9 2 Á

J 2 <z7 � 4E<zL$6Y�*48| 2 = 2 9�;#£ 2 =8�CAH<�J 2 L#A>9Y4 F AHJI4d~ 2 6 /¼Z�O�"*]E'pSU"#!3R,'U"#! »:���,NP�������G���,��"#! ��!��
t ���,+�� V¬���,��]5�d/ �dcEc �3/-W-W�' � g c h � �M�3'

i¾½ �kj���'5tu�����.�#�3��/�%�'¡�y'k(*� �,+-�.��!�/E��!��¤o1'¾S:' »T� O,V_N-O,��/ °��34@| 2 JI;dL 28F AH<\~ � AH7H��Â8=�;E<P7E|l=�;@|-4d~f4E7>AB;#< �
4 F�2 £ 28F 6 2 7p4@|f|z=,;d4f9 � /P� �T�T� ¦ OY��!��d'z"#!§Zz�:t��:^�� a �dcEc � e /-!�"-'Pg3/ � � Ç h � ½ �3'

i¾½ � jsS:'¡��'-tu��N-O�� Od/-��'�����/���!���»y'3����mE+P�d�#��!�/l� F A}< 2 4#=¤7>AHJ 2 4 F ~f;#=8AH7H�\J Â ;E=ª9Y;#J�|z?*7>AH<\~ 2,D Á
4M957 2 ?-9 F A>L 2 4#<¥L#A}687�4#<z9 2 7>=,4#<-6HÂ ;#=8Jy6ª;,Â¤� A}<z4E=@�XAHJI4d~ 2 6ªAH<�4#=d�8AH7>=,4#=8��L#AHJ 2 <-6@AB;#<-6 /3� �T�K�
¦ OY��!��Y�#] �,��"#!��¼"#!ÀZ����,��� O,!x�n!P����[3�,���p��!���tu�#]Y+-��!��ª��!\��� ������mf� !�]5��Ñ,*

a gE�E� � e /3!�"-'-g3/-g « �Gh
g ½ �3'

i¾½ gkj�¢y'*tu�d[f� Od/-� ?37�;#JI4E7>AB9¤;M�H� 2 957 2,D 7>=,4f957>AB;#<_Â8=,;#J 4 2 =8A>4 F AHJX4G~ 2 =8�XÁ � 68?\=8£ 2 ��Â5;d9 ?\6@AH<\~�;#<
� ?\A F LEA}<\~#6 /zSU"#VXW-N-�d'P»����d'3�¨V¬��mf�¤©�!��-� O��,�d'��*` a �dcEcEcfe /-!�"-'Pg3/ � �EÇ h � � c '

i¾½#� j ¦ 'Qt�]5�¨!�� O,!�� [ ��!�� � ' ¦ � O��d"#Ww"#N-��"E�d/10 Á�6@<z4#� 2 6 � 0 ;@|3; F ;�~#� 4fLf4@|w7>A}£ 2 68<z4�� 2 6 /Qtu�5�3��]d���
�¨V¬��mf�¤��!P����[*������` a gE�E�E� e /�!�"-'zg3/ ½#� h c3� '

i¾½ �#j�%P'-o:'3tu� !P�3/ °z7�4E7 2 ;�Âª7H� 2 4#= 7º;E<u4#?37�;#JI4E7>AB9ª=,;d4fL 2,D 7>=,4f957>AB;#<yÂ ;#= �KÃY°x?G|3Lf4f7 2d� 4X<l;#£ 28F
9 F 4�6@6@A Äº9�4E7>AB;#< /PZ)���,��� O,!u�n�5]5"#mE!�'�¿�� �,�d'lÑ-` a gE�E� � e /�!�"-' �d« / � � �f½ h � �E� Ç 'i¾½ �kj � 'UtxN-VsRB"#O��Ë��!���%�'¾(\+P��+�/�� ;#?*<zLf4#=8�CL 2 7 2 9d7>A>;#<��8�¹JyAH<�AHJsA�Å5A}<\~¬Â8?\<z9d7>A>;#<l4 F 6 /¼Z�O�"*]E'
Sº»1ZT��(

Ç �3/ �dc Ç �3/-W-W�'PgEgGh*g « '
i¾½ « js(l' ! � mM��+�����O,��Ww"#N-Od/ � 2 £dA}6 2 LÆL 2 ÄT<�A>7>AB;#< ;�Âx;8|l7>A>9Y4 F � ; �º� Ã@<z7 2 ~#=,4E7>A>;E<Ë;,ÂÀ=�4fLEA>;#J 2 7>=8AB9

4E<zL_~ 2 ;#J 2 7>=@AB9y9 ? 2 6�Â5;#=ªL#�#<z4#JsAB9:6 9 2 < 2 4E<z4 F �k68A.6 /\� �T�T�Æ¦ OY��!��d'3Z)���,��� O,!§��!P����'3tu�#]Y+�'
�¨!M��� ����'lÑ #

a �dcEc Ç e /P!�"-' c / cE«3� h c ½ c '
i¾½E½ j�%P'¡��' ! � ���-� Op��!��¬�_'Etu�d�#�q/-� 6@AHJ�| F�2�D J 2 7H�*;dLUÂ5;#=QÂ8?\<l957>A>;E<�JsAH<�AHJyA�Åd4f7>A>;#< /MSU"#VXW-N-��� O

%M"#N-O,!P���	� a �dcE« � e /�!�"-'-��/ � � Ç h � � � 'i¾½#Ç j���' ! � �E���,�.�3/�S:'�¿q��!�/���!��¥��'Q¢nN�� O,�Y�#�d/�� 6@��687 2 J Â ;#=�� ?\A F LEA}<\~ L 2 7 2 957>AB;#<ÀÂ@=,;#J 4 2 =@AB4 F
AHJI4d~ 2 6 /M±¥"#O,v3�,+�"#W¬"#! ² �nN-��"#V¬���,��]:�8³3�,OY�#] �,��"#!�"�RqV¬��!3´�V¬�#�-��"#µ3¶,�5] ����R>O�"#V �#� O,�.���w��!��
��WP�#]5�ª��V¬��mf�5�G²#/�oU��O,v*+P��N���� O¼»T� O,�.��m¬o��#��� ��/ �dcEc ½ /-W-W�' ½E½ h Ç « '

i¾½ c j�t	' ! ���5�-� O 
E�,�d/ � 2 F AB4M� F�2 = 2 9Y;#<-687>=8?-957>A>;E<Æ;,Â��8?\A F L#A}<*~�6�Â ;#=IL#A�~#A>7�4 F JI4@|	= 2 £dA}6@AB;#< /���!\��� O�´
!P���,��"#!P������O�]�+-���f�5�n"�R�Z�+�"#��"#mEOY��VXVI� �,O,[x��!����n� VI"#���¤(*� !��,��!-m a ��VI�,��� O�����V e /3�f"#��'-g � /
gE�E�E�3'

i�Ç �kj /p� ?37�;#JI4E7 2 L$?G|3Lf4E7 2 ;�Â��8?*A F L#AH<\~bA}<GÂ ;#=8JI4E7>AB;#<CAH<�JI4@|P6À?\6@AH<\~&J 2 L#AH?*JyÁ�6 9�4 F�2
AHJI4d~ 2 =8��
� � ��� ��������� /MZ�O�"*]E'f±¥"#O,v3�,+�"#W�"#!�² �nN-��"#V¬���,��] � ³3�,OY�#] �,��"#!�"�R�t ��!3´�tu�#�-�1¸�µ3´
¶,�5] ����R>O�"#V ��� O,�.���z��!���(\WP�#]5�n��V¬��mf�5�n² a � 'fZ�'\o��������Y�5�*�.�#�d/f�y'\r:O,È-!�/M��!��¬¿T'E»K��!�r1"*"#��/�5�-�G' e /-�f"#��' � /-�y'¡��'-o�����vf� V¬�3/PgE�E� � '

i�Ç � js(l' ! "#O�"#!-+P����!��&�_' ! � �E���,�.�3/ ® 2 7 2 957>A>;E<¹4#<lL§L 2 659 =@A¾|l7>AB;#<	;,ÂX�8?*A F L#AH<\~�6pÂ8=�;#J Js? F 7>A¾| F�2
4 2 =@AB4 F AHJI4d~ 2 6 / � �:�nZl� �¨V¬��mf�¤©�!��-� O��,�Y��!��3��!-mI±�"#O,v*��+�"#W�/ �dcEcE« /-W-W�'-� «Ec hM� ½#Ç '



������� �
�	��
 �  ��� g �dc

i�Ç gkj�"X' ! "d�E��vl/ � 2 957>A ÄU9�4E7>AB;#< ;�Â�L#A�~#AH7�4 F AHJX4G~ 2 =8� /�ZT+�"#��"#mEOY��VXVI� �,O,��] � !-mE��!��5� O,��!-mb���n�8´
VI"#���y(*� !��,��!-m�/-�f"#��'P� Ç /-!�" � /�W-W�' �E� c ´ � �E� a �dcEc g e 'i�ÇE� j�o1'¡Z)'º¸������ !�/p� ?*7�;#JI4E7>AB9x9 �*4#<\~ 2 L 2 7 2 957>A>;E<�Â5;#=�£k4 F A>LM4E7>A>;E< ;�Â§L#A�~#AH7�4 F JI4@| Lf4E7�4M�,4#6 2 6 /
�,(*ZT�1(����:�,+§]5"#!-mEO��5���d/��Ì�:ZT�:(l/3�f"#��'Pg���/�gE�E����/�W-W�' � gE�Gh � gE�3'i�Ç �#j�¢y'*¸�O,��"#�d/ °z7�4E7>A}687>AB9�4 F 6@<z4#� 2 6�Â5;#=ª�8?\A F L#A}<*~ 2,D 7>=,4f957>AB;#<¤Â8=�;EJ 6 7 2 = 2 ;�6 9Y;@|zAB9�4 2 =@AB4 F AHJI4d~ 2 6 /
ZTO�"\]E'�"�R��,+��¤�,(*ZT�:(�±¥"#O,v3�,+�"#Wx"#!b² ZT+�"#��"#mEOY��VXVI� �,O,��]���V¬��mf����!P����[*�,���k² a gE�E� � e 'i�Ç �kjs(l'¼¸:�,+�� O§��!���%�'¡�y'¼(*� �,+-�.��!�/ � =�;E<P7H6X|z=,;@|34d~M4E7>A}<*~ � A>7H� 9 ?*=@£k4f7>?\= 2 ÁÌL 2 | 2 <zL 2 <P7�6�| 2Y2 L �
4 F ~f;E=@A>7H�MJy6��,4�6 2 L ;E<��¤4#JsA F 7�;#<PÁ��\4M9�;M�8AsÂ5;#=@Js? F 4f7>A>;#<�6 /�%f"#N-O,!P���§"�R&SU"#VXW-N-�Y���,��"#!P���
ZT+M[3�,��]5�d/ ½ c /-W-W�' � gk´�� c a �dc ÇEÇ e 'i�Ç « j ! '3Z)��WP��O�"*�3���,���d/ � 2 9�;#<�687>=8?3957>AB;#<&7>=8A>L#AHJ 2 <-68A>;#<P< 28FHF�2 L 2 |-4#��6 4d~ 2 61?*=d�,4#AH<-6 2 <�AHJI4d~ 2 =8A 2
6 7 �8= �,;�6 9Y;@|zABÐ ? 2 6 4E7 28FHF AH7�4 F�2 �34#?*7 2 = �@6 ; F ?37>A>;#< /-Z�+�' � '\�,+��5�����d/3©n!-���f� O��,�����1�-� ! ��]5�8´Ì(*"#W-+-�.�
��!M�,��Ww"#�����d/ �dcEc Ç 'i�Çf½ j ! 'PZ���WP��O�"*�3���,���d/wt$'wSU"#O��q/zt	'P%f"#O�����!�/q��!���%#´�Z�'�SU"*]��MN�� O�� �f/ � ?\A F LEA}<\~xL 2 7 2 957>AB;#<$4E<zL
= 2 9�;E<-687>=8?39d7>A>;#<ªÂ8=,;#J JsA>L#ÁT4#<lL1�MA�~��MÁ¨= 2 65; F ?*7>AB;#<§4 2 =8A>4 F A}JI4d~ 2 =@� /\SU"#VXW-N-��� O�»:���,��"#!I��!��
�¨V¬��mf�¤©�!��-� O��,�Y��!��3��!-m�/�»T"#��' ½ g3/P�¨����N��¤g3/3W-W�' � gEgk´ � �Mg a �dcEc Ç e 'i�ÇEÇ j ! 'UZ)��OY��mE��"E�d/ � 2 ;dL 2 6@AB9b4f957>AH£ 2 = 2 ~#AB;#<-6&4#<zL F�2 £ 28F 6 2 7yJ 2 7H�*;GL�6 � 9�;#<P7>=8AB� ?*7>AB;#<-6u4E<zL
48|f| F A>9�4f7>A>;#<�61AH<�4#= 7>A Äº9 AB4 F £dA.68A>;E< /3Z�+�' � '3�,+��5�,���d/3©n!-���f� O��������:�-� ! ��]5�8´Ì(*"#W-+-�.�s��!M�,��Ww"#�����d/
%\��!MNP��O,[xgE�E�E�3'i�Ç c j ! 'KZ���OY��mE��"E�§��!�� �_' � � O,��]Y+��E/�� Ï ®��UÁ���4�6 2 L F�2 £ 28F Á�6 2 7�4@|f|z=,;d4f98��Â ;#=uL 2 7 2 957>AB;#< 4E<zL
7>=,4f98�kA}<\~À;,ÂªJX;E£dA}<*~�;M�>� 2 9d7H6 / ¦ �5]�+�'z�n� Ww"#O,� � � ½ g3/�� ! �n�Ì�y/ �dcEc ½ 'i c �kj / � 2 ;dL 2 6@AB9�4M957>A}£ 2 9Y;#<P7�;#?*=Y6¬4#<lL F�2 £ 28F 6 2 7H6pÂ ;E=s7H� 2 L 2 7 2 957>AB;#<C4#<zL§7>=,4f98�kA}<\~ ;�Â
JI;#£GA}<\~�;M�>� 2 9d7H6 /l� �T�K� ¦ OY��!��Y�#] �,��"#!��1"#!xZ)���,��� O,! ��!P����[*�,���:��!��§t �#]�+-��!��y��!\��� ������mf� !�]5�
ÑzÑ a gE�E�E� e /P!�"-' � /Pg «E« h*g Ç �3'i c3� j / � 2 ;dL 2 6@AB9b4f9d7>A}£ 2 = 2 ~EA>;#<�6 � � < 28� |34E=�4fLEA�~#J 7�;CL 2 4 F:� AH7H�ÀÂ8=�4#J 2 |-4#=87>A>7>AB;#<
|l=�;M� F�2 Jy6_AH< { ;#J�|z?*7 2 = � A}6@AB;#< /-%f"#N-O,!P���)"�R)»:���,NP���)SU"#VXV�N-!-��]d���,��"#!¥��!��§��V¬��mf�_�n� W3´O��5�Y� !M�Y���,��"#!b^3Í a gE�E�Eg e /P!�"-' � � g3/Pg�� c h*g « Ç 'i c gkj ! 'PZ���OY��mE��"E�d/�¸y'lt�� ������!P�k´Ìr1"#�,�Y��O��-"-/q��!���»y'z����VI�5�,+�'�/ �p=,4fL#A 2 <P7U£ 2 957�;E= � ; � Â54�687�~ 2 Á
;EJ 2 7>=@AB9$4M957>A}£ 2 9�;E<P7�;#?*=Y6 /:� �T�T��¦ OY��!��Y�#] �,��"#!��u"#! Z����,��� O,! ��!P����[*�,������!��Ëtu�#]Y+-��!��
�¨!M��� ������mf� !�]5�sÑ�� a gE�E��� e /�!�"-' � /-�M�EgGhM�M� ½ 'i c � j ! '-Z���OY��mE��"E�d/Pt	'3�n"#N�����"#!�/���!��§»y'3����VI�5��+�/ � 4E7�98�\A}<\~�L#A}687�4#<l9 2 Â@?*<z957>AB;#<-6 � � 6Y�34@| 2 Á
7�;EÁÌ4#= 2 4u£k4#=8AB4E7>A>;E<z4 F 4@|f|l=�;d4M98�IÂ ;E=_~ F ;\�,4 F Á¨7�;#Á F ;d9Y4 F = 2 ~EA.6 7>=�4E7>AB;#< / � N-O�"#Ww�d��!	SU"#!3RB� O�� !�]5�
��! SU"#VXW-N-��� On»:���,��"#!�/-¿ ! S�(Àg � � � /z(\W-O,��!-mf� O�´�»T� O,�.��m�/wgE�E�Eg3/-W-W�' ½E½ �Gh ½#Ç c 'i c �#j ¦ 'GZ)�d�\�����3���d/M� F ~f;#=8A>7H�MJy6�Â ;#=)~#=�48|P�MAB986p4#<lLnAHJI4d~ 2 |l=�;d9 2 6Y68A}<\~ /ESU"#VXW-N-��� OT(*] ��� !�]5�TZ�O��5�Y�d/
�¨!�]E'�/ �dc Ç g3'i c �kj���'-Z � ��� O,����!�� ¦ '��:��!�]�+-��!�/ � D 7>=�4M957>A>;E<b4#<zL¬?d|3LM4E7 2 ;�Â1687>= 2�2 7p< 2 7 � ;#=@�sAH<u?\=d�,4#<¥4#= 2 4�6
Â8=,;#J �MA�~���= 2 65; F ?*7>AB;#<u6 4E7 2 F}F AH7 2 AHJI4d~ 2 6 /-Z�O�"\]E'P��(*ZT�1(�SU"#VXVX�����,��"#!x�¨» ��[\VXWw"E�,��N-V "#!
²drª�5"E�,WP���,�.��� ¦ +��5"#O,[f/QZTO�"\]5�5������!-mx��!��&�nW-W-����]d���,��"#!��G² a S:'q�nO,VI� !P��v*���_��!�� &X'¾S:'q¿��5�E/
�5�-�G' e /-�f"#��' � ��/�gE�E�Eg3/-W-W�' ½ « Ç h ½E½#� '



gEgE� ���������
�	��
�������

i cE« j / � ? F 7>A}= 2 6 ; F ?37>A>;E< °z<z4�� 2 6§Â5;#=Æ?*=5��4#< =�;d4ML 2,D 7>=,4f957>AB;#<ËÂ@=,;#J Ã �XÊ �sÊ ° 4E<zL� ?*A>9 �#�8AH=�L�AHJI4d~ 2 6 /Pg � !�� � �:�:(*�5¿b��!-!MNP����(\[\VXWw"E�,��N-V ² ��� VI"#���_(*� !��,��!-mI��! ¦ OY��!�����´
�,��"#!Q² a r1"\"E�Y��� !��d/-�5�q' e /�t�������W-O��5���d/-��"#�,��� O�����V§/ ! � �,+�� O,�.��!��-�G/zgE�E� � /-W-W�' «Ec h ½ « '

i c ½ j /� =d�,4#<�687>= 2�2 7UJI4@|f|zAH<\~¬?M68A}<*~�Ð5?\AB98�#�8AH=,LÀ4#<zL¬A.��;E<z;�6ªA}JI4d~ 2 6 /�ZTO�"\]E'-�,r1�:�:(-(l/
�f"#��' � /�gE�E� � /-W-W�' � ½ g � h � ½ g � '

i c Ç j���'����#�3vf�E/w(l'P��!��3OY�3/l¸y'z�n��´ "�"�RB��+-��/l��!��xo1'P��"d[3�Y��V§/ Ã@JI4d~ 2 98�34#<\~ 2 L 2 7 2 957>AB;#<$4 F ~f;#Á
=8A>7H�MJy6 � � 6@��687 2 JI4E7>AB9�6@?*=8£ 2 � /w� �T�K� ¦ OY��!��Y�#] �,��"#!��ª"#!��¨V¬��mf�yZ�O�"\]5�5�Y�,��!-m ^\` a gE�E�E� e /
!�"-' � /�g c ��h � � ½ '

i cEc j ¦ '��¼��v*����!3´����d�\���w/ ! ' "1��O,[M���,��/���!�� ! 'u(*"*]�+�� !�/  < F�2 £ 28F 6 2 7H6 � � 2 ;EJ 2 7>=@��4E<zL
|l=@AB;#=8Á��,4�6 2 LC6 2 ~#J 2 <z7�4E7>A>;E< /�ZTO�"\]E' Ç �,+ � N-O�"#Ww�d��! SU"#!3R>� O�� !�]5�&"#! SU"#VXW-N-��� O§»:���,��"#!a � S�Sº»)(�gE�E��� e a ¦ '*Z)�k¶,�3�.�y��!���%�'*t ���Y�#�d/\�5�-�G' e /*¿ ! S�( � �Eg���/�(\W-O,��!-mf� Od/3gE�E����/*W-W�'3�E�Gh«3� '

i � �E�kj�t	'l�n"*]�+�� O,[f/l�@'¡¢y'P%f� O,V�[\!�/���!��u%�'��l� O,N-µ-�.�3/ �1A�~�� 2 =I;#=,L 2 =X4f957>AH£ 2 9Y;#<P7�;#?*=Y6X4#<zL�7H� 2 A}=
48|f| F A>9�4f7>A>;#<¥7�;�7H� 2 L 2 7 2 957>AB;#<$;�Â F AH< 2 < 2 7 � ;#=@�d6_AH<�6 4E7 28FHF AH7 2 AHJI4d~ 2 =8� /PZ�O�"*]E'zg�!���� �T�K�
±¥"#O,v3�,+�"#W§"#!À»K��O,�.���,��"#!P����/zrª�5"#VI� �,O,��]¤��!��À¿�� �f� ��(*� �¼t�� �,+�"*�-�p��!�SU"#VXW-N-��� O¼»:���,��"#!�/
gE�E� � '

i � � � j�t	'*�n"*]�+�� O,[f/3�@'¡¢y'M%M� O,V_[*!�/���!���%P'$�l� O,N-µ-�.�3/�� 7>?-L 2 L � ?*< 2 <l;#?\£ 28F}F�2 9 F 4#6Y6 2 L 2 9Y;#<P7�;#?*=Y6
4M957>A Â@6º|3;#?*= F 4�L�� 7 2 957>AB;#<&L 2 =�;#?37 2 6_Lf4#<�6ªL 2 6:AHJI4d~ 2 6_L 2 7 � F ��L�� 7 2 957>AB;#< /zZ�O�"*]E'Pr1� �T¦ (*�
(\[*VXWw"E�,��N-V�"#!�(\��mE!P���)��!��À�¨V¬��mf�¤Z�O�"*]5�5���,��!-m�/zgE�E� � '

i � �Egkj / �ªA�~�� 2 =@Á�;#=,L 2 =$4f9d7>A}£ 2 9�;#<P7�;E?\=@6 / ¦ �5]Y+�'¼�n� Ww"#O,�§� « � « /�� ! �n�Ì��/pgE�E�E�3/n��"¹µw�
W-N-µ-������+��5�À��!§�,+��¤�¨!M��� O,!P���,��"#!P���)%f"#N-O,!P����"�RKSU"#VXW-N-��� On»:���,��"#!�'

i � � � j�t	'T��"#N�����"#!�/�{ ? 2 A}<P7 2 ~#=�4f7>A>;#< 4#<lLXÂ8=�;#<z7 2 £k; F ?37>A>;E< AH<�AHJI4d~ 2 6 2 ~EJ 2 <P7�4E7>AB;#< /pZ�+�' � '
�,+��5�����d/-©n!-���f� O��������¤�-� ! ��]5�8´Ì(*"#W-+-�.�I��!M�,��Ww"#�����d/ � �5]5� V_µw� O:gE�E����'

i � ���#j�t	'��n"#N����Y"#!Æ��!��¹��' � � O,��]Y+��E/p� £k4#=8A>4E7>AB;#<z4 F Â8=�4EJ 2 � ;#=Y�sÂ5;#=�4M957>A}£ 2 4#<zL$4fLf4@|w7�4E7>A}£ 2
6 2 ~#J 2 <P7�4f7>A>;#<¥;�Âª£ 2 957�;#=�£k4 F ? 2 LÀA}JI4d~ 2 6 / ¦ �5]Y+�'�O�� Ww"#O,�d/�� ! ���¨�y/-gE�E�Eg3'

i � �E�kj�t	'E�n"#N��Y��"#!¬��!�� ! 'EZ���OY��mE��"E�d/ °��*4@| 2 |l=@AB;#=@6�Â ;#= F�2 £ 2 F 6 2 7Q= 2 |z= 2 6 2 <P7�4E7>AB;#<-6 / � S�Sº» (��Eg��
ZTO�"\]5�5�5�3��!-mf�ª"�RT�,+�� ½ �,+ � N-O�"#Wl�d��!bSU"#!3RB� O�� !�]5�y"#!&SU"#VXW-N-��� Oª»�������"#!3´�Z)��O,�ª���8/�¿ ! S�(
g � � � /l(\W-O,��!-mf� O�´�»T� O,�.��m�/lgE�E�Eg3/-W-W�' ½#Ç h c g3'

i � � « j�t	'��n"#N3³q/ � 2 9�4 F 4d~ 2 L � A}JI4d~ 2 6�Js? F 7>AHÁ�65;#?\=,9 2 6�� � |M| F AB9�4E7>AB;#<�4#?¹= 2 9Y4 F 4G~ 2 L � ?\< 2 A}JI4d~ 2
° Ï:Ê_0 2 7pL � ?\< 2 9�4#= 7 2 /zZ�+�' � '-�,+��5�,���d/ � ! ( ¦ / �dcEc g3'

i � � ½ j�t	'd��"#N3³¤��!��_¢�'dt �����,O��E/�0 �M= 2�2 ÁÌLEA}J 2 <-68A>;E<�<z4 F L 2 6 95=@A¾|l7>AB;#<¬;�ÂUL 2 <-6 2 ?*=d�,4#<�4#= 2 4�6p?\6@AH<\~
JI4@|z6¤4E<zL�4 2 =8A>4 F AHJI4d~ 2 6 /�Z�O�"*]E'-±¥"#O,v3�,+�"#Wx"#!$² ��N-��"#V¬���,��]¤�8³3�,OY�#] �,��"#!�"�R�V¬��!3´�V¬�#�-�
"#µ3¶,�5] ����R>O�"#V��#� O,�.������!��§��WP�#]5�1��V¬��mf�5�G²#/PoU��O,v*+P��N���� O�»T� O,�.��m�o��#��� ��/ �dcEc ½ '

i � � Ç j�t	'f��"#N3³X��!�� � 'ftu] "ª�5" ��!�/ � 2 4E7>?\= 2 JI4E7�98�\A}<\~ºÂ5;#=:�8?*A F L#AH<\~ 2,D 7>=�4f9d7>A>;#<ªÂ8=,;#J Js? F 7>A¾| F�2£GA 28� 6 / � �:�nZl����V¬��mf�ª©�!��-� O��,�Y��!��3��!-m¬±¥"#O,v3�,+�"#W�/ �dcEc ��/�W-W�' �E� � h � � c '
i � � c jsrX'3(3��W-��O�"-/ � 2 ;#J 2 7>=8AB9U|34#= 7>AB4 F LEA � 2 = 2 <P7>AB4 F�2 Ð ?-4E7>AB;#<-6¤4#<zLsAHJI4d~ 2 4#<l4 F ��68A.6 /*Sp��V_µ-O,���3mf�

©�!-���f� O��,���¨[�ZTO��5���d/PgE�E� � '



������� �
�	��
 �  ��� gEg �

i �E� �kjs(l'M(*� O,�*��mE!��E/ � 4�6 2 L 2 LM;#<�< � 2 6º~��,;�~#=,4@|P�\A>Ð ? 2 6 2 7�A}JI4d~ 2 6�4��8=8A 2 <P< 2 6 � L 2nF�� 48|f|34#=8A 2 J 2 <P7
� F 4¬JsA.6 2 ���5;#?*= /-ZT+�' � 'P�,+��5�,���d/-� ! (*� ¿q[f"#!�/ �dcEc � '

i �E�E� j�%P'¡� (*� �,+-�.��!�/ � 2 £ 28F 6 2 7ºJ 2 7H�3;dL�6y4#<lL:Â 4�6 7KJI4#=,98�MAH<\~�J 2 7H�*;GL�6 �y2 £k; F £dAH<\~�AH<P7 2 =HÂ 4M9 2 6_AH<
9Y;#J�|z?*7�4f7>A>;#<l4 F ~ 2 ;#J 2 7>=8� � � ?*ABL�J 2 98�*4#<PA>986 � 9�;#J�|z?37 2 =X£dA}6@AB;#<$4#<lLÀJI4E7 2 =8A>4 F 6�6 9 A 2 <z9 2 /
Sp��V�µ-O,���3mf��©�!-���f� O��,���¨[�ZTO��5���d/ �dcEcEc '

i �E� gkjsrX'�(\+P�kRB� Od/º� JX4f7H� 2 JI4E7>AB9�4 F 7H� 2 ;#=8�b;�Â 2 £dABL 2 <z9 2 /ºZTO,��!�]5� ��"#!�©n!-���f� O�������[$ZTO��5���d/ ! �-�
%M� O���� [f/�©ª(*��/ �dc ½ « '

i �E� � j�"X'�(\���-�3� �\��/-o1'\o1'$"1��VX�.�3/���!��§SK´�± '�(\+MN�/ � 2 ;#J 2 7>=@AB9¤6Y�*;d9 �GÁÌ9�48|l7>?\=8AH<\~ � �sÊ 6598� 2 J 2 6
Â5;#=�6@?���|zA DM28F AH<P7 2 =�|3; F 4E7>A>;E< � 9�;EJn|l?*7�4E7>AB;#< 4#<zLX9 ?*=@£ 2�2 £�; F ?37>AB;#< /-r:OY��W-+�'\tu"*�-� ���º�¨V¬��mf�
ZTO�"\]5�5���G' *��

a �dcEc ½ e /-!�"-'P�3/�g ½#Ç h � � � '
i �E� �#j�¿K'�¢y'�(\�Y����µÆ��!��	%�'�(l' � N-!�]d��!�/ � ;E?\<zLM4#=@�sÄT<lL#A}<*~ � A>7H��|34#=,4#J 2 7>=8A>9Y4 F}F �¥L 2 Â5;#=8JX4\� F�2

JI;dL 28F 6 /I� �T�T��¦ OY��!��Y�#] �,��"#!��	"#! Z)���,��� O,! �n!P����[3�,���¥��!�� t �#]�+-��!�� ��!\��� ������mf� !�]5� ^*`a �dcEc g e /P!�"-' �E� / � � «3� h � � ½ �3'
i �E� �kjsS:'P(\��� mf� Od/3±�' � ]�v3�,��� ��!�/���!��xS:'*± ���5�-� V¬��!-!�/� |3LM4E7 2 ;�Â1=�;d4ML�6ªA}< �KÃY°¥�8�¬4#?37�;#JI4E7>AB92�D 7>=�4M957>A>;E<XÂ@=,;#J�4 2 =@AB4 F AHJI4d~ 2 =8� /�Z�O�"*]5�5�5�3��!-mf�n"�R��,+���(*�5]5"#!��x�¨!M��� O,!P���,��"#!P���)�n��O,µw"#O,!��

��� VI"#���1(*� !�����!-mXSU"#!3RB� O�� !�]5�:��!�� � ³3+-��µ-���,��"#!�/3�f"#��' � / � !M�*��O�"#!-VI� !M�Y�����n�5���d��O�]Y+��¨!��,�,��´
�,N-���_"�R�t���]�+-��mM��!�/ �dcEcE« /-W-W�' � � Ç h � � ½ '

i �E�d« j�t	'l(\N��Y�,V¬��!�/ � 'PÎP����� VX��/wZ)'w(\VI� O�� vE�3/l��!�� (l'l¸:�,+�� Od/q� < A}J�|z=,;#£ 2 L F�2 £ 28F 6 2 7UJ 2 7H�*;GL
Â5;#=XAH<z9�;#J�|z= 2 6@6@A�� F�2 7 � ;EÁ�|P�*4#6 2 � ; � 6 /Q%M"#N-O,!P���U"�RnSU"#VXW-N-��� O��y��!��bÎ���N-���-�sÑ � a �dcEc Ç e /!�"-'z�k´ « / «E« � h « Ç �3'

i �E� ½ j��y' ¦ �Y����/���''&K� � �5��/À��!�� �y'¾(l'¤± �������,v*[f/	{ ?*=@£ 2 2 £k; F ?*7>AB;#< AHJn| F�2 J 2 <z7�4E7>A>;E< ;�ÂC7H� 2� ?\JpÂ5;#=�LEÁ�°��*4#��Â8?*<z957>AB;#<z4 F Â5;#=ÀA}JI4d~ 2 6 2 ~#J 2 <P7�4E7>AB;#< � L 2 <l;#A.68A}<*~ � AH<P7 2 =�|3; F 4E7>AB;#< � 4E<zL
JI4d~E<�A ÄU9�4E7>AB;#< /K� �T�T� ¦ OY��!��Y�#] �,��"#!���"#!¹�¨V¬��mf�ÀZ�O�"*]5�5���,��!-mC^$#

a gE�E� �Ge /T!�"-' Ç / �E�d«Ec h�E� Ç « '
i �E� Ç j�t	'n(l'¼©����,�Y�#�q/¤� < 4 F ~f;#=8A>7H�MJ Â ;E= 2 687>AHJX4f7>A}<\~Æ6@JI4 FHF 659�4 F�2 L#A � 2 = 2 <l9 2 6	� 2 7 �º2Y2 < 7 � ;

LEA�~#A>7�4 F AHJI4d~ 2 6 /-Z)���,��� O,!u�n�5]5"#mE!-���d' *
a �dc ½#� e / � g � h �E�E� '

i �E�dc js(l'K»���!��Y"#!�/�¿T' � 'USU"#+�� !�/n��!�� ÎU'KZ�� O,�.��!\�d/ � D 7>=,4f957>AB;#< ;�Âx= 2 9d7�4#<\~#? F 4E=&�8?*A F L#AH<\~�6§?\6@Á
AH<\~§®�� � 4#<zL&;#= 7H�*;#AHJI4d~ 2 /�ZTO�"\]E'�"�R:(*]d��!��3��!P�5�*�.��! SU"#!3R>� O�� !�]5��"#!	�¨V¬��mf�¬��!P����[3�,���a (-SU�Ì�)(�� �Ge /PgE�E� � '

i � gE�kjsrX'w»T"E����� ��V¬��!b��!��&t	' � 'q�-�Ir:N-!��,�d/ª |3Lf4E7>AH<\~x=�;d4ML§JI4@|P6¬�8��9Y;#<P7 2,D 7>?-4 F = 2 4�65;#<�AH<\~ � /
ZTO�"\]E'M±¥"#O,v*�,+�"#W�"#!u² ��N-��"#V¬���,��] � ³*�,OY�#] �,��"#!�"�R�tu��!3´�t �#�-�:¸�µ3¶,�5] ���TR>O�"#V ��� O,�.���w��!��
(\WP�#]5�¬��V¬��mf�5�G² a �y'Qr:O,N�� !�/ � '¡Z)'�o��������Y�d�\�.�#�d/���!��b¸y'q¢�� !-O,��]5���Y"#!�/��5�-�d' e /�oU��O,v*+���N���� O
»T� O,�.��m�/ �dcEc ½ /-W-W�'�g « ½ h*g ½ « '

i � g � j�¿K'�±b�����q/ ® 2 ÄT<�A>7>A>;E<-6�4#<lL&7 2 =8J�6§;�Â�= 2 Â 2 = 2 <z9 2 A}< LM4E7�4XÂ8?M68A>;E< /T�Ì��ZT�1( a »K�����.�#�-"#�����q/
(\WP����! e /P�f"#��' � g3/�%EN-!�� �dcEcEc '

i � gEgkj_»s'-±b������� Od/w� ?*7�;#JI4E7>AB9s9 F 4�6Y68A Äº9Y4E7>A>;E<&;,Â¤= 2 JX;f7 2 6 2 <-68A}<*~�LM4E7�4�Â ;#= �KÃY°&Lf4f7�4M�,4�6 2 = 2 £GA}Á
68A>;E< /-�¨�:ZT�1(l/3�f"#��' � g3/ �dcEc Ç /-W-W�' « � � h « � Ç '



gEgEg ���������
�	��
�������

i � g � j /U� ?37�;#JI4E7>A>9�98�*4#<*~ 2 L 2 7 2 957>AB;#< A}< �KÃY° LM4E7�4M�,4�6 2 6��,4�6 2 L¹;#< 9 F 4�6Y68A ÄU9�4E7>AB;#< ;�Â
Js? F 7>A}6�| 2 957>=,4 F LM4E7�4 /-Z�O�"*]E'��Ì��ZT�1(l/3�f"#��'Pg � /�gE�E�E�3/-W-W�' �E� �EÇ h �E� �M�3'i � g��#j_»s'E±b������� Op��!�� � 'fÎ-O,������]Y+�/�� ?*7�;#JI4E7>AB9�£ 2 =8A ÄU9�4E7>AB;#<�;�Â �KÃY°xLf4f7�4_?\6@AH<\~��MA�~��I= 2 6 ; F ?37>A>;E<
Js? F 7>A}6�| 2 957>=,4 F LM4E7�4 /-�Ì��ZT�1(l/3�f"#��' � g3/ �dcEc Ç /�W-W�'3� Ç �GhM� c �3'i � gE�kj �)'T±b��!-m�/ � '��z��"#N�/�S:'K�nO,VI� !P��v*���d/ � 'T¿q��/���!�� �y'T¿���/�� 9�;EJn|-4#=�4f7>A}£ 2 4#<z4 F ��6@A}6À;�Â
AHJI4d~ 2 Â8?M68A>;E<uJ 2 7H�3;dL�6 /z� �K�T��¦ OY��!��Y�#] �,��"#!��1"#!ur1�5"E�Y] ��� !�]5�y��!����n� VI"#���y(*� !�����!-m�`lÍa gE�E�E� e /P!�"-' « / � � c3� h � �M�Eg3'i � g « j � '¡%�'�± �������.��VI�s��!��¹t	')(\+P��+�/º� Â 4�6 7:4 F ~f;E=@A>7H�MJ Â ;E=�4f957>AH£ 2 9Y;#<P7�;#?*=Y6À4#<zL&9 ?*=8£k4E7>?*= 22 687>AHJX4f7>A>;#< /-��V¬��mf�ª©�!��-� O��,�Y��!��3��!-m *,*

a �dcEc g e /P!�"-' � / � ��h*g « 'i � g ½ j�o1' �����E/p»s'T����VI�5��+�/¼��!�� ¦ 'ºoU"#N-���d/ °z?3LfL 2 <ËA FHF ?\JsAH<z4E7>AB;#< 98�34#<\~ 2 L 2 7 2 957>AB;#< ?\6@AH<\~
;E=�L 2 =y9�;#<�6@A}687 2 <z95� /-�¨V¬��mf�ª»:���d'PSU"#VXW-N-�d'lÑzÑ a gE�E��� e /-!�"-'zg3/ �E� ½ h � gE�3'i � g Ç jsS:' ��N���!�� %�'�Z�O,��!�]5�E/ �p=�4fLEA 2 <z7I£ 2 9d7�;#= � ; �º� � < 28� 2,D 7 2 =8<z4 F Â ;E=�9 2 Â5;#= 68<z4�� 2 6 /
ZTO�"\]E'¾SU"#!3R,'_"#! SU"#VXW-N-��� O$»�������"#! ��!�� Z����,��� O,! ���5]5"#mE!-���,��"#! a Sº»1ZT� (

c ½ e / �dcEc ½ /
W-W�' «E« h ½ � 'i � g c jsrX' �:Nx��!�� �)' �z+P��!-m�/ �Q|zA¾|3; F 4#=n~ 2 ;#J 2 7>=@��A}<x687 2 = 2 ; � JX;f7>A>;#< 4#<zL�;M�H� 2 957º= 2 9Y;�~#<�A>7>A>;E<uÁ
4À?\<�A Ä 2 Lx4@|f|z=,;d4f98� /�SU"#VXW-N-�Y���,��"#!P���T��V¬��mE��!-m§��!���»�������"#!�/z�f"#��' « / "1��N��U� O¤��]d�#�-� VX��]
ZTN-µ-�����,+�� O��d/ �dcEcE« 'i � � �kj �)' �:N��E/Q(l'w¿q��/Q��!�� � ' "X' ¦ �5"#+�/ � 4#� 2 6@AB4#<¥6@�*4@| 2 JI;dL 28F Â5;#=pÂ 4M9 A>4 F Â 2 4E7>?*= 2�2,D 7>=�4f9d7>A>;#<
4E<zLI= 2 9�;Y~#<�A>7>A>;#< /zZ����,��� O,!����5]5"#mE!-���,��"#!�ÍP� a gE�E� � e /�!�"-' � g3/Pg Ç �dc h*g ÇE�E� 'i � � � j �z+�"#!-m �:N��E/K(\�Y��! �)'�¿q��/T��!�� � ' "X' ¦ �5"#+�/K� Ã@Á �pA�~ 2 <-°P<z4�� 2d� 4E<�4 � < 2 Á¨A}<�£�4#=@AB4#<P71L 2 Á
Â5;#=8JI4M� F�2 9�;E<P7�;#?*=&JX;GL 28F Â5;#=¥;M�H� 2 957�JX4f7�98�MAH<\~ /1��V¬��mf�$��!���»����,��"#!�SU"#VXW-N-�,��!-mËÑ,#a gE�E�Eg e /P!�"-'�g3/ ½E½ h Ç ��'i � � gkjs(l' &TN-��/�"X'Q¢1��OY�3/�¢y' �z+P�3/T��!�� ¦ ')¢1�#��� mM� �p�3/º� Â54�687�<z4#=8=�; � ��4#<zL J 2 7H�*;GL&4#<zLuA>7H6
48|f| F A>9�4f7>A>;#<�A}<§7�;8|3; F ;�~#�#ÁÌ4fLM4@|l7�4E7>AH£ 2 � ® JI;dL 28F A}<*~ / �d« �,+��¨!M�,�QSU"#!3R,'\"#!�Z)���,��� O,!§���5]5"#m#´!-���,��"#! a ��SUZT��(��Eg e /-�f"#��'-��/PgE�E�Eg3'i � �E� jsS:' �z+P��!-m�/ � 'Qo��������Y�d�\�.�#�d/���!��b�y'�r:O,N�� !�/ � <z; ��F�2 Ld~ 2 Á��,4#6 2 L¥A}JI4d~ 2 4E<z4 F �k68A.6�Â5;#= � ®
=,;d4fL�= 2 9�;E<-687>=8?39d7>A>;#< /P�:�,�.��!§%f"#N-O,!P����"�RKr1�5"#��!3RB"#O,V¬���,��]5�¤^ a gE�E� �Ge /�!�"-'3��/ � h � ��'i � � �#j /� |3Lf4E7>AH<\~¤;,ÂU9�4#= 7�;�~#=,4@|P�\A>9n=�;G4fL_Lf4f7�4M�,4�6 2 6¼� �:AHJI4d~ 2 4E<z4 F �k68A.6 /GZ�O�"*]E' �º"#O,v3�,+�"#W
"#!b² ��N-��"#V¬���,��] � ³3�,OY�#] �,��"#!x"�R�tu��!3´�t �#�-�_¸�µ3¶��5] ����RHO�"#V ��� O,�.������!��x(\WP�#]5�ª�¨V¬��mf�5�_²a � '�Z�'Pop�������@�5�*�.�#�d/��y'Pr:O,N�� !�/P��!��§¿T'�»K��!�r1"\"#��/P�5�-�d' e /3�f"#��' � /-�y'¡��'-o�����vf� V¬�3/zgE�E� � 'i � � �kj�¢y' "X' �z+P�#"-/ ¦ 'PSº+P��!�/-o1'*tu� O,O,��V¬��!�/���!��x(l'�¸:�,+�� Od/P� £k4#=8A>4E7>AB;#<z4 FlF�2 £ 2 F 6 2 7U4@|f|z=,;d4f98�
7�;_Js? F 7>A¾|P�*4�6 2 JI;E7>AB;#< /#%f"#N-O,!P���P"�R�SU"#VXW-N-�Y���,��"#!P���PZ�+\[*�,��]5�¼^3Ñ � a �dcEcE«fe /M!�"-' �d« ½ / � ½ c h�dc �3'i � � « j�¿K' �z+MN�/ ¦ '*(3�#�@��mM� �U�3/$"X' ¦ �#]�+-��µP��!P�3/���!���&s'MÎ-N-v\N��G� �U�3/T0 =@A¾| F�2 7)A}JI4d~ 2 JI4E7�9 �MA}<*~UÂ ;#=
4EA}=d�,;#=8< 2 L#A�~#AH7�4 F 6 2 <�6 ;#= � ®1° � � /-Z�O�"*]E'���(*ZK�:(�� ���,+§�,(*ZT�:(xSU"#!-mEO��5���d/�gE�E����'i � �f½ js(l'¾S:'��z+MNC��!��	��'¡¿K'�&TN-�������E/ � 2 ~#A>;E< 9�;#J�| 2 7>A>7>AB;#< �  <�A Â@�#AH<\~x6@<z4#� 2 6 � = 2 ~#AB;#<$~#=,; � AH<\~ �
4E<zL � 4#� 2 6�¯ � ® �IÂ ;E=KJs? F 7>A��,4#<zL¤A}JI4d~ 2 6 2 ~EJ 2 <P7�4E7>AB;#< /#� �K�T�&¦ OY��!��Y�#] �,��"#!���"#!sZ����,��� O,!
��!P����[3�,���n��!��§t �#]�+-��!��¤�¨!M��� ������mf� !�]5�¬^ � a �dcEcE«fe /�!�"-' c / ÇEÇ ��h c �E�3'



� ����� ��� 	�
�������������������

� ' ¦ 'Qo���������"\� N-��/)%�' � NP��!�/)»s'�Z�O,��!�� �s��!��bo1'�(*� O,OY�3/y =d�,4#<CL#A�~#A>7�4 F JI4@|C?d|-Lf4E7>AH<\~yÂ@=,;#J
6 4E7 28FHF AH7 2 �MA�~��C= 2 6 ; F ?37>A>;E<ËA}JI4d~ 2 6x?M68A}<*~ �KÃY° Lf4f7�4	4#6u4§|z=@AB;#=8Aª�G<z; ��F�2 LG~ 2 /¼��!�Z�O�"*]E'
g�!���r1�1(-( � ��(*ZK�:(¬%f"#��!M�p±¥"#O,v3�,+�"#W�"#!��n� VI"#���ª(*� !��,��!-mX��!�� � ���Y��Î-N��,��"#!�"#!�©�O,µP��!
�nO��d�#�d/-©:�nop� ! gE�E� � /�op� O,����!�/zrª� O,V¬��!M[f/Pt �5[§gE�E� � '

g3' ¦ 'Eop��������"*� N-��/E»s'#Z�O,��!�� �d/Mo1'f(*� O,OY�3/MZ)'Etu��O,�,+�"#!�/MZ�'MSº+�� !���!��s¢y' �z+P��!-m�/ ®¤A�~#A>7�4 F �8?*A F L#Á
A}<\~¤JI4@|�= 2 ÄT< 2 J 2 <z7fÂ8=�;#J��k<z; ��F�2 Ld~ 2 Á�L#=8A}£ 2 <À4M957>A}£ 2 9�;E<P7�;#?*=Y6n4#<zLª£ 2 =8�ª�MA�~���= 2 6 ; F ?37>A>;E<
;@|l7>AB9�4 F A}JI4d~ 2 =@� /z��!uZ�O�"*]E'n�,(*ZT�1(À¢1��!-!�"d�f� O1±¥"#O,v*��+�"#Wu"#!¹² ¢n��mE+3´����5��"#��N-�,��"#! � ��O,�,+
��V¬��mE��!-mXRB"#O�r1�5"E�,WP���,�.������!3RB"#O,V¬���,��"#!Q²#/P¢1��!-!�"d�f� Od/wr1� O,V¬��!M[f/ztu�d[�gE�E�E�3'� ' ¦ '�op��������"*� N-��/�»y'pZ�O,��!�� �d/1o1'n(*� O,OY�3/�Z)'�t ��O,�,+�"#!�/:Z)'nSº+�� ! ��!��Ë¢y' �z+P��!-m�/u =5�,4E<�8?\A F L#A}<*~ F 4#<zLb?\6 2 98�*4#<*~ 2 JI4@|f|zAH<\~¬Â@=,;#J �MA�~��¹= 2 6 ; F ?*7>AB;#< 6 4f7 28F}F A>7 2 AHJI4d~ 2 =8� � 4M957>A}£ 2
9�;#<P7�;#?*=@6y4#<zL �¤;#?E~��À£k;E7>AH<\~ /���!§Z�O�"\]E'K��(*ZTt&(*�:(l/-op� � ¶���!-m�/zSº+-��!P�3/z¸:] ��"#µw� O�gE�E�E�3'

��' ¦ 'Uo���������"*� N-��/¼»s'ºZTO,��!�� �d/�o1'�(*� O,OY�	��!���Z)'ptu��O,�,+�"#!�/ °E|34E7>AB;#ÁÌ7 2 J�|3;#=,4 F |z=@AB;#=x6Y�*4@| 2
9�;#<-6 7>=�4#AH<P7�Â ;E= F�2 £ 28F 6 2 7�6 2 ~#J 2 <P7�4E7>AB;#< /���!bZ�O�"*]E' � t�t&Sº»:ZK�_/�(\�_��N-mEN��,�,��!��E/)©1(*�y/
¿ ! S�( �f½ � ½ (\W-O,��!-mf� O�´�»T� O,�.��m�op� O,����!x¢:� ���-� ��µw� O,m�/-W-W�'K�E� � ´¨� �dc / ! "d�f� V�µl� O1gE�E�E�3'

�3' ¦ 'ºo���������"*� N-��/�»y'ºZ�O,��!�� �d/no1'�(*� O,OY�3/¼Z)'Ut ��O,�,+�"#!�/¼Z)'¼Sº+�� !���!�� ¢�'��z+P��!-m�/ ®¤A�~EAH7�4 F
�8?\A F L#A}<*~IJI4@| = 2 ÄK< 2 J 2 <P7PÂ@=,;#J �G<z; ��F�2 LG~ 2 ÁÌLE=@AH£ 2 <¥4f957>AH£ 2 9�;#<P7�;E?\=@6_4#<zLX£ 2 =@�I�MA�~#��= 2 6@Á
; F ?37>AB;#< ;@|l7>AB9�4 F A}JI4d~ 2 =@� /n��!Ër1� O,V¬��!Ë%f"#N-O,!P���¤"�R_ZT+�"#��"#mEOY��VXVI� �,O,[f/ª�n� VI"#���&(*� !���´
��!-m���!���r1�5"E�¨!3R>"#O,V¬���,��"#!§´ºZTÎ�r Z�+�"#��"#mEOY��VXVI� �,O,���8´�Î�� O,!�� O,v*N-!��3N-!-m#´Ìr1�5"#��!-RB"#O,V¬���,��"E!
/3W-W�'K� �E� ´¨�EgEg3/ ! "d�f� V�µl� O1gE�E�E�3'

gEg �



gEg�� � �����
��� ��

�����	�
�
� �

��

�



� ��� ���� �����
	�� � � � �

Î)��O��,�,��[f/��	�U"#N-���¹����vf�¬��"u�,+P��!-vbo��#"#mM��!-m&¢�N¹��!��¹t ��O�]�%M�#� mf� OsRB"#Oy+P�5�*��!-m �U� ��]5"#VI�5�¹VI�
���¤¿��Ì�:t�� ��!�� R>"#O_�������,+��X]d��O��I�,+�� [�+P�d�f�X�Y��vf� !¥��"�V¬��vf�sV_[&�,�Y�d[ ���ª�,+��s�.��µw"#OY����"#O,[¥�#�
W-���d�#�Y��!\���#��Ww"E���,��µ-���E'

�y��V mEOY�����8RHN-����"u» � O�"#!-� �MN��ÀZ�O,��!�� �¬��!��¹%f�d��!3´Ìr1N-[	Z��.��!�5�XR>"#Os+P�5�*��!-m&W-O�"#Ww"E���5�¹�,+-���
�,+��5�,�����,N-µ3¶,�5] �¬��"bVI�u��!��CR>"#O��,+���]5"#!��P�-� !�]5���,+�� [C+P�5�f��W-�.�#]5�5� ��!�VI�E' ¦ +P��!-vC[f"#N ��"
» � O�"#!-� �MN���RB"#Op+P�5�*��!-mI�,N-Wl� O,�*�����5��V_[�O��5���d��O�]�+ �U"#O,v*�G/*R>"#OU�,+��:RHO��5�5�-"#V �,+��:���8R>�pVI�1��!���RB"#O
��� �p�5[3�¼+P�5�*��!-mIµw�5� !§W-O��5��� !\�����¼�,+��ª�-� ����]d�����¤VI"#VI� !\���:����"#!-m¬�,+-���¼Z�+ � ¶,"#N-O,!�� [f'

t�[X�,+P��!-v3�U������"�mf"_"#N-�U��"_oUO,N-!�"X(*� O,OY�s��!��¬Z�+-������W-Ww�1tu��O,�,+�"#!+��+�"_+P�d�f�:�����Y"¤RB"#����" �U�5�
N-WÆV�[ �º"#O,v3�d' ¦ +P��!-v$[f"#NÆ��" Z�+-������W-Ww��RB"#Os+-���sO�� V¬��O,v*�d/º]5"#!��,�,O,N�] �,���f�§] O,���,��] ���,V ��!��	RB"#O+P�d�\��!-m�O��5]5� ���f�5�¥VI�X��!¥+-���_O��5���d��O�]�+$N-!-���d'¬�1�8³3��� !��b�����TV_[ �p��O,V_�,+	��"§oUO,N-!�"ÀRB"#O¤+P�5�*��!-m
µw�5� !���!��#] �,���f�E/*�-� ��� O,VX��!��5����!���� � �5] �,���f��]5"#O,O��5�,Ww"#!��-� !M�U���U�n��]d����� �z�n��� !-�.�y(\WP�#]5�E'�� �U"#N-���
����vf�ª��"s�,+P��!-v�+-��V RB"#O�+-���¼�,N-W-Ww"#O,�n��!��Àv*��!��3!��5���d'

�¼�f� O,[ �U��O,VX��[u�,+P��!-vx�,+��yVI� V_µw� O��ª"�RK�,+���¶�N-O,[ÀR>"#O:�,+��y�,��VI�y�,+P���:�,+�� [u�,Ww� !M�:O��d�#�3��!-m
�,+-���¼�-"*] N-VI� !M�d'

�º�,+P��!-v§%f"E�,�.��!��)� � O,N-µ-�.�¬��!��������Q+�� O¼���d��V RB"#O�+P�5�*��!-m¬O��5]5� ���f�5�xVI�1R>"#O���� �f� OY����VI"#!M�,+��
�����,+-��!Æ�,+��À��O,�.��!P��W-O�"�¶��5] �d'	�	�º"#N-���CWP��O,�,��] N-�.��O,��[	����vf����" �,+P��!-v	�Ì��!Æ%f� O,V�[\! ��!��¹t ��O,���
��"\]Y+�� O,[�RB"#On�,+�� ��O1�#���,���,�Y��!�]5�y��!����#�3�*��]5�_"#! �\NP�#�3OY���,��]�VI"\�-� ���d' ¦ +P��!-vÀ[f"#N���"¬����!ÀR>"#O�+-���
WP���,��� !�]5�E/z"#N-O�!MN-VI� O�"#N��:�3����] N����,��"#!��n��!��§�,+��ª��!M��� O��5�,�n+��ª+P�#�¼�,+�" ��!§��!§V_[+�º"#O,v3�d'

�T��V ������"¤mEOY�����8R>N-�l��"_Z���!3³3�.��!-m¬Sº+�� !�/\¢1�����Y�#" �z+P��!-mX��!��¬¿Q� µ-��!-mI(\N-!¬RHO�"#V �,+��nop� � ¶���!-m
�¨!��,�,���,N-���ª"�R�(\N-O,�f� [*��!-m���!��Àt ��W-W-��!-mXRB"#OU+P�d�\��!-m¬��� !M��N����,+��1V¬��W��n��!��§�#� O,�.���q��V¬��mf�5�¼N����5�
��!§�,+-���n�,�,N��3[f'K���º"#N-���À����vf�¤��"X�f� O,[À�,��!�]5� O�� ��[��,+P��!-v�¢1�����Y�#" �z+P��!-mXRB"#O�+-�����d�#�����.��µ-�������¨[x��!��
�3������mf� !\�n+�� ��W�'

¦ +P��!-v	[f"#N¹��" »�� O�"#!-� �\N��ÀZ�O,��!�� �d/ºZ�+-������W-Wl�xtu��O,�,+�"#!�/ºop�#"#mM��!-m¥¢�N�/KÎP� !-m#R>� !-m ¦ ��!-m�/
oU���5+�� ! ¢�"#!-m�/z±¥� !-���)¿Q"#N�/l¿��)¿q��/lt ��O,�,��!���¿Q�#]5"E�����s��!�� (*� O,mf�s¿��8R>� N-�*O��_R>"#O�+P�5�*��!-m�+�� ��Ww�5�
VI�ª"G�f� O�]5"#VI�¤�,+��ª�3���¬] N-���,���5��W-N-�,�,��!-mI��!ÀW-�.�#]5�1�,+�����O��,��]5"�´��,N-��� �.��mf�¤µw� � �º�5� !x�,+��ª��]d�#�-� V_[
"�R�(*] ��� !�]5�5�y"�RnSº+-��!P����!��¥�,+��I� ! Z ¦ 'Q� �,+�"#N��Y��!��b�,+P��!-v*�_��"xÎ�� !-mfÎ�� !-m ¦ ��!-mxR>"#O�+P�5�*��!-m
µw�5� !x�X]5"#VXVI� !�����µ-���E/P���¬] ��� !\�:��!��§� !\�,+MN��,�.�#���,��]_���5] O�� �Y��O,[f'

t�[§�,+P��!-v3�ª������"�mf"�"#N-�1��"�%f�d��!3´�Î-OY��!��5"#����op��O�] �5�)RB"#O�+-���:mf"*"\�u+\N-VI"#Od/���!��xRB"#O1+P�5�*��!-m
]5�d�#��� ���5�Y�,��[���!�� �º� O��5�§V�[ �\N��5�,�,��"#!��n��!À�,+��_��O��d�X"�RKSU"#VXW-N-��� O:(*] ��� !�]5�5�d'

gEgE�



gEg « �
���


 ���
�����

�	�
�


� �

���p��O,VX��[À�,+P��!-vÀ�����Q�,+��_�,�,N��-� !\���:��!��À��!\��� O,!��:���:¿��Ì��tu� ��+�"¬]5"#!M�,O,��µ-N-���y��"X�,+��ª�.��µw"�´
OY����"#O,[ (¡�ºRHO,��� !��3��[����,VI"E�,W-+�� O��E'T�T��V �,+-��!-v\��!-ms��!�WP��O,�,��] N-�.��O¼"�R�%E��!-mE+\N-� � NP��!§��!���Î�� !-m#RB� !-m¦ ��!-m ��+�"�+P�5�f�¬��� �p�5[3�ªµw�5� !&W-O�"#VXW-�¤��"À��"#���f�sV_[uW-O�"#µ-��� VI�	�����,+¥�,+��¬Sº+-��!��5�Y�s�.��!-mENP��mf�E'
�p�8³3��� !��������QV�[�RHO,��� !��-��+-��Wx��"I±b��!-����! �z+MN�R>"#O�"#N-O��º�5� v*��[x�3����] N��Y�,��"#!��n"#! �#] �,���f�_]5"#!M��"#N-O��
��!��À"#N-OpR>O�� !��5���5��mM��VI�5�¼"�R�µP�#�3VX��!\��"#!�' ¦ +P��!-v3�p��"I������"�R�[f"#N�RB"#O�[f"#N-O¼���¬] ��� !M�nO�� �\���,��"#!§"�R
�,+��ª�,+��5�����n��µ��,�,OY�#] �¼��!�Sº+-��!��5���E'

¿��#�,�,��[f/q�Xµ-��m��,+P��!-vÀ[f"#N���"¬V_[xÎ-O�� !�]Y+¥��!�� Sº+-��!��5���_R���VX����[�R>"#O��,+�� ��O��,��O�� ���5���:�,N-W-Ww"#O,�d'¦ +P��!-vC[f"#N���"$V_[ WP��O�� !M��� ��+�"$+P�5�f�&��� �U�d[*�À� !�]5"#N-OY��mf�5��VI��R>O�"#V �kR���O a ��! �,+�� ]d��O,��"�´
mEOY��W-+-��]���� !����I"�Rp�,+��I��� O,V e

�y�n�,+P��!-v V�[&VI"#�,+�� O¤RB"#O¤�,+��XV¬��!M[&�,��VI�5���,+��X+P�#�_W-O�"\"�R>O��d�#�
�,+���V¬��!MN���] O,��W-�_��!���V_[§RB���,+�� O�R>"#O:+-���:��!��8³*+P��N����,��µ-���y] N-O,��"E������[x��!uV_[���] ��� !M�,���P]X�#] �,���*���,���5�d'¦ +P��!-vu[f"#N ��"À%E��!-m�/qV_[ ����R>�E/qR>"#O1+�� Oª"#W-�,��VX���,V���!��&� !�]5"#N-OY��mf� VI� !M�����,+P���ª+P�5�f�sµw�5� !¥��!
�5���Y� !M�,�.���Q]5"#VsRB"#O,�n�3N-O,��!-mI�,+��ª[f�d��O����,Ww� !M�¼"#!§�,+-���¼�-"*] ��"#OY���Q�,�,N��3[f'


	Notations and conventions
	Introduction
	Application context and the need for updating urban maps
	Scientific goal and approach adopted
	Innovations
	Thesis framework
	Context of the PhD study

	Analysis and formulation of the problem
	Introduction
	State of the art relative to scene analysis and map updating from high-resolution remote sensing images
	Specific aspects and strategies for updating maps
	Comparing images
	Map-to-image comparison

	Some works on the merging of remote sensing data for the analysis of high-resolution scenes
	Merging optical images
	Optical and altimetric data fusion

	Utilization of constraints provided by the prior knowledge
	Generic knowledge
	Specific knowledge

	Summary

	Position of the problem of map updating
	General conceptual framework
	Definition of the remote sensing related universes
	Definition of Uinterpretation

	Problem addressed in the thesis
	Map-to-image change analysis considered in the thesis
	Difficulties with urban environments


	Proposed methodology
	Conclusion

	Generating an orthoscopic digital surface model
	Introduction
	Photogrammetric stereoscopy
	Stereoscopy - reminder and general principle
	Automated matching of images using adaptive correlation masks
	Resemblance criterion by crossed correlation
	Correlation by adaptive masks

	Principle of the reconstruction chain used

	Optimizing the image acquisition parameters
	Image acquisition parameters
	Calculation of the affinity parameters: internal orientation 
	Assessment of the quality of the image acquisition parameters

	Overall optimization
	Cost function
	Geo-centered Cartesian reference frame
	Results

	Assessment of the geocoding quality of the DSMs

	Orthorectification of an epipolar DSM
	Orthorectification by the direct method
	Triangular interpolation (bilinear interpolation with 3 nearest neighbors)
	Algorithm
	Results

	Pre-processing on the disparity image
	Median filtering
	Rejection filter
	Summary


	Merging DSMs
	Conclusion 

	Presentation and choice of shape constrained active contours for map-to-image fine matching 
	Introduction
	State of the art - Prior shape constraints in active contours 
	Active contours framework 
	Representation of an active contour
	Geometric and variational approach 
	Edge-based active contours 
	Region-based active contours

	Segmentation with specific shape constraint
	Non statistical approach 
	Statistical approach
	Shape constraint invariance from geometrical transformation

	Segmentation with a generic shape constraint: quadratic models

	Active contours for fine map-to-image matching: choice and implementation
	Choice of the active contours representation
	Choice of a term for the dependence on data 
	Region-based models
	Edge-based model

	Choice of the shape constraint
	Algorithm and optimization
	Reducing calculation time: use of the Fast Narrow Band method 
	Evolution diagram of the shape constrained active contour


	Conclusion

	Robust shape constrained active contours
	Introduction
	Robust estimation of the Tsim parameters by the simplex algorithm
	Fusion of exogenous terms in the attachment to the data energy functional
	More flexible incorporation of the prior shape: spatio-temporal flexibility of 
	Application and analysis of the experimental results
	Experimental protocol
	Simplex vs. gradient descent comparison for estimating Tsim parameters
	Contribution of the prior shape knowledge for segmentation
	Sensitivity to the initialization of the shape constrained active contours
	Comparison of the region-based models
	Edge-based model

	Solutions for a lower sensitivity to the initialization and to the local minima
	Results with fusion of exogenous data into the attachment to data term
	Results with a spatio-temporal shape constraint


	Limits of the model with shape constraint
	Conclusion 

	Shape constraint authorizing parallel variations
	Introduction
	Shape constraint energy authorizing parallel variations
	Generic prior knowledge by quadratic models
	Corrective quadratic energy
	Model
	Energy gradient

	Algorithm
	Calculation of the quadratic force
	Extension of the force

	Implementation difficulties

	Experiments and analysis of the results
	Results without quadratic correction
	Results with quadratic correction

	Conclusion 

	Map-to-image change analysis
	Introduction
	Methodology
	Calculation and fusion of simple change indices
	Index calculated from the altimetric data (DSM)
	Limitations of the map-to-DSM comparison
	Approach
	Experimental results 

	Index calculated from a multispectral image
	Change indicators fusion

	Map-to-image change analysis
	Matching map and image segments by Hough voting
	Principle
	Algorithm
	Energy associated with the Hough voting

	Measurement of geometric variation due to active contours matching
	Probability of non-change 

	Experimental results 
	Experimental protocol 
	Study of some cases of change/non-change
	Change detection
	Detection of non-change
	Ambiguity and false alarm with a map marred by local errors 
	Summary of results

	Statistical analysis
	Results with a good quality map
	Results with a medium quality map


	Conclusion 

	Conclusion
	Summary
	Discussion of the limitations
	Limits of the shape constraint model
	Limits of the change analysis
	Limits of the active contours

	Perspectives

	Data presentation and pre-processing
	Data presentation
	Remote sensing data
	Aerial images 
	Satellite images

	Cartographic data

	Pre-processing of the remote sensing data
	Sub-sampling of the aerial images
	Rectification of the satellite images


	Simplex algorithm
	Direct and inverse localization modeling
	Inverse modeling
	Direct modeling

	Fast calculation of the mean and of the variance inside and outside an active contour represented by a levels set
	Calculation of the shape constraint and quadratic energy variations
	Evolution equation derived from the shape constraint functional by difference of normals
	Derivative of the quadratic correction energy
	Energy J1(C) 
	Energy J2(C)
	Total variation of the energy Jcorrection(C) 


	3D representation of an urban scene
	Objective and methodology
	Modeling principle
	Results over Beijing city

	Bibliography
	List of publications
	Acknowledgments

